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ABSTRACT

This study is concerned with the replenishment-shipment decision for a multi-customer finite production rate (FPR)
model with quality assurance and discontinuous deliveries. We consider that a product is manufactured by a producer
and all items are screened for quality control purpose. Nonconforming items will be picked up and categorized as
scrap or repairable items. The reworking will be done right after the regular production in each replenishment cycle.
After the entire lot is quality assured, multiple shipments will be delivered synchronously to multi-customer in each
cycle. Each customer has its own annual product demand, unit stock holding cost, as well as fixed and variable
product delivery costs. Mathematical modeling along with Hessian matrix equations is employed to solve the proposed
model. A closed-form optimal replenishment-shipment policy for such a specific integrated FPR model is obtained. A

numerical example is provided to show the practical applicability of the obtained results.

Keywords: optimization, finite production
discontinuous deliveries, scrap, rework.

1. Introduction

This paper examines a multi-customer finite
production rate (FPR) model incorporating the
quality assurance and a discontinuous product
delivery policy. The FRP model [1-2] was first
introduced to assist manufacturers in determining

the most economic production lot size that
minimizes the long-run average production-
inventory cost. Finite production rate model

assumes implicitly that all items produced are of
perfect quality. In real life production settings,
however, due to various unpredictable factors it is
inevitable to produce defective items randomly [3-8].
Certain nonconforming items sometimes can be
reworked and repaired to meet the expected
standard of product quality as well as to reduce
overall production-inventory costs [9-13].

The classic FRP model considers a continuous
inventory issuing policy. However, in real world
situations, the multi-delivery (or discontinuous)
policy is commonly adopted by the vendor to
transport finished products to its customer [14-20].

rate model,

replenishment-shipment policy, multiple customers,

Moreover, in real life supply chains environments,
we often have a vendor who manufactures a
product and supplies it to customers in different
locations. The management of such an integrated
supply chains system would be anxious to know
what the best production-shipment policy will be in
order to minimize the total system costs. Schwarz
[21] studied a one-warehouse N-retailer
deterministic inventory system with the objective of
determining the stocking policy that minimizes the
long-run average system cost per unit time. The
optimal solutions along with a few properties are
obtained for such a one-retailer and N identical
retailer problems. Heuristic solutions for the general
problem were also suggested. Banerjee and
Banerjee [22] developed an analytical model for a
coordinated, order-less inventory system for the
single product, single vendor, and multiple
purchasers. Such a system was made practical in
electronic data interchange (EDI) at the time, for
the exchange of information between trading
partners. On the basis of the potential benefits of
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this technology, they proposed a common cycle
replenishment approach, where the supplier alone
makes all replenishment decisions, without
ordering on the part of the customers. Their model
and concepts were demonstrated by a simple
numerical example and concluded that EDI-based
inventory control can be attractive from the
economic, as well as other standpoints. Lu [23]
considered a one-vendor multi-buyer integrated
model with the objective of minimizing a vendor’s
total annual cost, subject to the maximum costs
that buyers may be prepared to incur. The buyer's
annual demand and previous frequency of order
are assumed to be known information in this
model. As a result, an optimal solution for the one-
vendor one-buyer case was obtained; a heuristic
approach for the one-vendor multi-buyer case was
also provided. Woo et al. [24] considered an
integrated inventory system where a single vendor
purchases and processes raw materials in order to
deliver finished items to multiple buyers. The
vendor and all buyers are willing to invest in
reducing the ordering cost (e.g., establishing an
electronic data interchange based inventory control
system) in order to decrease their joint total cost.
An analytical model is developed to derive the
optimal investment amount and replenishment
decisions for both vendor and buyers. The
exponential ordering cost function is then applied
to their general model, and a numerical analysis is
performed to provide interesting insights of the
model. Numerical results show that the vendor
and all the buyers can benefit directly from
substantial cost savings by this ordering cost
reduction investment. Yao and Chiou [25],
considered an integrated supply chain model in
which one vendor supplies items for the demand of
multiple buyers. The objective of their model was
to minimize the vendor's total annual cost subject
to the maximum cost that the buyer may be
prepared to incur. They explored the optimality
structure of this integrated model and asserted that
the optimal cost curve is piece-wise convex.
Theoretical results on the breakpoints of the
optimal cost curve provide useful insights that
supported the design of their search algorithm.
Numerical experiments demonstrated that their
search algorithm is very efficient for it out-performs
other heuristics, and it secures the global optimal
solution for each of their 20 experimental
problems. Yang and Lo [26] considered a problem
of determining a suitable policy of inventory and

purchasing management, with the objective of
minimizing total expected inventory costs with
multiple partners under controllable lead time.
Many studies that addressed various aspects of
supply chain issues have also been extensively
carried out recently [27-35].

This paper determines the joint optimal production
lot size and number of deliveries that minimizes
the long-run expected system cost for such an
integrated multi-customer FPR model with quality
assurance and discontinuous delivery policy.
Because little attention has been paid to this area,
this paper is intended to bridge the gap.

2. Problem description, modeling, and formulations

This paper studies a multi-customer finite production
rate model with quality assurance and discontinuous
deliveries. Consider a product that can be made by a
vendor at an annual production rate P and during the
production process an x portion of nonconforming
items may randomly be generated at a rate d. All
items made are screened and inspection cost is
included in the wunit producton cost C.
Nonconforming items will be categorized as scrap or
repairable items. The reworking will be done right
after the regular production in each replenishment
cycle at a rate of P1. Under the normal operation
assumption, to avoid shortages from occurring the
constant production rate P must satisfy (P-d-A)>0,
where A is the sum of annual demands of all
customers (individual demand rate is Ai each), and d
can be expressed as d=Px. Unlike the FPR model
assumes a continuous inventory issuing policy for
satisfying demand, this study considers a
discontinuous delivery policy. Specifically speaking,
after the entire lot is quality assured in the end of
rework process, fixed quantity multiple shipments of
finished items are delivered synchronously to multi-
customer at a fixed interval of time during the
downtime ¢; in each cycle (refer to Figures 1 and 2).

Cost parameters used in this study are as follows:
The unit production cost C, unit holding cost h,
production setup cost K, unit disposal cost Cs, unit
cost Cr and unit holding cost h; for each reworked
item, the fixed delivery cost K; per shipment
delivered to customer i, unit holding cost hy; for item
kept by customer J, and unit shipping cost Cy; for item
shipped to customer i. Additional notation used in this
study includes:
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6 = a portion of nonconforming items that is
categorized as scrap items,

T = production cycle length,

Q = production lot size per cycle, a decision
variable,

n = number of fixed quantity installments of the
finished batch to be delivered to retailers
for each cycle, a decision variable,

~

4 = the production uptime for the proposed
system,

t, = time required for reworking the
nonconforming items produced in each
cycle,

t; = time required for delivering all quality
assured finished products to retailers,

t, = a fixed interval of time between each
installment of finished products delivered
during production downtime f;,

H;, = level of on-hand inventory in units when

regular production process ends,

—=

H = maximum level of on-hand inventory in
units when the rework process ends,

m = number of retailers,

I(t) = vendor's on-hand inventory of perfect
quality items at time ¢,

I4(t) = vendor’s on-hand inventory of defective
items at time {,

I(f) = customers’ on-hand inventory at time {,

TC(Q,n) = total production-inventory-delivery
costs per cycle for the proposed system,

E[TCU(Q,n)] = total expected production-
inventory-delivery costs per unit time for
the proposed system.

A .

Time

~
|

Figure 1. Vendor’s on-hand inventory of
perfect quality items

MI('I(t)

0 portion of defective items are scrap

dt

dr,(1-0)

Figure 2. Vendor’s on-hand inventory of defective items

From Figures 1 and 2, we directly obtain the
following equations:

A=2.4 (1)
i=1
T:t1+t2+t3:Q(1_0x) 2)
A
_9__H 3
TP TPl ©)
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tz :M (4)
B

t,=T—(t,+t,)=nt, (5)

H, =(P-d)t, =(P—d)%=(l—x)Q (6)

H =H, +Ft, =0(1-06x). 7)

The on-hand inventory of defective items during
uptime t, is (see Figure 2)

dt, = Pxt, = xQ. (8)

Delivery cost of the ith shipment to m customers is

iKn +l(i Ci/il.T] 9)
i=1 n\ izl

Total delivery costs for n shipments in n are:

nzm: K, + Zm: C,AT
i=1 i=1

Vendor’s variable holding costs for finished products
kept during t; where n fixed- quantity installments of
the finished batch are delivered to customers at a
fixed interval of time, are as follows [35].

h ("—_lj Ht,
2n

Customers’ total stock holding costs during a cycle
are (see Figure 3 and Appendix A for details).

1 Tt
Eghzl./l{f+(tl+t2)T:|

TC(Q,n) consists of the production setup cost,
variable production cost, cost for the reworking,
disposal cost, the fixed and variable delivery
cost, vendor’s holding cost in uptime t;, rework
time t,, and delivery time t; and customers’
holding costs as follows:

(10)

(11)

(12)

TC(Q.n)=K +CQ+C, [ x(1-0)0 |+ C; [x&Q]+niK“ +icT,./1,.T
H, +dt, H +H n-1
+h{T(tl)+ 5 (t2)+( > )Hg}

P-t 1 & Tt
12 : (t2)+5iz:1:h2i/1i|:73+(tl +tz)Tj|

+hy

(13)

Figure 3. Customers’ on-hand inventory status

Taking into account the randomness of defective
rate, we can use the expected values of x in cost
analysis of this study. Substituting all parameters
from Equations 1 to 12 in TC(Q,n) and with further
derivations, E[TCU(Q,n)] can be obtained as
(please refer to Appendix B for details).
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Cil, [K+nZK jZA CLE[x](1-6) ZA CE[x] 924

E[TCU Qﬂ)] (1 HE[x]) Q(l QE[X]) (1 QE[x]) + (1 QE[X])
. 034 ol
+;CT‘/I’+];(1—511~:[;:])B+(1 9;);E[ ][(PE[X]*&E[X])]}

n-1 &
{5 5] s, P 7 5

T g

(1—fE[x])_1_(19)E[x]]+[21J[QihM](lfE[x])

(14)
3. Derivation of the optimal policy
3.1 Proof of convexity

This study employs the Hessian matrix equations [36]
here to prove the convexity of E[TCU(Q,n)]. That is to
verify whether the following equation holds:

FE[TCU(Q.n)] &°E[TCU(Q.n)]
} 00 aQdn {Q} 0
SE[TCU(Q.n)] OE[TCU(Q.n)]| L7
0Q0on on®

[

(15)

Applying differentiation to Equation 14 we obtain

oE[TCU(0.n)] (K”ZK ]Zi Z’I (1-0)E[x]
0 (-6 * 2(i- gg[r]){l 7 {(Z-E[X]—HE[x])]}

+[2;1)[h24] (1;[):1)113(1-9121;[)(]}(21”]@% A j(l—;’[x])

LN F I IRy

(16)

SE[TCU(0,m)] 2(K+”Zleu)i/L

i=1 i=1

00’ - 0

(17)

2E[TCU(Q.n)] (2&)21

on "~ 0(1-0E[x]) )
ofremn p emarkie s
) (18)
2efreion]_(g) <1—;[x1> LD 155 (S0,
(19)
GE[TCU(Q,n)] [ K]
o00n T (1 €E[x])

(I—HE[x])_l_(l—H)E[x]
IR

) 4} 5]

(20)

Substituting Equations 17, 19 and 20 in Equation
15 we have

O’E[TCU(Q.n)] &°E[TCU(Q.n)]

o0 o0on |:Qi| ZKZZ,
[0 n) OE[TCU(Q.n)] *E[TCU(Q.n)] ' o(1- eE[x])
0Q0on on’
(21)

Equation 21 resulted positive, because K, A, Q,
and (1-6E[x]) are all positive. Hence, E[TCU(Q,n)]
is a strictly convex function for all Q and n different
from zero. Hence, we know that there is a
minimum of E[TCU(Q,n)].

3.2 The optimal replenishment-shipment policy

To jointly determine the optimal replenishment-
shipment policy for the proposed multi- customer
FPR model, we can solve the linear system of
Equations 16 and 18 by setting these partial
derivatives equal to zero. With further derivations
we have the optimal lot size Q* and optimal
number of delivery n* as follows:
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1i

” 2(K+n§Kh]g/l
88 2 - onfe) [ 607 0-07 S
5ot S 100
+(1-0E[x )(nZA] [Z‘:hl}
(22)
and
[Zh,/l th](l OE[x ) (1-0E[x]) [zlz]
"= hZﬂ{l }:E gE[x)}%] (E[x])' (1-6)’ Zﬂ}
4l

(1-0)

+h(1-0E[x]) +[Zhi thJ[ + X]P, ](1 0E[])
(23)

As we can see, in a real-life situation the number
of deliveries n can only be an integer value. In
order to determine the integer value of n* that
minimizes the expected system cost, two adjacent
integers to n must be examined respectively [31].
Let n” denote the largest integer less than or equal
to n and n* denote the smallest integer greater
than or equal to n (as was derived from Equation
23. Substitute n* and n” respectively in Equation 22
and then applying the resulting (Q, n*) and (Q, n)
in Equation 14 respectively. By selecting the one
that gives minimum long-run average cost as the
optimal replenishment- distribution policy (Q* n*).
A numerical example is provided next to show the
practical applicability of the obtained results.

4. Numerical example

Suppose a manufacturer can make a product at a
production rate P=60000 items/year and this product
has experienced stable annual demand from five
different industrial clients, where A; is 400, 500, 600,
700, and 800 respectively (hence, the sum of
demand is 3000 per year). During the production
process, the producer has experienced a random
defective rate that follows a uniform distribution over
the range of [0, 0.3]. Among the defective items 20%
(i.,e. 6=0.2) is found to be scrap items. The other
portion of them can be reworked and repaired at a
reworking rate P,=3600 per year. Other parameters
used in this study include

C =$100 per item,
K =$35000 per production run,

h = $25 per item per year (manufacturer’s
unit holding cost per year),

h; = $60 per item per year (manufacturer’s
unit holding cost for reworked item),

Cs = $20, disposal cost for each scrapped
item,

Cr = $60,
item,

repairing cost for each reworked

Ky = $100, $200, $300, $400 and $500 (the
fixed delivery cost per shipment to
customeri=1, 2, ..., and 5, respectively),

Cri = $0.5, $0.4, $0.3, $0.2, and $0.1
(transportation cost per item delivered to
customeri=1, 2, ..., and 5, respectively),

hy; = $75, $70, $65, $60, and $55 (holding
cost per year per item kept by customer j =
1,2, ..., and 5, respectively).

First, applying Equation 23 we have n=4.47. By
examining two adjacent integers to n and applying
Equation 22, we obtain (Qn")=(2472,5) and (Qn
)=(2385,4). Then, substituting (Q, n*) and (Q, n) in
Equation 14 respectively and selecting the one that
gives the minimum system cost, we obtain the
optimal number of delivery n*=4, optimal
replenishment Q*=2385, and the expected cost
E[TCU(Q*,n*)] =$440,531.

Variation of random defective rate and scrap rate effects
on E[TCU(Q*n™)] is depicted in Figure 4. We note that
as random defective rate x increases, the expected
system cost E[TCU(Q*n™)] increases significantly, and
as the scrap rate 6 increases the expected system cost
E[TCU(Q*n™)] increases slightly.

5. Conclusions

A multi-customer finite production rate model with
quality assurance and discontinuous deliveries
was studied. It considers that a product is made by
a manufacturer and a portion of random
nonconforming items produced is reworked and
repaired right after the end of regular production in
each replenishment cycle. After the entire lot is
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quality assured, multiple shipments are delivered
synchronously to multi-customer in each cycle.
Each customer has its own annual product
demand, unit stock holding cost, and fixed and
variable product delivery costs.

In real world supply chains environments,
management of such a supply chain system would
certainly like to figure out the optimal
replenishment-distribution policy hence, the long-
run average system cost can be minimized. This
study accomplished the purpose by developing a
solution procedure using the mathematical
modeling to deal with the aforementioned supply
chain system. As a result, a closed form solution of
the optimal replenishment-distribution policy is
obtained. Effects of various system parameters on
the optimal solution are investigated (as shown in
Figures 4) in order to provide management with in-
depth insights of such a realistic multi-customer
supply chain system.

Figure 4. Variation of random defective rate
and scrap rate effects on the E[TCU(Q*,n*)]
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Appendix A
Derivations of customers’ stock holding

During the delivery time t3, n installments of fixed
quantity D; of the finished lot are delivered to customers
at a fixed interval of time t,,, where

(A-1)

D, = (A-2)

H
. =—
n
The derivations of customers” holding cost (Equation 12)
are as follows (see Figure 3).
n(D, -1
h21|: ( l 1)

t, Jrn(n+1)

I -t +

= [n(D,~1,)t, +n(n+1) L1, +nl, (1, +1,)]
(A-3)

Because n installments of the finished lot are delivered
to customer at a fixed interval of time f,, we have the
following:

I
t+t, = ”7 (A-4)

D, =At +1, (A-5)

where [ denotes number of left over items for each
customer after demand during each fixed interval of time t,
has been satisfied (see Figure 3). Equation (A-3) the
customers’ holding cost becomes

%fhz,. (D, ~1)+(n 1)1+ 4 (1 +1,)' ]
i=1

:%ihzi |:(/litn +Ii)t3 +4, (tl +t2)t3 +4 (tl +t2)2]
im1
=%ih2lﬂi [%+(q +t2)T}
i=1
(A-6)
Appendix B

Derivations of the long-run average system cost
E[TCU(Q,n)]

From Equation 13
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TC(Q.n) =K +CQ+C,[x(1-0)Q]+C, [xé’Q]+nzm:Kh +ZCT‘/1,T
H, +dt, H +H n—1
+h{72 (n)+ 5 (t2)+( o ]Ht}
(t,)+ 7Zh2‘ [ S+ (t+t )T}

(13)

by substituting all parameters from equations 1 to 12 in
Equation 3 we have

TC(Q,n):CQ+K+CR[X(1—€)Q]+CS[x&Q]+niKh+Zm:C 20( 1—z9x)[’z:']:/1,]7l
%+2—%[(2x ¥ -0 )(1- ] ZhiQ (Zl) {‘79)‘) W}
et ot

% th A0° [Z ) [(1 ox)’ (Z )

thl 0)(1-6x)

x( )(1 9\')}

(B-1)
with further derivations we have

TC(Q,n):CQ+K+CR[x(l—€)Q]+CS[x6’Q]+n§:K,,+§CT,A,Q(1—€X){§AL]
+%+"g [(2x7x279)8)(1%)}(3[5?@,&,@[gi,jil](l,gx)z[g/ﬁj"
+( - j[hQ ]{1 o2} [zlj"_ (1-0x) x(l—H?r)(l—&x):l+}11sz;S—9)z

1 1

2 ignsr(se [

(B-2)

Taking into account of randomness of defective rate x
and with further derivations, we obtain E[TCU(Q,n)] as

[mnzk ]Zi CE[x](1-6) 2/1 CE[x]QZA
0(1-0E[x]) (1- HE[x]) I (1- 6’E[x])

+;C"l’+2(175;5[;]){%+(1 91)3'5[ I [(2-£[x]- HE[X])]}

o, 1m0l 1 (19>E[x]]+(;j[gimj(lgE[x])

D >4

1
i=1 i=l

(5o 5]

h(EL) 0(-0) 24
2R(1-0E[x])

(14)
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