
Ingeniería Investigación y Tecnología, volumen XVI (número 1), enero-marzo 2015: 49-58

ISSN 1405-7743 FI-UNAM

(artículo arbitrado)

Keywords: 

̋" ecdngu
̋" htgswgpe{"tgurqpug
̋" rqygt"u{uvgo"vtcpukgpvu
̋" gctvj/korgfcpeg
̋" itqwpf/tgvwtp"oqfgnu
̋" umkp/ghhgev

Information on the article: received: April 2013, reevaluated: May 2013, accepted: May 2013

Numerical Infinite Series Solution of  
the Ground-Return Pollaczek Integral

Solución numérica en series infinitas para la integral  
de retorno por tierra de Pollaczek

Uribe-Campos Felipe Alejandro
Departamento de Mecánica Eléctrica

División de Ingenierías
Universidad de Guadalajara,CUCEI

E-mail: fauribe@ieee.org

Abstract

In this paper, the Wedepohl-Wilcox series, proposed for calculating ground-
return impedances of buried cables and electromagnetic transients, are 
analyzed in detail. The origin of this series goes back to the original integral 
derived by Pollaczek. To enhance the analysis developed here, a numerical 
comparison between the series, the direct numerical integration of Pollaczek 
integral, and a proposed hybrid numerical algorithm is presented in this 
¬̶¬Ø°╆や5æØやœ̶mØ°やª©-±ı±²±や©-╈や̶《や²æØや³±Øや©Œや̶やµØª²©°ま²½¬ØやØUªıØ-²や̶œº©°ı²æßや
Œ©°や²æØやª©-µØ°ºı-ºや±Ø°ıØ±やŒ©°やœ©¹やŒ°Ø®³Ø-ªıØ±╇や̶-ŁやÆ《や²°̶¬Ø¾©ıŁ̶œや-³ßØ°ıª̶œや
integration for the high frequency range. In addition, and based on the 
analysis, a criterion for switching between series and direct numerical inte-
gration is proposed here.

Resumen

En este artículo se analiza con detalle la serie de Wedepohl-Wilcox, propuesta para 
calcular impedancias de retorno por tierra de cables subterráneos, así como transito-
rios electromagnéticos. El origen de esta serie se remonta a la derivación original de 
la integral de Pollaczek. Para mejorar el análisis desarrollado aquí se presenta una 
comparación numérica entre la serie, la integración directa de la integral de Pollac-
zek y se presenta un algoritmo híbrido numérico. Este último consiste en: a) el uso 
eRciente de un algoritmo vectorizado para series convergentes en el rango de baja 
frecuencia y b) la integración numérica trapezoidal para el rango de alta frecuencia. 
Adicionalmente, basándose en este análisis, se propone un criterio para switchear 
entre la solución de la serie y la integración numérica directa.
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Introduction

One of the most important techniques, over 85 years 
©œŁ╇や²©やª̶œª³œ̶²Øや²æØやı-S³Ø-ªØや©Œや²æØやº°©³-Łま°Ø²³°-や©-や
aerial and buried electrical conductors was posted by 
Von F. Pollaczek in June 1926. In this work, Pollaczek 
presented a set of integral expressions to evaluate the 
ØœØª²°ıªやRØœŁやŁ³Øや²©や̶-やı-R-ı²Øや²æı-やRœ̶ßØ-²や©Œやª³°°Ø-²や
in the presence of an imperfect conducting ground.

Unless, Pollaczek integrals are accurate enough for 
many power applications, several authors have deve-
loped approximate methods and closed-form solu-
tions to avoid facing these rapidly increasing oscilla- 
ting integrals.

One important publication related to this topic was 
published in 1973 by Wedepohl and Wilcox, in this pu-
blication, a complete mathematical model based on the 
ß©ŁıRØŁや'©³°ıØ°やı-²Øº°̶œやŒ©°や²æØや±½-²æØ±ı±や©Œや²°̶µØœœı-ºや
wave phenomena in underground transmission sys-
tems was proposed. An important contribution in 
8ØŁØ¬©æœや ̶-Łや 8ıœª©¼や 〉ｱｹｷｳ《や ı±や ²æØや ±©œ³²ı©-や ©Œや
1©œœ̶ª¾Øø‒±やı-²Øº°̶œや²æ°©³ºæや̶や±Ø²や©Œやœ©¹やŒ°Ø®³Ø-ª½やı-R-
-ı²Øや±Ø°ıØ±╆や5©や²æØやÆØ±²や̶³²æ©°やø-©¹œØŁºØ╇や̶-やØUªıØ-²や
solution of the series has not been implemented nor in-
cluded in any commercial software. Besides, it is ar-
gued that the series solution is rather complicated and 
ı²やı±やÆØmØ°や²æ̶²や²æØやıß¬ØŁ̶-ªØやı±や©Æ²̶ı-ØŁやŁı°Øª²œ½やŒ°©ßや
solving the Pollaczek’s integral, numerically.

"±や̶やR°±²や©ÆłØª²ıµØ╇や̶-Łやı-±¬ı°ØŁや©-や²æØや°Ø±Ø̶°ªæやı-や
8ØŁØ¬©æœや̶-Łや8ıœª©¼や〉ｱｹｷｳ《╇や̶-やØUªıØ-²や-³ßØ°ıª̶œやıß-
plementation of the Wedepohl-Wilcox series solution is 
developed in this paper for calculating ground-return 

impedances for underground cables, which can gua-
°̶-²ØØや̶Æ±©œ³²Øやª©-µØ°ºØ-ªØや〉,̶¬œ̶-╇やｱｹｸｱ《╆

"±や̶や±Øª©-Łや©ÆłØª²ıµØ╇や̶やª©ß¬̶°ı±©-や¹ı²æやŒ©³°やŁıTØ-
rent algorithms for solving Pollaczek integral is presen-
²ØŁやŒ©°やª̶œª³œ̶²ı-ºやØœØª²°©ß̶º-Ø²ıªや²°̶-±ıØ-²±╆や5æØやR°±²や
one corresponds to the originally proposed in Wede 
¬©æœや̶-Łや8ıœª©¼や〉ｱｹｷｳ《╇やı╆Ø╆╇や±©œµı-ºや²æØや±Ø°ıØ±やŒ©°やœ©¹や
frequencies and using a closed-form solution for the 
high frequency range. The second algorithm is propo-
sed here and corresponds to a hybrid one. This is based 
on the rapidly converging series for low frequencies, 
combined with trapezoidal integration of the unexpan-
ded integral expression for high frequencies (Wedepohl 
̶-Łや8ıœª©¼╇やｱｹｷｳ《╆や5æØや²æı°Łや̶-Łや²æØやŒ©³°²æや̶œº©°ı²æß±や
consist on trapezoidal numerical integration and 
Gauss-Kronrod routine, respectively, applied directly 
to the unexpanded and Pollaczek integral, without 
using approximating series.

"±や̶や²æı°Łや©ÆłØª²ıµØ╇や²æØや¬°©¬©±ØŁやæ½Æ°ıŁや̶œº©°ı²æßや
is tested for a wide range of practical application cases 
on transient analysis. This is achieved by using norma-
lized dimensionless variables according to an interpre-
tation for underground cables of the application limits 
reported in (Ametani et al╆╇やｲｰｰｹ《╆

The computational analysis of the studied algo-
rithms is presented here regarding accuracy and CPU-
time.

Earth-return impedances

Dcuke"tgncvkqpu

The self and mutual earth-return impedance for a qua-
si-TEMz (transversal electromagnetic with respect to 
“z”や̶¼ı±《やß©ŁØやı±やŁØ±ª°ıÆØŁやÆ½や〉'ıº³°ØやｱやŒ©°や°ØŒØ°Ø-ªØや
Łı°Øª²ı©-±《や8ØŁØ¬©æœや̶-Łや8ıœª©¼や〉ｱｹｷｳ《╈
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¹æØ°Øやぼやı±や²æØやŁ³ßß½やµ̶°ı̶ÆœØ╇やw represents the angu-
œ̶°やŒ°Ø®³Ø-ª½や〉ı-や°̶Łの±《╇やo corresponds to the magnetic 
¬Ø°ßØ̶Æıœı²½や〉)のß《や©Œや²æØや±©ıœ╇や̶-Łや²æØやª©ß¬œØ¼やŁØ¬²æや
©°や 4øı-や &TØª²や -̶½Ø°や 5æıªø-Ø±±や 〉ª©-±ıŁØ°ı-ºや Łı±¬œ̶ªØ-
ßØ-²や ª³°°Ø-²±《や ı±や ºıµØ-や Æ½や ß̶-½や ̶³²æ©°±や 〉1©œœ̶ª¾Øø╇や
1926; Wedepohl and Wilcox, 1973; Kaplan, 1981; Ame-
tani et al., 2009; Carson, 1926; Uribe et al., 2004; 2000; 
%©ßßØœ╇やｱｹｸｶ《╈

1/ ( )y u yg g o? - o rp j j や や 〉ｱÆ《
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¹æØ°Øやゎやı±や²æØやº°©³-Łや°Ø±ı±²ıµı²½や〉Ｆぉß《や̶-Łやむやı±や²æØや°Ø-
œ̶²ıµØや¬Ø°ßımıµı²½や〉む0 Œ©°や²æØやµ̶ª³³ßや〉'のß《や̶-Łやむr of the 
±©ıœ《╆

"Œ²Ø°や ²æØや ±Øª©-Łや ı-²Øº°̶œや ı-や 〉ｱ̶《や ı±や Ø¼¬°Ø±±ØŁや µı̶や
Bessel functions, where K0 is the Bessel function of zero 
©°ŁØ°╇や ²æ³±や 〉ｱ̶《や ÆØª©ßØ±や 〉¬̶°̶ßØ²Ø°±や D and d are 
±æ©¹-やı-や'ıº³°Øｱ《や〉8ØŁØ¬©æœや̶-Łや8ıœª©¼╇やｱｹｷｳ《╈
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respectively, where K1 and K2や°Ø¬°Ø±Ø-²やß©ŁıRØŁや#Ø±±Øœや
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5æØやR°±²や¬̶°²や©Œや²æØやı-²Øº°̶œやı-や〉ｴª《やı±やØ̶±ıœ½やØµ̶œ³̶²ØŁや
by traditional integration; the second part corresponds 
to K2(D/p《╆や*-や8ØŁØ¬©æœや̶-Łや8ıœª©¼や〉ｱｹｷｳ《╇やı²やı±や¬°©¬©-

±ØŁや²æ̶²や²æØや²æı°Łや¬̶°²や©Œや〉ｴª《やÆØやØµ̶œ³̶²ØŁやÆ½や±Ø°ıØ±やØ¼-
pansion of the exponential function and then integrated 
term-by-term to give Sser(D/p, |x|, 1《╇や¹ı²æやz = h + y.
That is
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The series term SserやŒ°©ßや〉ｴŁ《やı±やŒ³°²æØ°や̶-̶œ½¾ØŁやı-や²æØや
following sections.

Ygfgrqjn/Ykneqz"ugtkgu

Despite some typographical errors in Wedepohl and 
8ıœª©¼や 〉ｱｹｷｳ《や °Øº̶°Łı-ºや ²æØや ª©-µØ°ºı-ºや ±Ø°ıØ±╇や ²æØ±Øや
ª̶-やÆØや±¬œı²や³¬やı-²©や²æØやŒ©œœ©¹ı-ºやŒ©³°や²½¬Ø±や©Œや²Ø°ß±╈

1 2 3 4( , , ) + ? - -`ser

D
S x S S S S

p
や や や 〉ｵ《

S1 to S4や̶°ØやŁı±¬œ̶½ØŁやæØ°ØやŁıTØ°Ø-²œ½や²æ̶-やı-や8ØŁØ¬©æœや
̶-Łや8ıœª©¼や〉ｱｹｷｳ《やŒ©°やÆØmØ°やªœ̶°ı²½や©Œや¬°©º°̶ßßı-ºやıß-
¬œØßØ-²̶²ı©-╇や̶±や±æ©¹-やı-や〉ｶ《╆や'©°やı-±²̶-ªØ╇や̶-や̶-̶œ½±ı±や
of S1╇やºıµØ-やÆ½や〉ｶ̶《╇や°ØµØ̶œ±や²æ̶²や²æØやœØ̶Łı-ºや²Ø°ß±や

 and                  k = 2, 3,...

can be stored into two separate vectors and used whe-
-ØµØ°やı±や°Ø®³ı°ØŁ╆や*-や̶ŁŁı²ı©-╇やı²やª̶-やÆØや©Æ±Ø°µØŁやı-や〉ｶ《ま
〉ｹ《や²æØや-Ø±²ı-ºや-̶²³°Øや©Œや²æØや°Øß̶ı-ı-ºや²Ø°ß±╆

It is noted that the aforementioned leading terms 
are frequency dependent whilst the nested terms de-
pend only on the geometry of the cable system.
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Convergence analysis

Ugtkgu"xgtuwu"pwogtkecn"kpvgitcvkqp

Consider the three cable application case reported in 
8ØŁØ¬©æœや ̶-Łや8ıœª©¼や 〉ｱｹｷｳ《や ̶-Łや °Ø¬°©Ł³ªØŁやæØ°Øや ı-や
Figure 2. For this case, the frequency range has been 
uniformly sampled from 1Hz to 10MHz by using 100 
points.

Hkiwtg"40"Wpfgtitqwpf"ecdng"vtcpuokuukqp"u{uvgo."vcmgp"htqo"
Ygfgrqjn"cpf"Ykneqz"*3;95+"

"±や ̶や R°±²や Øµ̶œ³̶²ı©-╇や ¹Øや ³±Øや ²æØや ±Ø°ıØ±や ¬°©¬©±ØŁや Æ½や
Wedepohl-Wilcox, Sser╇やºıµØ-やÆ½や〉ｵ《╆や5æØや±Øª©-ŁやØµ̶œ³̶-
tion corresponds to the trapezoidal-based numerical 
ı-²Øº°̶²ı©-や©Œや ²æØや ²æı°Łや ı-²Øº°̶œや ı-や 〉ｴª《╇や œ̶ÆØœØŁやSint. A 
step equal to 10–4 has been used for calculating Sint. The 
behavior of both evaluations is presented in Figure 3a. 
*-や²æı±やRº³°Ø╇や²æØや°Ø̶œや̶-Łやª©ß¬œØ¼やª©ß¬©-Ø-²±や©ŒやSint 
̶°Øや¬°Ø±Ø-²ØŁやı-やÆœ̶ªøやª©-²ı-³©³±やŁ©mØŁやœı-Ø╆や"±やŒ©°や²æØや
Sser, the number of terms has been varied and the corres-
ponding result is shown in the gray dashed line. From 
²æØや°Ø±³œ²±やı-や'ıº³°Øやｳ̶╇やı²やª̶-やÆØや-©²ıªØŁや²æ̶²や²æØやR°±²や
four terms of each Sn, n = 1…, 4, give a fairly good agree-
ment compared to Sint. Further evaluations including 
more than four terms did not change meaningfully the 
results given by Sser. This obeys to the theory of conver-
ºØ-ªØや©Œや̶や±Ø°ıØ±や̶°©³-Łや̶やºıµØ-や¬©ı-²や〉,̶¬œ̶-╇やｱｹｸｱ《╆

Tcvkq"vguv

In addition, the uniform convergence of the sequence of 
partial sums (or series solution Sn《やæ̶±やÆØØ-やª̶œª³œ̶²ØŁや
Æ½や³±ı-ºや²æØやŒ©œœ©¹ı-ºや°̶²ı©や²Ø±²や〉,̶¬œ̶-╇やｱｹｸｱ《╇やŒ©°やn = 
1, 2, 3, and 4

1lim  < 1-
›¢

k

k

n

k
n

S

S
や や や 〉ｱｰ《

5æØや°Ø±³œ²±や©ŒやØµ̶œ³̶²ı-ºや〉ｱｰ《や̶°Øや±æ©¹-やı-や'ıº³°ØやｳÆ╆や
From this numerical analysis, one can observe the 
smooth behavior of the four sets of curves Sn when ap-
proximating Sser which indicates a uniform convergence 
ŒØ̶²³°Ø╇や̶±やŁØR-ØŁやı-や〉,̶¬œ̶-╇やｱｹｸｱ《╆

Rtqrqugf"j{dtkf"cniqtkvjo

From Figure 3a it can be seen that all four terms of the 
series give accurate results, at very low computational 
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expenses, up to D/̃p| … 2. Therefore, it is proposed here 
to use this number as a criterion for a hybrid algorithm 
that switches between series and numerical integration. 
This criterion contrasts to the one proposed in Wedepo-
æœや̶-Łや8ıœª©¼や〉ｱｹｷｳ《や¹æØ°ØやD/̃p| = 1/4 is used to switch 
ÆØ²¹ØØ-や±Ø°ıØ±や̶-Łや̶やªœ©±ØŁやŒ©°ßや±©œ³²ı©-や©Œや 〉ｲ《╆や'³°-
thermore, in the proposed hybrid algorithm, the displa-
cement current has also been accounted for, as indicated 
ı-や〉ｱÆ《╆

c+

d+

Hkiwtg"50""Ugtkgu"eqpxgtigpeg"vguv."c+"eqorctkuqp"dgvyggp"ugtkgu"
uqnwvkqp"cpf"vtcrg¦qkfcn"
kpvgitcvkqp"tgictfkpi"vjg"pwodgt"qh"vgtou."d+"tcvkq"vguv"hqt"
eqpxgtigpeg"*Mcrncp."3;:3+

The main numerical characteristics of the results that 
have been obtained for the particular underground ca-
ÆœØや±½±²Øßやª©-Rº³°̶²ı©-やı-や'ıº³°Øやｲや̶°ØやºØ-Ø°̶œ╆や5æ³±╇や
ı²やª̶-や̶œ±©やÆØやØ¼²Ø-ŁØŁや²©や̶やÆ°©̶Łや°̶-ºØや©Œやª̶ÆœØやª©-R-
gurations as explained in the following section.

Broad range algorithmic solution

It should be mentioned here that the earth-return impe-
Ł̶-ªØ╇やºıµØ-やÆ½や〉ｱ《やæ̶±やÆØØ-や²°̶Łı²ı©-̶œœ½やæ̶-ŁœØŁやÆ½や
³±ı-ºや²°³Øやµ̶°ı̶ÆœØ±╆や5æ̶²やı±╇や±¬ØªıRªや¬æ½±ıª̶œや̶-ŁやºØ©-

metrical parameters and continuous complex frequen-
cy variables are usually involved to calculate the earth 
return impedance of the system. This consideration is 
perfectly valid when simulating a transient in that spe-
ªıRªや±½±²Øß╆

Nevertheless, a simple change of variables, as pro-
posed here, leads to a wide range representation of the 
earth return impedance. The wide range formulation 
Ø-ªœ©±Ø±や²æØやß̶ł©°ı²½や©Œや¬°̶ª²ıª̶œやª̶±Ø±や̶-Łやª̶-やÆØや̶œ±©や
used as benchmark for alternative solution methods.

Consider the following normalized dimensionless 
¬̶°̶ßØ²Ø°やŁØR-ı²ı©-±╇や¹æıªæや̶°Øやº°̶¬æıª̶œœ½や°Ø¬°Ø±Ø--
²ØŁやı-や'ıº³°Øやｴや〉$̶°±©-╇やｱｹｲｶ╉や6°ıÆØ╇やｲｰｰｴ《

, andz j e- /? ? ?- -
y h x y h

p y h y h
や 〉ｱｱ̶《

After some mathematical manipulations, one obtains 
²æØや¹ıŁØま°̶-ºØや°Ø¬°Ø±Ø-²̶²ı©-や©Œや〉ｲ《や̶±や〉6°ıÆØ╇やｲｰｰｴ《
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や や 〉ｱｱÆ《

where now the term JPoll has been transformed into the 
following normalized parameter version of the Pollac-
¾Øøやı-²Øº°̶œや〉$̶°±©-╇やｱｹｲｶ╉や6°ıÆØ╇やｲｰｰｴ《や

* + * +2
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*-や©Æ²̶ı-ı-ºや〉ｱｱª《╇や²æØやªæ̶-ºØや©Œやµ̶°ı̶ÆœØやぼや└やu/|p| has 
ÆØØ-や̶¬¬œıØŁや̶œ±©や²©や〉ｱ̶《╆

Moreover, the transformation to normalized para-
meters is of general applicability. For instance, consider 
the following closed-form expression derived by Wede-
pohl-Wilcox from the series expansion (Wedepohl and 
8ıœª©¼╇やｱｹｷｳ《
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Hkiwtg"60""Fkogpukqpnguu"pqtocnk¦gf"xgevqt"tgncvkqpu"dgvyggp"
rctcogvgtu"cu"fguetkdgf"hktuv"d{"EctuqpÔu"itqwpf/ycxg"
rtqrcicvkqp"vjgqt{"*Ectuqp."3;48+

The range for both true and normalized variables is 
presented in Table 1, following the recommendations 
from (Ametani et al╆╇やｲｰｰｹ《╆や"œ²æ©³ºæや²æØや-³ßØ°ıª̶œや±©-
œ³²ı©-や©Œや〉ｱｱª《やª̶-やÆØやª©ß¬³²ØŁ╇や©-Øやª̶-や²̶øØや²æØやŒ̶±²や
hybrid solution in true variables, as described in the 
last section “proposed hybrid algorithm”. Then, the re-
sult can be transformed into dimensionless variables by 
³±ı-ºや〉ｱｱ̶《╆

Vcdng"30"Tcpigu"qh"rj{ukecn"cpf"pqtocnk¦gf"xctkcdngu

True variables Description

0.5 < h, y < 100 ª̶ÆœØやª©-Ł³ª²©°やŁØ¬²æや〉ß《
0 < x < 500 Łı±²̶-ªØやÆØ²¹ØØ-やª̶ÆœØ±や〉ß《

10/4 < ゎ < 100 ª©-Ł³ª²ıµı²½や〉4ıØßØ-±のß《
̶-º³œ̶°やŒ°Ø®³Ø-ª½や〉°̶Łの±《
2r<w<2r·32;

Normalized parameters

10/6 ┗やら < 102 ŁØR-ØŁやı-や〉ｱｱ̶《
10/3 < も < 104 ŁØR-ØŁやı-や〉ｱｱ̶《

0 < を < 1 ŁØR-ØŁやı-や〉ｱｱ̶《

'ıº³°ØやｵやŁØ¬ıª²±や ²æØや-³ßØ°ıª̶œや ±©œ³²ı©-や©Œや +1©œœ〉¼╇æ《╇や
ºıµØ-やÆ½や〉ｱｱª《╆や5æı±や±©œ³²ı©-や¹̶±や©Æ²̶ı-ØŁや¹ı²æや²æØやæ½-
brid algorithm where 100 samples for x and 10 sam-
ples for h have been used. The results obtained by the 
Wedepohl-Wilcox algorithm, by trapezoidal integra-

tion, and by the Gauss-Kronrod algorithm can be seen 
in Appendix A.

For the numerical analysis in the next section, the hy-
brid algorithm is taken as basis. Firstly, it has a strong fun-
dament on the numerical analysis presented in section 
｠±Ø°ıØ±やµØ°±³±や-³ßØ°ıª̶œやı-²Øº°̶²ı©-を╇や±¬ØªıRª̶œœ½やŒ©°や²æØや
switching criterions. Secondly, it does not show numerical 
©±ªıœœ̶²ı©-±や̶±や©²æØ°やßØ²æ©Ł±や〉'ıº³°Øやｱｱ╇や"¬¬Ø-Łı¼や"《╆

Computational analysis

The computational performance of the aforementioned 
methodologies for obtaining the wide range solution 
ª³°µØ±や〉̶±や±æ©¹-やı-や'ıº³°Øやｵ《や ı±や¬°Ø±Ø-²ØŁや ı-や5̶ÆœØやｲ╆や
5æØやR°±²や©-Øやª©°°Ø±¬©-Ł±や²©や²æØや²°̶¬Ø¾©ıŁ̶œやı-²Øº°̶²ı©-や
̶¬¬œıØŁや²©や²æØや²æı°Łやı-²Øº°̶œやı-や〉ｴª《╆や5æØや±Øª©-Łや©-Øやı±や
the hybrid algorithm proposed here which uses the 
ª©-µØ°ºØ-²や±Ø°ıØ±やŒ°©ßや〉ｵ《やª©ßÆı-ØŁや¹ı²æや²°̶¬Ø¾©ıŁ̶œや
ı-²Øº°̶²ı©-や©-や〉ｴª《╆や5æØや²æı°Łや©-Øや³±Ø±や²æØや8ØŁØ¬©æœま
Wilcox algorithm using the convergent series at the low 
Œ°Ø®³Ø-ª½や°̶-ºØや̶-ŁやŒ©°ß³œ̶や〉ｱｱŁ《や©°や〉ｱｱØ《やŒ©°や²æØやæıºæや
Œ°Ø®³Ø-ª½や ©-Øや 〉8ØŁØ¬©æœや ̶-Łや8ıœª©¼╇や ｱｹｷｳ《╆や 'ı-̶œœ½╇や
the fourth one consists on a widely used method, i.e., 
Gauss-Kronrod, directly to the wide range formulation 
〉ｱｱª《や³±ı-ºや²æØやŁØŒ̶³œ²や̶Æ±©œ³²Øや²©œØ°̶-ªØや©Œやｱｰ–10 (using 
Ł©³ÆœØや¬°Øªı±ı©-やŒ©°ß̶²《╆

Table 2 resumes the rms-error (calculated in a classi-
ª̶œや Œ©°ßや 〉,̶¬œ̶-╇や ｱｹｸｱ《や ̶-Łや ²æØや ª©ß¬³²̶²ı©-̶œや ²ıßØ±や
required by the four methods. Only the results for three 
ŁıTØ°Ø-²やµ̶œ³Ø±や©Œ"j, chosen from the curves in Figure 
5, are shown in Table 2. To obtain the results in Table 2, 
Matlab® v7.8 on a 2.4GHz processor with 8GHz RAM 
was used.

From Table 2 it can be observed that the computatio-
nal time by the Gauss-Kronrod method is larger than 
the rest of the methods (much larger for も10《╇や̶±やØ¼¬Øª-
ted. The Wedepohl-Wilcox solution takes CPU times 

c+" " " " " " """"""d+
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comparable to trapezoidal and hybrid methods; howe-
ver, its rms-error increases for larger values of j. This is 
perhaps due to the “weak” criterion for switching bet-
ween the series and the closed-formula.

Transient

A transient calculation of the underground cable sys-
tem of 5km length, shown in Figure 2, is presented in 
the following. The open circuit voltage and the short 
circuit current responses are both calculated through 
²æØや ı-µØ°±Øや/³ßØ°ıª̶œや -̶¬œ̶ªØや5°̶-±Œ©°ßや 〉ª̶ÆœØや Ł̶²̶や
̶°Øや̶µ̶ıœ̶ÆœØやı-や"¬¬Ø-Łı¼や#《や〉6°ıÆØやet al╆╇やｲｰｰｰ《╆

"や³-ı²や±²Ø¬やµ©œ²̶ºØやı±やı-łØª²ØŁや²©や²æØやª©°Øや©Œやª̶ÆœØやｱや̶²や
the sending end of the underground cable system. The 
voltages at the receiving end are shown in Figure 6a for 
the energized core, while Figure 6b presents the induced 
voltages for cores 3 and 5, and sheaths 2, 4 and 6.

The currents at the receiving end are depicted in Fi-
gure 7a for the energized core 1 and in Figure 7b for the 
circulating currents.

Each core and sheath conductor of the cable system is 
ª©³¬œØŁや¹ı²æやØ̶ªæや©²æØ°や²æ°©³ºæやŒ©³°やŁıTØ°Ø-²やº°©³-Łま
return loops.

It should be mentioned here that, when the core of 
cable 1 is energized, the magnitude of the induced vol-
tages and circulating currents for the presented test ca-
ses, become naturally smaller as the ground loop 
distances increases. In these cases, the accuracy of the 
ground-return impedance calculation becomes impor-
tant to identify electromagnetic couplings or interferen-
ce phenomena between underground and overhead 
transmission or communication systems (Carson, 1926; 
%©ßßØœ╇やｱｹｸｶ《╆

Hence, the ground return modeling would directly 
impact on the estimated voltage or current waveform 

Vcdng"40"Erw"vkogu"cpf"tou"gttqt

5°̶¬Ø¾©ıŁ̶œや°³œØや©-や〉ｴª《

Test methodology

Hybrid algorithm 
©-や〉ｴª《や̶-Łや〉ｵ《

Wedepohl-Wilcox algorithm 
〉ｵ《や̶-Łや〉ｱｱŁ《

Direct Gauss-Kronrod 
©-や〉ｱｱª《

j 1

CPU time 
〉4Øª《 0.075400400 0.06800050 0.09360059 0.358802

rms error 0.000010414 〉Æ̶±Ø《 0.03823930 0.000003

j 5

CPU time 
〉4Øª《 0.079000500 0.07600050 0.0780005 0.3900024

rms error 0.004299822 〉Æ̶±Ø《 0.0444786 0.0006413

j 10

CPU time 
〉4Øª《 0.075400400 0.06360060 0.0936006 6.3024403

rms error 0.000000929 〉Æ̶±Ø《 0.2089789 0.0071932

c+" " " " " " """""""""""""""""d+
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magnitude responses and on their respective phase be-
havior.

The transient response corresponding to Figures 6 
̶-Łやｷやæ̶µØやÆØØ-や̶œ±©や©Æ²̶ı-ØŁや¹ı²æ╈や(̶³±±ま,°©-°©ŁやŁı-
°Øª²や-³ßØ°ıª̶œやı-²Øº°̶²ı©-や©-や〉ｱｱª《╇や²æØや&.51やßØ²æ©Ł©-
œ©º½や〉%©ßßØœ╇やｱｹｸｶ《や̶-Łや²æØや8ØŁØ¬©æœま8ıœª©¼や〉ｱｹｷｳ《や
ŁØ°ıµØŁやŒ©°ß³œ̶や〉ｱｱŁ《╆

In the EMTP methodology the evaluation of the Po-
llaczek integral JPollやı-や〉ｲ《やı±や°Ø¬œ̶ªØŁやÆ½や²æØやØµ̶œ³̶²ı©-や
©Œや$̶°±©-‒±やı-²Øº°̶œや〉%©ßßØœ╇やｱｹｸｶ《╆

'ıº³°Øやｸ̶やŁØ¬ıª²±や²æØや°Øœ̶²ıµØやŁıTØ°Ø-ªØ±やŒ©°や²æØやı-Ł³-
ced voltage of the loops formed between core-1 on core-5 
〉ªı°ªœØやｵやß̶°øØ°《や̶ -Łや©-や±æØ̶²æまｶや〉ªı°ªœØやｶやß̶°øØ°《╇やª̶œª³-
lated with the aforementioned methods. Figure 8b pre-
±Ø-²±や ²æØや °Øœ̶²ıµØや ŁıTØ°Ø-ªØ±や Œ©°や ²æØı°や ª©°°Ø±¬©-Łı-ºや
circulating currents.

As a second application case, consider again the ca-
ble transmission system from Figure 2 (Wedepohl and 
8ıœª©¼╇や ｱｹｷｳ《╇や Æ³²や -©¹や ª©-Rº³°ØŁや¹ı²æや ̶や ±Ø¬̶°̶²ı©-や
distance between cables equal to x = 5m.

The calculated induced voltages for this second stu-
dy case are shown in Figure 9a, while the circulating 
currents are presented in Figure 9b. The corresponding 
°Øœ̶²ıµØやŁıTØ°Ø-ªØ±や̶°Øや±æ©¹-やı-や'ıº³°Øやｱｰ╆

The comparison of Figures 6b and 9a shows that, the 
greater the distance between cables the lower the indu-
ced voltage magnitude, as expected. For this case, the 
°Øœ̶²ıµØや ŁıTØ°Ø-ªØ±や Œ©°や ²æØや œ©-ºØ°や Œ©°ßØŁや œ©©¬±や ÆØ²-
ween -core conductor 1 and core conductor 6 and 
±æØ̶²æやª©-Ł³ª²©°やｶや〉̶±や±æ©¹-やı-や'ıº³°Ø±やｸ̶や̶ -Łやｱｰ̶《や̶ °Øや
ß©°Øや²æ̶-や²æ°ØØや²ıßØ±やÆıººØ°╆や5æı±やª©-R°ß±や²æ̶²やº°©³-Łや
return models are highly sensitive on transient applica-
²ı©-±や²©や²æØや-©°ß̶œı¾ØŁや¬̶°̶ßØ²Ø°±やı-や〉ｱｱ̶《╆

A distinct behavior is presented on the circulating 
currents in the sheath conductor 2 of the energized ca-
ble 1. The greater the distance between cables the grea-
²Ø°や²æØやß̶º-ı²³ŁØや©Œや²æØやª³°°Ø-²╆や5æØや°Øœ̶²ıµØやŁıTØ°Ø-ªØ±や
shown in Figures 8b and10b indicate a poor performan-
ce at low frequencies of the ground return models for 
this example.
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Conclusions

5æØや8ØŁØ¬©æœま8ıœª©¼や©°ıºı-̶œやı-R-ı²Øや±Ø°ıØ±やŒ©°ß³œ̶-
tion to approximate the ground return impedance, as 
given by Pollaczek, has been implemented and numeri-
cally analyzed in this paper.

An alternative new hybrid method, applicable for 
both real and wide range dimensionless variables, has 
also been proposed and also analyzed in this paper. 
Since the proposed hybrid algorithm can be established 
for a wide range of physical and geometrical variables, 
ı²やª̶-やÆØや³±ØŁや²©やŁØR-Øや̶-½や¬°̶ª²ıª̶œや̶¬¬œıª̶²ı©-や°̶-ºØ±や
for approximate formulas and also to assess any other 
-³ßØ°ıª̶œやßØ²æ©Ł±や 〉Æ̶±ØŁや©-や®³̶Ł°̶²³°Ø╇や ı-R-ı²Øや ±Ø-
°ıØ±╇やª©-Œ©°ß̶œやß̶¬¬ı-º╇や-³ßØ°ıª̶œや©¬²ıßı¾̶²ı©-╇やØ²ª╆《や
for improving accuracy on transient calculations.

For many years several algorithms to calculate the 
ground impedance have also been implemented and 
applied to a transient analysis. From the obtained re-
sults, it has been noticed that a precise calculation of 
such impedance is needed to obtain accurate and relia-
ble time domain transient responses.

Appendix A

The wide range approximate solutions of Pollaczek’s 
integral calculated via the Wedepohl-Wilcox algorithm, 
trapezoidal integration, and Gauss-Kronrod algorithm, 
are depicted in Figure 11. There are some numerical os-
cillations, that are more noticeable in the real com-
ponent case of the も10 curve (its value is tabulated in 
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'ıº³°Øやｵ《╇や¹æØ-や̶¬¬œ½ı-ºや²æØや(̶³±±ま,°©-°©Łや̶œº©°ı²æßや
in the following range 10-4 < z < 100.

Appendix B

$̶ÆœØや ŁØ±ıº-や ±¬ØªıRª̶²ı©-±や Œ©°や ²æØや ¬̶¬Ø°や ²°̶-±ıØ-²や
application cases are depicted in Figure 12.
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