Rev. int. métodos numér. cdlc. disefio ing. 2017;33(3-4):307-317

Revista Internacional de Métodos Numeéricos para
Calculo y Disefio en Ingenieria

Métodos
numéricos

UNIVERSITAT POLITECNICA
DE CATALUNYA
BARCELONATECH

en colaboracion con

CIMNE®

para calculo
y disefo
en ingenieria

www.elsevier.es/rimni

A Lagrangian PFEM approach for non-Newtonian viscoplastic
materials

@ CrossMark

A. Larese

International Center for Numerical Methods in Engineering (CIMNE), Technical University of Catalonia (UPC), Edificio C1, Campus Norte, c. Gran Capitdn, s/n, 08034 Barcelona, Spain

ARTICLE INFO ABSTRACT

Article history:

Received 14 June 2016

Accepted 19 July 2016

Available online 29 November 2016

This paper presents the application of a stabilized mixed Particle Finite Element Method (PFEM) to the
solution of viscoplastic non-Newtonian flows. The application of the proposed model to the deformation
of granular non-cohesive material is analysed. A variable yield threshold modified Bingham model is
presented, using a Mohr Coulomb resistance criterion.

Since the granular material is expected to undergo severe deformation, a Lagrangian approach is
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preferred to a fixed mesh one. PFEM is the adopted technique.

The detail of the discretization procedure is presented and the Algebraic Sub-Grid Scale (ASGS) stabi-
lization technique is introduced to allow for the use of equal order interpolations for velocity and pressure
in a consistent way. The matrix form of the problem is given.

Finally, the differences between the regularized Bingham and the variable yield models are discussed

© 2016 CIMNE (Universitat Politécnica de Catalunya). Published by Elsevier Espafia, S.L.U. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/

4.0/).

1. Introduction

In the present work, the simulation of the structural response of
a slope made of dry granular non cohesive material (rockfill-like)
has been treated using a continuous approach. This is an acceptable
choice under the assumption that the rockfill size is small with
respect to the overall size of the structure.

Nevertheless it should be mentioned that in recent years, the
great advance in computer performance and in parallel computing
has allowed the simulation of the mechanical behaviour of every
single particle of a granular slope. The family of the so called Dis-
crete (or distinct) Element Methods (DEM) has been reaching a
widespread popularity in the computational mechanics commu-
nity. The basic idea is that every particle is a discrete element
interacting with the others considering its mechanical and material
properties. The problem is that commonly spherical or ellipsoidal
particles are used and therefore ah hoc calibration of contacts forces
should be performed so to reproduce correctly the effects of the
non-spherical real shape and roughness of the particle. Multi scale
approaches are often needed to correctly reproduce the macro-
scopic behaviour.

The adoption of a continuous approach leads to the choice of a
suitable constitutive law. Many plastic or rigid-plastic constitutive
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models are commonly used in geomechanics to describe the
structural response of an incoherent non-cohesive material, like
roskfill. It is usually accepted that a rockfill slope has the capability
to support a certain amount of shear stress with negligible elastic
strain, before starting large deformation. When the yield stress
is reached, the material starts to flow until arriving to a stable
configuration. It should be noted that the behaviour of the yielded
material is more similar to a fluid than to the process of deforma-
tion of a solid. In the literature there exists a wide category of fluids
which exhibits a rigid behaviour till reaching a yield threshold.
These are the so-called non-Newtonian viscoplastic fluids.

These aspects, together with the natural way of managing large
deformations in fluids, lead us to concentrate on variable viscosity
models. Consequently, a non-Newtonian constitutive law has been
adopted for the rockfill body. This implies that the rockfill stiffness
is controlled by very high values of the viscosity. Only when the
yield threshold is exceeded, the viscosity dramatically decreases
and the material starts flowing. When the material stops its motion,
the viscosity recovers its initial values for which the stress level
does not exceed the yield limit.

The model developed in this work has its origin in the tra-
ditional Bingham plastics using the regularization proposed by
Papanastasiou to overcome numerical problems induced by the
bilinear stress-strain curve [1]. Nevertheless in order to include a
Mohr-Coulomb failure criteria (without cohesion), the possibility
of considering a variable yield level is also introduced.

0213-1315/© 2016 CIMNE (Universitat Politécnica de Catalunya). Published by Elsevier Espaiia, S.L.U. This is an open access article under the CC BY-NC-ND license (http://
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The two constitutive models with constant and variable yield,
are presented at the beginning of the present work after a brief
overview on non-Newtonian models.

The equations governing the structural problem are studied in
their weak form arriving to the algebraic solution system which is
solved with a fully implicit scheme. A stabilized, equal-order, mixed
velocity-pressure element technology is chosen so to guarantee a
locking free behavior [2-4].

Since the structural domain is expected to undergo severe defor-
mation as the failure progresses, the kinematic model has to adapt
dynamically to such deformations. The Particle Finite Element
Method (PFEM) provides the necessary flexibility with a power-
ful remeshing mechanism [5,6]. Its features are described in the
second part of this paper.

In the last part of the paper some examples are inserted to vali-
date the Bingham model and to appreciate its differences with
respect to the proposed variable viscosity approach. Finally the
dambreak of granular slopes with different frictional angles is sim-
ulated to verify that the model correctly reproduces the expected
mechanical properties.

2. Governing equations

The problem of incompressible isothermal flow is defined by the
Navier-Stokes equations.

Calling 2 c RY (where d is the space dimension) the material
domain in a time interval (0, T), the Navier-Stokes equations are

pdu+V.o—pb =0inQ, t e (0,T),

(1)

V.u =0in 2, te (0,T),

where g is the Cauchy stress tensor, uis the velocity, p is the density
and b is the volumetric force. The problem is fully defined with the
following boundary conditions:

g(x,t) on 0%p,
on 0%y,

u(x, t) = t €(0,T),

t € (0,T),

(2)

n-o(x,t) = tx,t)

where p and Q2 are Dirichlet and Neumann boundary respec-
tively.

The presented model has been developed in a Lagrangian frame-
work, hence, the convective term is not present in Eq. (1).

The stress tensor (o) of Eq. (1) can be decomposed in its volu-
metric and deviatoric parts as follow

0 =—pl+1=—pl+2pue(u), (3)

where p is the pressure, 7 is the devatoric stress which can also be
expressed as a function of the dynamic viscosity i times the strain
tensor &, which is, by definition,

e(u) = Viu = % (Vu+(vu)'), (4)

Fluids for which the relations between t and &(u) is not con-
stant, are called non-Newtonian. In this case viscosity cannot be
considered as a property of the material as it is strictly dependent
on the deformation process. This classification is very general and
includes a wide range of different constitutive relations. Let us con-
sider a 1D problem and let us define an apparent viscosity i like the
ratio between the shear stress t and the shear rate y
=)= (5)

14

Among the possible families of non Newtonian fluids, in this
work we will take into consideration the viscoplastic ones. These
are characterized by the existence of a threshold stress, the yield
stress, which must be exceeded for the fluid to deform. For lower
values of stress the visco-plastic fluids are completely rigid, or

show some sort of elasticity. Once the yield stress is reached and
exceeded, they can exhibit a Newtonian-like behavior with a con-
stant apparent viscosity (Bingham plastics fluids) or showing a shear
thinning behavior (yield-pseudoplastic fluids).

A deep analysis of non-Newtonian fluids behavior falls outside
the scope of this work. For a comprehensive review of the topic see
[7-9].

2.1. Constant yield: the Bingham model

Bingham fluids were first described by Eugene C. Bingham
in 1919. While analyzing the constitutive behaviour of paints,
he discovered that such fluids exhibit a negligible deformation
till reaching a threshold: the yield stress. When this stress limit
is exceeded, they behave like a Newtonian fluid. According to
Papanastasiou [1] a wide range of materials have been identified
to have a yield threshold. Bird [10] was the first to give a lists of
several Bingham plastics, most of these products came from food
or chemical industry. Among them we can list, for instance, slurries,
pastes, or food substances like margarine, ketchup, mayonnaise and
others.

The 1D constitutive relation for a Bingham plastic can be defined
as follows. Calling 7 the yield stress

y=0 ift<r (6a)

Y= %(1710) ift > 19 (6b)

where y is the rate of strain, x is the dynamic viscosity and t the
shear stress.
Eq. (6b) can be rewritten as

r=<u+%’)y=m/ if7 > 7. 7)

Special care should be taken in Eq. (7) when the level of stress
is lower than the yield stress. In this case, according to Eq. (5), the
apparent viscosity approaches infinity, i.e. ;i — oo as y — 0. Since
this behavior might induce numerical difficulties, regularized mod-
els are usually preferred. Different procedures are proposed in the
literature to deal with the discontinuity problem. The nonlinear
problem can be rewritten in the form of a variational inequality
model, following the original work by Duvaut and Lions [11]. It
can be demonstrated [12] that the solution of the constrained vari-
ational inequality is equivalent to a minimization problem of an
equivalent variational equality form. Alternatively a regularization
of the constitutive law can be employed [1]. This second approach
has been used in this work. The main reason for regularizing the dis-
continuity of the exact viscoplastic behaviour is to allow its direct
implementation in standard numerical solvers.

Following the ideas presented in [1], Eq. (7) is regularized using
Papanastasou model, as follow

T= R = |+ 20 —e*m?)] 7 (8)

where m is a regularization parameter that controls the approxi-
mation to the bilinear model as shown in Fig. 1.

The problems connected with the singular point of the bi-linear
model are here avoided. Since the shear strainrate it = u +t9 m
asy — 0.

In order to introduce the constitutive model for 3D problems,
the following equivalent strain rate y and yield stress 7o are defined
as the second invariants of the rate of strain tensor (¢) and of the
deviatoric part of the stress tensor (), respectively

y = (%e:e) 9)

NI—=
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Fig. 1. Newtonian and Bingham fluid compared with the regularized model for
increasing values of the m parameter.

Nj—

To = (%1:1) (10)
Eq. (8), for 3D problems, becomes

T = 2/ia(y) e(w) = 2 |1+ 21— eu) (11)

where fip is the apparent viscosity for the 3D reguralized Bingham
model.

2.2. Variable yield visco-rigid model

The Bingham model presented in the previous section was con-
ceived for materials with a fixed yield stress.

For granular materials, the definition of the yield stress depends
on:

- The characteristics of the rockfill (its internal friction angle).
- The presence of water inside the grains. It acts decreasing the
effective stress leading to a significant loss of resistance.

The model proposed in the present work has its origin in a clas-
sical Bingham constitutive relation but the yield stress 7 is not
constant any more. Tg is pressure sensitive and it is defined using
a Mohr-Coulomb failure criteria without cohesion

To = ptg(P), (12)

where p is the pressure and ¢ is the internal friction angle.
In this case, Eq. (8), in 3D, becomes

v 2 /() e(w) =2 [+ PED 1 - )] ) (13)
where fiy(y) is the apparent viscosity of the variable yield regular-
ized model.

The idea of a pressure dependent yield stress has already been
exploited for instance in [13,14], where a frictional fluid rehological
model is used for the simulation of landslides.

3. Weak form

Using the Galerkin formulation the weak form of the general
problem becomes

wa,udQ-;—/wVde—/wV-Zﬂ.V‘udQ—/wpbdQ:O Yw e V,
Q Q Q (14)

/qV»u:O Vq € Q,
Q

where, for a fixed t € (0, T), u is assumed to belong to the veloc-

ity space V e [H! (Q)]d of vector functions whose components and
their 15¢ derivatives are square-integrable, and p belongs to the
pressure space Q € L, of square-integrable functions. w and q are
velocity and pressure weight functions belonging to velocity and
pressure spaces respectively.

Performing the integration by parts of the pressure and the vis-
cous terms and inserting the boundary conditions (Egs. (2)), gives

/wpatud52+/wpa~VudQ
Q Q

—/pV-wdQ+2/Vw:ﬂVsudQ—/wpbdQ
Q

@ (15)
— w-hd'=0 VYw eV,
0y

qV-udQ2=0 Vqe Q,
Q
Let V,, be a finite element space to approximate V, and 9}, a finite
element approximation to Q. The problem is now finding u, € v
and p;, € 9y, such that

/whpatuthJr/whpuh~Vuthf/p;1V~wth
Q Q

Q
+2/ th:,aVSuth—/whpbdQ
Q Q (16)
- Wh‘thdl—‘ =0 VYwy € VW,
QN

/th-uhdfzzo Yqn € Qp.
Q

4. The monolithic solution strategy

In the following sections the procedure used for obtaining
the algebraic stabilized system of equations, the time integration
scheme and the solution strategy are briefly described.

In order to obtain the final solution system, the weak form
represented by Eqs. (16) have to be stabilized and linearized in time.
Finally a quasi-Newton residual based strategy is adopted to solve
the non linear problem.

4.1. Stabilized formulation

The choice of adopting equal order linear elements for veloc-
ity and pressure, despite of the simplicity, entails the necessity of
using a stabilization technique. An ASGS stabilization technique
is employed for that purpose. The derivation of the stabiliza-
tion scheme is analogous to what has been presented in [4,15].
Therefore, in what follows, only the final stabilized form and the
stabilization terms is reported.

The stabilized form of the balance equations becomes

/whpatuth/whpah-Vuth—/phV-wth
Q Q Q

+2/ VSWh : ﬂvsuth — / WhpbdQ— whthdF
Q Q QN

a

17

+Z T P"T-RMAQL =0 VYw, € V), (17)
ol Qel

/thuth-i—Z/ LPY-RAQL=0 Vq, € Qp,
Q ol Qel

where P{', RY", PS and RS are defined in Table 1.
In a Lagrangian framework the convective term is not present.
Therefore only pressure stabilization is required.
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Table 1
Stabilizing elemental terms in ASGS for the non-Newtonian element.

Table 3
Stabilization matrices and vectors of system (18).

Momentum equation

P(wp) Van :
.
T1 (% F ﬁ.)
R™(up) druy, — V- LVu, 4+ Vp, —b

Continuity equation

(W) V.wy

T2 %

R (up) V.uy
Table 2

Matrices and vectors of system (18) without stabilization terms.

Matrix term Continuum term

Mu Ze‘ fQ ’whpatuhdﬂ

Ku ZZE‘ fg w, Viwy, : 1Viu,dQ
‘el

Gp _Zelfﬂ,p“v'w“dg
el

Du Zel fQ,th»uth

E Zel fsze‘ T

h 0

4.2. Discretization procedure

The matrix form of the stabilized system of Eqgs. (17) can be

written as:
K+S° G| [u F
= (18)
D+Squ Spq | LP S{J

M 0 |u N

0 0 p
where the operators are explicitly written in Table 2 and the stabi-
lization operators can be found in Table 3.

4.3. Bossak time integration scheme

A Bossak time integration scheme is used to discretize in time
the momentum equations.
Eq. (18) can be written in compact form as

MV + i (V(£), £) = fexe(£). (19)
The resulting residual of the momentum equations linearized in
time is

—(1-«
r(vn+1—a,3) - M (th?vnﬂ) _ f?nt] + fg;rtl

2
M {18A"t‘3vﬂ+ a 75"‘3) V' —an”] (20)
where vI =[u, p] and vl = [a, p] are the vectors of unknowns. The
super indices n and n+1 indicate the current (known) and next
(unknown) time steps respectively. «g and § are the parameters of
the scheme.

4.3.1. Predictor multi corrector residual based strategy
A predictor multi corrector strategy is adopted. The linearization
of the non-linear terms is performed using a quasi Newton method.
The viscous terms is the non linear part of the balance equations.
When calculating the LHS, this is linearized as follows

1,k
anr. n+1tg;<(¢)(l _ emy"“vk) v+l k1
14 s

being k the iteration counter.

Momentum equation

Matrix term Continuum term
_ AV
St > fﬂd 11VqyV- £ viu,dQ
SypP Ze’ fQ 1 71V q, Vprd2
s 7Zel o, 71 VqybpdQ
Continuity equation
S‘u ZE‘ er, LV W,V - u,dQ

5. Kinematic framework: the Particle Finite Element
Method (PFEM)

Since the structural domain is expected to undergo severe defor-
mations, the kinematic model has to adapt dynamically to such
deformations leading to the preferable choice of a Lagrangian
approach. Among many possible Lagrangian methods, the Particle
Finite Element Method (PFEM) has been chosen and implemented
for its flexibility and reliability [5,6].

The PFEM is a numerical method that uses a finite element mesh
to discretize the physical domain and to integrate the differential
governing equations [5,16]. In PFEM the domain is modeled using
an Updated Lagrangian Formulation. That is all the variables are
assumed to be known in the current configuration at time t and
they are brought in the next (or updated) configuration at time
t+dt. The finite element method (FEM) is used to solve the contin-
uum equations in a mesh built up from the underlying nodes (the
particles). This is useful to model the separation of solid particles
from the bed surface and to follow their subsequent motion as indi-
vidual particles with a known density, an initial acceleration and a
velocity subject to gravity forces [6,17].

It is important to underline that in PFEM each particle is treated
as a material point characterized by the density of the solid domain
to which it belongs to. The global mass is obtained by integrating
density at the different material points over the domain. The quality
of the numerical solution depends on the discretization chosen as
in the standard FEM. Adaptive mesh refinement techniques can be
used to improve the solution in zones where large gradients of the
fluid or the structure variables occur [15].

Since its first development especially focused on the simulation
of free surface flows and breaking waves [5,16], PFEM has been
successfully used in a wide range of fields. Just to mention some of
them, it is used in FSI and coupled problems [18-23], multi-fluid
problems [24-26], contact problems [27,28], geomechanics [28,29]
and fire engineering [30]. Moreover PFEM has also been success-
fully used in the implementation of Bingham plastics model for
the simulation of landslides [31] and cement slump tests [32] and
rockfill dam failure induced by overtopping [33-35].

The basic ingredients of PFEM can be summarized in:

¢ An Updated Lagrangian kinematical description of motion;
¢ A fast remeshing algorithm;

e A boundary recognition method(alpha-shape);

¢ FEM for the solution of the governing equations;

5.1. Updated Lagrangian kinematical description of motion

The PFEM was conceived as a Lagrangian method to treat CFD
problems including free surface flows and breaking waves [6,16].
This approach is in contrast with the classical Eulerian way to treat
CFD problems.
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Lagrangian algorithms are traditionally used in structural
mechanics where each node of the computational mesh follows
the associated material particle evolution. This is a good way to
trace easily the interface between fluid and structure and to con-
sider materials with history-dependent constitutive relations. Its
weakness is the inability to follow large distortions of the domain
without the necessity of a continuum remeshing. This also implies
a difficult parallelization of the code.

Eulerian algorithms, on the other hand, are largely used in fluid
dynamics because of the ease way to follow large movements. In
this case the computational mesh is fixed and the continuum moves
with respect to the grid. Being a fixed mesh approach, an inter-
face tracking technique should be employed in Eulerian methods
to follow the evolution of the free surface.

A third popular technique is a generalization of the two kine-
matical description of motion above described. It is known as
the Arbitrary Lagrangian- Eulerian (ALE) description. In this case,
the mesh is arbitrarily moved with a velocity uy; and the domain
of the mesh is called the reference domain [36].

For uﬁ, = (0, 0,0) an Eulerian configuration is recovered and
the reference domain corresponds to the spatial one. Alternatively,
if the mesh velocity coincides with the particle velocity (uy; =u),
then the convective term disappears and the Lagrangian formu-
lation is recovered. In this case the reference domain coincides
with the material one. The absence of the convective term in a
Lagrangian framework, leads also to the elimination of the prob-
lems connected with convection dominating processes, simplifying
the stabilization procedure.

According to [36], three possible Lagrangian formulations are
possible

¢ The total Lagrangian, where variables are described in the initial
configuration 2, at time tg;

e The updated Lagrangian, where variables are described in the cur-
rent configuration 2", at time t";

e The end of step Lagrangian, where variables are described in the
configuration Q™1 at time 1,

The total Lagrangian formulation is not the best choice for a
problem with large domain deformations. Therefore, PFEM uses an
updated Lagrangian description of motion.

5.2. Remeshing algorithm

The need of an efficient remeshing algorithm together with the
the difficulty of parallelizing this procedure are the biggest draw-
back of a Lagrangian approach.

The mesh moves in accordance to the material points and large
deformations occur. The code developed in this work uses external
libraries to remesh the domain. They are the Triangle and TetGen
for the 2D and the 3D cases respectively [37].

The mesh generation scheme is based on the Voronoi diagrams'
and the Delaunay tessellation?.

1 The Voronoi diagram of a set N is a partition of R? into region V; (closed and
convex or unbounded), where each region V; is associated with a node p;, such that
any point in V; is closer to p; than to any other node p;. The Voronoi diagram is
unique.

2 ADelaunay tessellation within the set Nis a partition of the convex hull 2 of all the
nodes into region £2; such that 2 = 2; where each €; is the tetrahedron defined by
4 nodes of the same Voronoi sphere. A Voronoi sphere within the set N is any sphere,
defined by 4 or more nodes, that contains no other node inside. Such sphere are
otherwise known as empty circumspheres. The Delaunay triangulation and Voronoi
diagram in R? are dual to each other in the graph theoretical sense.

Table 4

Pushed slope example. Material properties.
Dry density P 1000 kg/m3
Fluidified viscosity o 106 Pas
Smoothing coefficient m 3000s

5.3. Boundary recognition method: alpha - shape method

Once the continuum domain is partitioned using the TetGen
library, a criteria is needed to define the free surfaces and the
boundaries on the material domain. In the case of PFEM, alpha shape
[38] is the adopted technology.

Each node i of the domain has its own dimension h; determined
as the average distance of node i from its neighbors. In the same
way, an elemental dimension h,; can be defined for each element as
the average of the h; of its nodes. Finally depending on the precision
wanted, an o custom parameter greater but close to one (the alpha
shape parameter) is defined.

If the radius of the sphere that circumscribes the element (r) is
bigger than « - he;, then the element is eliminated. That is

r<a-hg; (21)
has to be respected to keep the element in the domain.
5.4. FEM

A finite element mesh and the connectivities of the nodes are
provided by the previous described steps for the actual time step

t"1. The finite element method is then used to write the weak form
of the governing equations.

5.5. PFEM algorithm

Considering known the solution at time step n, the basic steps
of PFEM algorithm are summarized in the box that follows.

PFEM algorithm
1. Imposition of mesh velocity at time step nuy = u";
2. Laplacian smoothing? (free surface kept fixed);
3. Remesh (see Section 5.2);
4. Solve the monolithic system;

5. Back to step 1.

@The Laplacian smoothing is a geometrical technique that allows a
more homogeneous redistribution of the nodes inside the analysis do-
main without changing the connectivities between nodes

6. Numerical examples
6.1. Bingham vs variable viscosity model. Pushed slope

The difference between the Bingham and the proposed variable
yield model can be observed in this example.

A square domain in 2D and a cubic one in 3D are pushed towards
a wall.

The geometry of the models and the mesh used in both cases
is shown in Fig. 2. The wall on the left side moves with constant
velocity ug=0.1m/s. The material parameters are summarized in
Table 4.

For the Bingham model the yield stress is 7o = 1000 Pa, whereas
in the variable yield model the internal friction angle is ¢ = 30.
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Fig. 2. Pushed slope example. Geometry, mesh and boundary conditions of 2D and
3D models.

In the sequences of the pushing process shown in Figs. 3 and 4
the different behavior of the two models is evident.

For Bingham plastics, those points that do not exceed the con-
stant yield threshold, behave like a rigid body, whereas in the
variable yield model the yield stress of the exterior points is lower
and it is exceeded also for lower pressure levels. Two different
phases can be identified in the present example:

- The settlement phase. It is the initial part of the example. The gran-
ular material is left free to fall and to reach its stable configuration.
It goes from the beginning of the example to the moment in which
the material touches the right fixed wall.

- The squeezing phase. It begins when the material touches the right
wall and starts to be squeezed between the two opposite walls
that are getting closer.

In Fig. 3 the 2D comparison between the Bingham model and
the variable yield model during the settlement phase is shown. The
contour fill of the equivalent strain rate is plotted in different time
instances (the blue color indicates y = 0).

The Bingham model shows a sliding surface where the tangen-
tial stress reaches the yield stress (1000 Pa), independently on the
pressure value, whereas all the rest of the domain shows an almost
rigid behavior. Conversely, in the variable yield model, if a node
has a tangential stress which exceed its pressure times the friction
angle tangent (p tg¢), it shows a drop in the viscosity and it starts
flowing. The main differences can be observed on the “free surface”.
In the case of Bingham model any node close to the free surface

b) Variable yield model.

a) Bingham model.

Fig. 3. 2D pushed slope. y in the initial pushing phase. Difference between the
Bingham and the variable viscosity models.

a) Bingham model. b) Variable yield model

Fig. 4. 2D pushed slope. y in the squeezing phase. Difference between the Bingham
and the variable viscosity models.
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a) Bingham model. b) Variable yield model.

Fig. 5. 3D pushed slope. Difference between the Bingham and the variable viscosity
models in the initial pushing phase.

has the same resistance (yield stress) than any interna node, while
in the variable yield model the resistance of a superficial node is
almost zero (being the pressure close to zero). The variable yield
material reaches a stable configuration that respects the internal
friction angle ¢p=30°.

In Fig. 4 the behavior of the two models in the squeezing phase
is compared. The sequence shows how the equivalent strain rate y
is almost zero up to the creation of the failure lines and the subse-
quent collapse of the material. In the variable yield model, on the
contrary, the “free surface” has zero pressure, which implies zero
resistance and as soon as the material reaches the height of the
walls, it starts falling.

The same considerations can be done in 3D, looking at the
comparison between the two models in the settlement and the
squeezing phase shown in Figs. 5 and 6, respectively. The Bing-
ham model in 3D shows less resistance in the squeezing phase
due to the 3-dimensional effects. It is finally interesting to observe
that the material which is falling down in the case of the Bing-
ham model conserves the velocity imposed by the wall although
this is very low, whereas this does not happen in the variable yield
model.

6.2. Settlement of a vertical rockfill slope

The variable viscosity model is finally used to reproduce the set-
tlement of a granular vertical slope with a given internal friction

a) Bingham model. b) Variable yield model.

Fig. 6. 3D pushed slope. Difference between the Bingham and the variable viscosity
models in the squeezing phase.

Unstable area
Granular slope

characterized by

2
Fig. 7. Settlement of a vertical slope. Geometry of the model.
Table 5
Settlement example. Material properties.
Dry density P 1000 kg/m?
Fluidified viscosity w 10-%Pas
Smoothing coefficient m 30005

angle. The objective of this example is to verify the correct repre-
sentation of the internal friction angle and the independence of the
stable configuration from the mesh size.

For this purpose a rectangular domain is constrained by a verti-
cal wall in the left side and is left free on the right side as shown in
Fig. 7. The material parameters are summarized in Table 5.

6.2.1. Variable mesh size
The internal friction angle is taken ¢ = 30°. Three different mesh
sizes are taken into account for the simulation:

e Mesh A is 0.1 cm. The model has 444 nodes.
e Mesh B is 0.05 cm. The model has 1580 nodes.
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a) Mesh A 0.1m.

o

KRRV
b) Mesh B 0.05m. .
o 7 03
o
sl
i
C) Mesh C 0.01m.

]

Fig. 8. Different mesh sizes taken into account in the present example.

a) Mesh A. b) Mesh B.

w b w - @

Fig. 9. Settlements for a granular slope with internal friction angle ¢ =30° for the
three different mesh sizes indicated in Fig. 8.

e Mesh Cis 0.01 cm. The model has 35466 nodes.

They are shown in Fig. 8.

The evolution of the settlement is shown in Fig. 9 for the above
mentioned meshes. As expected the more accurate and realistic
settlement process is obtained with the finer mesh but no relevant
differences appear using the coarser ones. This is respected for any
internal friction angle ¢ lower or equal to 45° as will be discussed
in Section 6.2.2.

The same example is run in 3D using the meshes A and B of
Fig. 8 leading to analogous conclusions. The internal friction angle is

a) Mesh A. b) Mesh B.

s

Fig. 10. Settlements for a 3D granular slope with internal friction angle ¢=30° in
the case of considering mesh A and B of Fig. 8.

Table 6

Friction angle test example. Material properties.
Dry density P 1490 kg/m?
Internal friction angle [ 40°
Fluidified viscosity m 10-%Pas
Smoothing coefficient m 3000s

well represented independently from the mesh chosen. A sequence
of the 3D results for a slope with internal friction angle ¢=30° is
shown in Fig. 10.

6.2.2. Variable internal friction angle

Different values of the internal friction angle are taken into
account in order to verify the correct behavior of the structural
model. Mesh B is used for the discretization.

The different mechanical behavior controlled by the values of ¢
is correctly reproduced by the variable yield model presented in this
work if the internal friction angle is lower or equal to 45°, as can be
observedinFig. 11 where the stable configuration of rockfill slope of
30°,40°,45°and 47° is simulated. The case with ¢ =45° represents a
practical limit of the model. Beyond that limit a dependency on the
mesh appears as some level of locking can be observed. The con-
clusion is that the model is not able to correctly simulate materials
that have internal friction angles higher than 45°.

6.3. Friction angle test

The last example simulate a test for computing the internal fric-
tion angle ¢. A cone filled with granular material with a bottom
outlet is lifted up with a velocity of 0.025 m/s. The geometry and
the mesh used can be seen in Fig. 12.

The mechanical characteristics of the material used are summa-
rized in Table 6.
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a) ¢=30°

b) ¢=40°

ic) ¢=45°

d) ¢=47°

Fig. 11. Stable results for different internal friction angles ¢. The mesh used in the
calculation is mesh B of Fig. 8.

0.9m 0.2m 0.9m

1 TLiﬂ velocity

.2m

}O.Sm

: i}

Fig. 12. Friction angle test example. Geometry and mesh used for the calculation.

6iD

6iD

6iD

6iD

Fig. 13. Friction angle test example. Variable yield model with ¢ =40°.

As expected, the final slope of the fallen material matches well
with the 40° angle as shown in the last picture of Fig. 13.

Finally in Fig. 14 the same example has been repeated in the case
of a Bingham plastic with a yield threshold 7y =500 Pa.

The different behaviour between the two models is evident: the
material of the variable yield model “flows” down in a nearly con-
tinuous way and at the end of the simulation no material is present
in the cone (the cone is 41.6° steep). Whereas the Bingham material
resembles a toothpaste and at the end of the simulation part of the
material remains inside the cone. The tangential stresses, in fact,
are lower than the yield threshold.



316 A. Larese / Rev. int. métodos numeér. cdlc. disefio ing. 2017;33(3-4):307-317

Gi

I i

Gi

Fig. 14. Friction angle test example. Bingham model with yield stress 7o =500 Pa.

7. Conclusions

In this paper a model to describe the behavior of a rockfill slope
is presented. Anon-Newtonian constitutive law is chosen and a reg-
ularized Bingham plastic model is developed. This choice derives
from the observation that the elastic behavior in rockfill slopes is
negligible and when the yield stress is reached the material starts
to flow more like a fluid than to deform like a structure. Among the
familiy of the non-Newtonian fluids, Bingham plastics have been
chosen for their capability of supporting a certain amount of shear
stress before reaching large strains.

The good behavior of the Bingham model is verified through
some benchmarks, but does not seem to be adequate for the simu-
lation of the behavior of a granular slope. For this purpose a variable

yield threshold is introduced in order to mimic a Mohr Coulomb
failure criterion.

The differences between the regularized Bingham and the vari-
able yield models are discussed in some examples.

The main advantage of the constitutive law proposed is its sim-
plicity compared with any other plastic model.

The variable yield model does not present serious limitations
on the mesh sizes. Finally the variable yield model seems to be
adequate to simulate materials with internal friction angles lower
than 45°.
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