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Abstract

Structures are designed with the intention of safely withstanding ordinary 

and extreme wind loads over the entire intended economic lifetime. Due to 

the fact that extreme wind speeds are essentially random, appropriate statis-

tical procedures needed to be developed in order design more accurately 

wind-sensitive structures. Five mixed extreme value distributions, with 

Gumbel, reverse Weibull and General Extreme Value components along 

with the Two Component Extreme Value distribution were used to model 

extreme wind speeds. The general procedure to estimate their parameters 

based on the maximum likelihood method is presented in the paper. A total 

of 45 sets, ranging from 9-year to 56-year, of largest annual wind speeds 

º̶²æØ°ØŁやŒ°©ßや±²̶²ı©-±やœ©ª̶²ØŁやı-や5æØや/Ø²æØ°œ̶-Ł±や¹Ø°ØやRmØŁや²©やßı¼ØŁやŁı±-
²°ıÆ³²ı©-±╆や5æØやÆØ±²やß©ŁØœや¹̶±や±ØœØª²ØŁやÆ̶±ØŁや©-や̶やº©©Ł-Ø±±ま©ŒまR²や²Ø±²╆や5æØや
return levels were estimated and compared with those obtained by assu-

ming the data arise from a single distribution. 87% of analyzed samples 

¹Ø°ØやÆØmØ°やRmØŁや¹ı²æや̶やßı¼ØŁやŁı±²°ıÆ³²ı©-╆や5æØやÆØ±²やßı¼ØŁやß©ŁØœ±や¹Ø°Øや²æØや
mixed reverse Weibull distribution and the mixture Gumbel-Reverse Wei-

bull. Results suggest that it is very important to consider the mixed distribu-

tions as an additional mathematical tool when analyzing extreme wind 

speeds.
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Introduction

Structures are designed with the intention of safely 

withstanding ordinary and extreme wind loads over 

the entire intended economic lifetime. The wind pres-

sures on a structure are a function of the characteristics 

of the approaching wind, the geometry of the structure 

under consideration, and the geometry and proximity 

of the structures upwind. The pressures are not unifor-

mly distributed over the surface of the structure and 

they can result in fatigue damage and in a probable dy-

namic excitation. Because of the many uncertainties in-

volved, the maximum wind loads experienced by a 

structure during its lifetime, may vary widely from tho-

se assumed in design.

In terms of designing a structure for lateral wind loads 

vjg"hqnnqykpi"dcuke"fgukip"etkvgtkc"pggf"vq"dg"ucvkuÝgf<"

1) Stability against overturning, uplift and/or sliding 

of the structure as a whole.

2) Strength of the structural components of the buil-

Łı-ºやı±や°Ø®³ı°ØŁや²©やÆØや±³UªıØ-²や²©や¹ı²æ±²̶-Łやıß¬©-

sed loading without failure during the life of the 

structure. 

3) Serviceability for example for buildings, where in-

²Ø°±²©°Ø½や̶-Łや©µØ°̶œœやŁØSØª²ı©-±や̶°ØやØ¼¬Øª²ØŁや²©や°Ø-

main within acceptable limits. 

The ultimate limit state wind speed is adopted by most 

international codes to satisfy stability and strength li-

mit state requirements. In many codes such a speed has 

̶や°Ø²³°-や¬Ø°ı©Łや©ŒやRŒ²½や½Ø̶°±や〉Û50). 

The objective of wind speed frequency analysis is to 

obtain the most accurate estimates to any return period 

of occurrence through the use of probability distribu-

tions. 

Much of the work in extreme value theory begins 

with the assumption that X1, X2, . . . , Xn are indepen-

dent and identically distributed observations with 

some common, but unknown, distribution function 

F〉x《╈や5æØや'°ÔªæØ²やŁı±²°ıÆ³²ı©-や〉¹ı²æやı-R-ı²Øや³¬¬Ø°や²̶ıœ《╇や
5æØや(³ßÆØœやŁı±²°ıÆ³²ı©-や〉¹ı²æやı-R-ı²Øや³¬¬Ø°や²̶ıœ《や̶-Łや
²æØや°ØµØ°±Øや8ØıÆ³œœやŁı±²°ıÆ³²ı©-╇や¹æ©±Øや³¬¬Ø°や²̶ıœやı±やR-

-ı²Øや〉$̶±²ıœœ©╇やｱｹｸｸ《╆
In the early 1970’s two competing models of extre-

me wind speeds were widely used: the extreme value 

type II or Fréchet distribution and the extreme value 

distribution type I or Gumbel distribution. However, 

for long return periods the Fréchet distribution can lead 

²©や³-°Ø̶œı±²ıª̶œœ½やæıºæやØ±²ıß̶²ØŁや±¬ØØŁ±や̶-Łやı-ØUªıØ-²や
Œ©°やŁØ±ıº-や¬³°¬©±Ø±や〉4ıßı³やet al., 1978). 

*-や ±©ßØや¹©°ø±や 〉%³øØ±や ̶-Łや 1̶œ³²ıø©Œ╇や ｱｹｹｵ╉や 4ıßı³や
̶-Łや)ØªøØ°²╇やｱｹｹｶ╉や)ØªøØ°²や̶-Łや4ıßı³╇やｱｹｹｸ╇や̶-Łや4ıßı³や
et al., 2001) the Reverse Weibull distribution, based on 

Ø¬©ªæ̶œや ̶-Łや ¬Ø̶ø±や ©µØ°や ²æ°Ø±æ©œŁや 〉105《や ̶¬¬°©̶ªæØ±╇や
æ̶±やÆØØ-やª©-±ıŁØ°ØŁや²©やÆØやÆØmØ°やı-やª©ß¬̶°ı±©-や²©や²æØや
Gumbel distribution for modeling extreme wind 

speeds.

*-やª©-²°̶±²╇や(̶œ̶ßÆ©±や̶-Łや.̶ª°ıや〉ｱｹｹｹ《やŒ©³-Łや²æ̶²や
the assumption of bounded wind speeds and the subse-

®³Ø-²や ıß¬œØßØ-²̶²ı©-や©Œや ²æØや105やßØ²æ©ŁやŒ©°やØ±²ıß̶-

ting the required parameters from wind speeds data 

lead to contradictions and that the Gumbel distribution 

ı±や ÆØmØ°や ²©やß©ŁØœや Ø¼²°ØßØや¹ı-Łや ±¬ØØŁ±╆や 1Ø°°ı-や et al. 

Resumen

Las estructuras son diseñadas para resistir de forma segura las cargas de viento ordi-
narias o extremas en el periodo de su vida útil. Debido a que las velocidades de viento 
son esencialmente aleatorias se requiere de procedimientos estadísticos que estimen de 
ß̶-Ø°̶やßÀ±やª©-R̶ÆœØやœ̶やª̶°º̶や¬©°やµıØ-²©╇や¬̶°̶やœ̶やª³̶œや³-̶やØ±²°³ª²³°̶や²°̶Æ̶ł̶°ÀやØRま 
ªıØ-²ØßØ-²Ø╆や&-やØ±²Øや²°̶Æ̶ł©や±Øや¬°Ø±Ø-²̶-やªı-ª©やŁı±²°ıÆ³ªı©-Ø±やŁØや¬°©Æ̶ÆıœıŁ̶ŁやŁØやµ̶-
œ©°Ø±やØ¼²°Øß©±やßı¼²̶±╇や ª³½̶±やª©ß¬©-Ø-²Ø±や±©-や œ̶±やŁı±²°ıÆ³ªı©-Ø±や(³ßÆØœ╇や8ØıÆ³œœ╇や
(Ø-Ø°̶œやŁØや7̶œ©°Ø±や&¼²°Øß©±や½や5$&7や¬̶°̶やß©ŁØœ̶°やµØœ©ªıŁ̶ŁØ±やØ¼²°Øß̶±やŁØやµıØ-²©╆や
Los parámetros de dichas distribuciones son obtenidos por la técnica de máxima vero-
similitud. Para aplicar las distribuciones mezcladas propuestas se utilizaron los regis-
²°©±やŁØやµØœ©ªıŁ̶ŁØ±やŁØやµıØ-²©やßÀ¼ıß©や̶-³̶œやŁØやｴｵやØ±²̶ªı©-Ø±やœ©ª̶œı¾̶Ł̶±やØ-や)©œ̶-Ł̶╇や
ª³½̶±やœ©-ºı²³ŁØ±やµ̶°ç̶-やŁØやｹや̶やｵｶや̶ü©±╆や&œやßØł©°やß©ŁØœ©や³-ıµ̶°ı̶Ł©や©やßØ¾ªœ̶Ł©やŒ³Øや
ØœØºıŁ©や̶ や²°̶µÔ±やŁØや³-やª°ı²Ø°ı©やŁØやÆ©-Ł̶ŁやŁØや̶ ł³±²Ø╆や6-やｸｷゾやŁØやœ̶±やß³Ø±²°̶±や̶ -̶œı¾̶Ł̶±や
±Øや̶ ł³±²̶°©-やßØł©°や̶ や³-̶やŁı±²°ıÆ³ªıŸ-やßØ¾ªœ̶Ł̶や½やœ̶±やßØł©°Ø±やª©ßÆı-̶ªı©-Ø±やŒ³Ø°©-やœ̶±や
ŁØや(³ßÆØœま8ØıÆ³œœや½やœ̶や8ØıÆ³œœま8ØıÆ³œœ╆や-©±や°Ø±³œ²̶Ł©±や±³ºıØ°Ø-や®³ØやØ±やß³½やıß¬©°-
tante considerar a las distribuciones mezcladas como una herramienta adicional en el 
análisis de velocidades de vientos extremos.

Descriptores: 

̋" cpƒnkuku"fg"htgewgpekcu"fg"
xgnqekfcfgu"fg"xkgpvq

̋" fkuvtkdwekqpgu"fg"xcnqtgu"
gzvtgoqu"okzvcu

̋" guvkocek„p"fg"rctƒogvtqu"
rqt"oƒzkoc"xgtqukoknkvwf

̋" dqpfcf"fg"clwuvg
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〉ｲｰｰｶ《や̶œ±©やŒ©³-Łや²æ̶²や²æØや3ØµØ°±Øや8ØıÆ³œœやŁı±²°ıÆ³²ı©-や
generates incorrect estimates of the tails of the distribu-

tions of wind speeds and of the distribution of annual 

maxima wind speed.

According to results obtained in those works, none 

©Œや²¹©やØ¼²°ØßØやŁı±²°ıÆ³²ı©-±や〉(³ßÆØœや©°や3ØµØ°±Øや8Øı-
Æ³œœ《やª̶-やÆØやª©-±ıŁØ°ØŁやÆØmØ°や©°や²©²̶œœ½や̶ ŁØ®³̶²Øや²©やß©-

del extreme wind speeds. 

4ıßı³や〉ｲｰｰｲ《や¹°©²Øや｠*²やı±やœıøØœ½や²æ̶²やÆØmØ°や¬°©Æ̶Æıœı±²ıªや
models of extreme wind speeds could be developed if statistics 
of thunderstorm and large-scale storm wind speeds could be 
ŁØµØœ©¬ØŁや±Ø¬̶°̶²Øœ½や̶-Łやª©ßÆı-ØŁやı-やßı¼ØŁやŁı±²°ıÆ³²ı©-±”. 

4©╇やØT©°²±やı-や²æı±やŁı°Øª²ı©-やæ̶µØや̶œ°Ø̶Ł½やÆØØ-や°Ø¬©°²ØŁや
〉)©œßØ±や̶-Łや.©°ı̶°²½╇やｱｹｹｹ╉や%©³ºæØ°²½やet al., 2003).

In order to continue with this topic, six mixed extre-

me value distributions are proposed to model annual 

maximum wind speed samples. 

Univariate extreme value distributions

In general, extreme value distributions have been wi-

ŁØœ½や³±ØŁや Œ©°やRmı-ºや ²æØやŁı±²°ıÆ³²ı©-や©ŒやØ¼²°ØßØや¹ı-Łや
±¬ØØŁ±╆や 5æØや -̶ßØや Ø¼²°ØßØや µ̶œ³Øや ı±や ̶m̶ªæØŁや ²©や ²æØ±Øや
distributions because they can be obtained as limiting 

Łı±²°ıÆ³²ı©-±や〉̶±や-や›"”) of the greatest value among n 
independent random variables, each having the same 

continuous distribution.

The general solution of the functional equation that 

must satisfy the extreme values has been called General 

Extreme Value distribution, which directly represents 

the Types II, and III extreme value distributions. Type I 

distribution results as limiting condition of the General 

Extreme Value distribution. Each type is characterized 

Æ½や²æØやµ̶œ³Øや©Œや²æØや±æ̶¬Øや¬̶°̶ßØ²Ø°やぽや̶±╈や(³ßÆØœやŁı±-
²°ıÆ³²ı©-やぽや└やｰ╇や'°ÔªæØ²やŁı±²°ıÆ³²ı©-やぽや┗やｰや̶-Łや8ØıÆ³œœや
Łı±²°ıÆ³²ı©-やぽや┘やｰ╆

5æØや¬°©Æ̶Æıœı²½やŁØ-±ı²½やŒ³-ª²ı©-や〉¬ŁŒ《や©Œや²æØや(³ß-

bel distribution is

  〉ｱ《

¹æØ°Øやゐや̶-Łやぼや̶°Øや ²æØや œ©ª̶²ı©-や̶-Łや±ª̶œØや¬̶°̶ßØ²Ø°±╇や
̶-Łやぼや┘やｰ╆

The pdf of the standard Fréchet distribution is

       

 〉ｲ《

¹æØ°Øやゎや̶-Łやゆや̶°Øや²æØや±ª̶œØや̶-Łや±æ̶¬Øや¬̶°̶ßØ²Ø°±╇や¹ı²æや
ゎや┘やｰや̶-Łやゆや┘やｰ╆

The pdf of the Reverse Weibull distribution is

   〉ｳ《

¹æØ°Øやイや̶ -Łやゅや̶ °Øや²æØや±ª̶œØや̶ -Łや±æ̶¬Øや¬̶°̶ßØ²Ø°±╇や¹ı²æやや
イや┘やｰや̶-Łやゅや┘やｰ╆

The pdf of the General Extreme Value distribution is

 〉ｴ《

¹æØ°Øやァ╇やも╇や̶-Łやぽや̶°Øや²æØやœ©ª̶²ı©-╇や±ª̶œØや̶-Łや±æ̶¬Øや¬̶-

rameters, and もや┘や0.

Mixed distributions

&¼²°ØßØや ¹ı-Łや ±¬ØØŁ±や 〉&84《や æ̶µØや ÆØØ-や ̶-̶œ½¾ØŁや
through the use of univariate distributions. Several as-

sumptions underlay the statistical estimate of the wind 

±¬ØØŁ╆や5æØやß©±²やıß¬©°²̶-²や©-Øや²æ̶²や̶œœやØ¼²°ØßØ±や〉³¬や²©や
return periods of 104 yr) belong to the same population 

is hard to verify from the available short observational 

sets.

Van et al╆や〉ｲｰｰｴ《や-©²ıªØŁや²æØやØ¼ı±²Ø-ªØや©Œや̶°Ø̶±や¹æØ°Øや
the extreme value distribution of extratropical winds 

was double populated. 

They demonstrated that the local wind can be cau-

±ØŁやÆ½や²¹©やßØ²Ø©°©œ©ºıª̶œや±½±²Øß±や｠1をや̶-Łやや｠2” of di-

TØ°Ø-²や¬æ½±ıª̶œや-̶²³°Ø╇やØ̶ªæや©Œや²æØßやºØ-Ø°̶²ı-ºやı²±や©¹-や
distribution F1〉x) and F2〉x). Then, the parent distribu-

tion F〉x) is said to be mixed.

The use of a mixture of probability distributions 

functions for modeling samples of data coming from 

two populations have been proposed long time ago 

〉.©©Łやet al., 1974):

1°や〉X ~"{《や└やF 〉x《や└やpF1や〉x《や┏や〉ｱや/"p) F2や〉x《やや やややややややややややややややややややややややや〉ｵ《

where p is a factor used to weight the relative contribu-

²ı©-や©ŒやØ̶ªæや¬©¬³œ̶²ı©-や〉ｰや┗やpや┗やｱ《╆

Okzgf"Iwodgn"Fkuvtkdwvkqp"(MG)

If  F1〉x) and F2〉x《や©Œや 〉ｵ《や̶°Øや(³ßÆØœやŁı±²°ıÆ³²ı©-±╇や ²æØや
ª©°°Ø±¬©-Łı-ºや ßı¼ØŁや ¬ŁŒや ı±や 〉3̶½-̶œや ̶-Łや (³Øµ̶°̶╇や
1997):

                                         

〉ｶ《

* + ÕÖ
ÔÄÅ

Ã //ÙÚ
×ÈÉ

Ç ÕÖ
ÔÄÅ

Ã ///? c
w

c
w

c
xx

xf expexpexp
1

"

* + * + n
nn unu / - Ê ÛÃ ÔÍ Í? /Ë ÜÄ ÕÅ ÖÍ ÍÌ Ý

ｱ Ø¼¬ やŒ ¼ ¼
¼

"

* + m mm
h h h

/ Ê ÛÃ Ô Ã ÔÍ Í? /Ë ÜÄ Õ Ä ÕÅ Ö Å ÖÍ ÍÌ Ý
ｱ

Ø¼¬ や¼ ¼Œ ¼ "

* + d dy yd dj j j
/ Ê ÛÇ × Ç ×Ã Ô Ã Ô/ /Í Í? / / /Ë ÜÈ Ù È ÙÄ Õ Ä ÕÅ Ö Å ÖÉ Ú É ÚÍ ÍÌ Ý

ｱ ｱｱ
ｱ ｱ Ø¼¬ ｱ¼ ¼Œ ¼

* + * +ｱ ｲｱ ｲ
ｱ ｲ

ｱ ｲØ¼¬ Ø¼¬

ｱ ｲ

ｱま
や や Ø¼¬ や Ø¼¬ や┏ や Ø¼¬ や Ø¼¬

¼ ¼¼ ¼¬¬Œ ¼
w w

c c
w w

c cc c
Ã Ô Ã Ô/ // /Ä Õ Ä ÕÅ Ö Å Ö

Ã Ô Ã Ô/ // /Ä Õ Ä ÕÅ Ö Å Ö/ /? "



Estimation of Extreme Wind Speeds by Using Mixed Distributions

Ingeniería Investigación y Tecnología, volumen XIV (número 2), abril-junio 2013: 153-162 ISSN 1405-7743 FI-UNAM156

¹æØ°Øややゐ1 ╇やぼ1や̶-Łやゐ2 ╇やぼ2 are the location and scale para-

ßØ²Ø°±やŒ©°や²æØやR°±²や̶ -Łや±Øª©-Łや¬©¬³œ̶²ı©-╇や°Ø±¬Øª²ıµØœ½╇や
and pやı±や²æØや̶±±©ªı̶²ı©-や¬̶°̶ßØ²Ø°や〉ｰや┗やpや┗やｱ《╆

Okzgf"Igpgtcn"Gzvtgog"Xcnwg"Fkuvtkdwvkqp"(MGEV)

If F1〉x) and F2〉x《や ©Œや Ø®³̶²ı©-や 〉ｵ《や ̶°Øや(Ø-Ø°̶œや&¼²°ØßØや
7̶œ³ØやŁı±²°ıÆ³²ı©-±╇や²æØやßı¼ØŁや¬ŁŒやı±や〉3̶½-̶œや̶-Łや4̶-²ı-
llan, 1986):

                    

ややややややややややややややややや〉ｷ《

¹æØ°Øやァ1╇やも1╇やぽ1や̶-Łやァ2╇やも2╇やぽ2 are the location, scale and 

±æ̶¬Øやや¬̶°̶ßØ²Ø°±やŒ©°や²æØやR°±²や̶ -Łや±Øª©-Łや¬©¬³œ̶²ı©-╇や°Ø±-
pectively, and  pややı±や²æØや̶±±©ªı̶²ı©-や¬̶°̶ßØ²Ø°や〉ｰや┗やpや┗やｱ《╆

Okzgf"Tgxgtug"Ygkdwnn"Fkuvtkdwvkqp"(MRW)

If F1〉x)  and F2〉x《や©Œや Ø®³̶²ı©-や 〉ｵ《や̶°Øや3ØµØ°±Øや8ØıÆ³œœや
Łı±²°ıÆ³²ı©-±╇や²æØやßı¼ØŁや¬ŁŒやı±や〉&±ª̶œ̶-²Ø╇やｲｰｰｶ《╈

 

やややややややややややややややややややややややややややややややややややや〉ｸ《

¹æØ°Øやイ1╇やゅ1や̶-Łやイ2╇やゅ2 are the scale and shape parame-

²Ø°±や Œ©°や ²æØや R°±²や ̶-Łや ±Øª©-Łや¬©¬³œ̶²ı©-╇や °Ø±¬Øª²ıµØœ½╇や
and pやı±や²æØや̶±±©ªı̶²ı©-や¬̶°̶ßØ²Ø°や〉ｰや┗やpや┗やｱ《╆

Okzgf"Iwodgn/Tgxgtug"Ygkdwnn"Fkuvtkdwvkqp"*I/TY+

"±±³ßı-ºや²æ̶²やR°±²や̶-Łや±Øª©-Łや¬©¬³œ̶²ı©-±やÆØæ̶µØや̶±や
Gumbel and Reverse Weibull distributions, respecti-

µØœ½╇や²æØや¬ŁŒや©ŒやØ®³̶²ı©-や〉ｵ《や½ıØœŁ±や²©や²æØやRµØま¬̶°̶ßØ²Ø°や
mixture model:

 +

や や やややややややややややや〉ｹ《

¹æØ°Øややゐ1╇やぼ1 are the location and scale parameters for 

²æØやR°±²や¬©¬³œ̶²ı©-╇やイ2╇やゅ2 are the scale and shape para-

meters for the second population, and p is the associa-

²ı©-や¬̶°̶ßØ²Ø°や〉ｰや┗やpや┗やｱ《╆

Okzgf"Iwodgn/Igpgtcn"Gzvtgog"Xcnwgf"Fkuvtkdwvkqp"
*I/IGX+

"±±³ßı-ºや²æ̶²やR°±²や̶-Łや±Øª©-Łや¬©¬³œ̶²ı©-±やÆØæ̶µØや̶±や
Gumbel and General Extreme Value distributions, res-

¬Øª²ıµØœ½╇や²æØや¬ŁŒや©ŒやØ®³̶²ı©-や〉ｵ《や½ıØœŁ±や²©や²æØや±ı¼ま¬̶°̶-

meter mixture model:

 

や やややややややややややややややややややややや〉ｱｰ《

¹æØ°Øやゐ1╇やぼ1 are the location and scale parameters for 

²æØやR°±²や¬©¬³œ̶²ı©-╇や̶-Łやァ2╇やも2╇やぽ2 are the location, scale 

̶-Łや±æ̶¬Øやや¬̶°̶ßØ²Ø°±やŒ©°や²æØやR°±²や̶-Łや±Øª©-Łや¬©¬³œ̶-

tion, and pやı±や²æØや̶±±©ªı̶²ı©-や¬̶°̶ßØ²Ø°や〉ｰや┗やpや┗やｱ《╆

Vyq"Eqorqpgpv"Gzvtgog"Xcnwg"(TCEV)"Fkuvtkdwvkqp"

5æØやª³ß³œ̶²ıµØやŁØ-±ı²½やŒ³-ª²ı©-やı±や〉3©±±ıやet al., 1984):

                            〉ｱｱ《
                                                                   

The corresponding pdf is

〉ｱｲ《や

Estimation of parameters by maximum likelihood

Since the parameters of the mixed distributions are 

unknown, they must be estimated from data. The 

method of maximum likelihood for estimation of the 

parameters of the mixed extreme value distribution 

¹̶±や±ØœØª²ØŁやŁ³Øや²©やı²±や¹ıŁØや̶¬¬œıª̶Æıœı²½や̶-Łや²æØやØU-

ciency features associated with it, which are not easily 

found in other methods of parameter estimation. 

The likelihood function of n random variables is de-

R-ØŁや²©やÆØや²æØやł©ı-²やŁØ-±ı²½や©Œやn random variables and 

it is a function of the parameters. If  is a random sample 

of a univariate density function, the corresponding like-

œıæ©©ŁやŒ³-ª²ı©-やı±や〉.©©Łやet al., 1974):

や や やや〉ｱｳ《

* +

* + 1/1

2

2

2

/1

2

2

2

2

1/1

1

1

1

/1

1

1

1

1

22

11

11exp
1

         

11exp

/

/

ÙÚ
×ÈÉ

Ç ÕÕÖ
ÔÄÄÅ

Ã //ÍÝ
ÍÜÛÍÌ

ÍËÊ ÙÚ
×ÈÉ

Ç ÕÕÖ
ÔÄÄÅ

Ã ////

-ÙÚ
×ÈÉ

Ç ÕÕÖ
ÔÄÄÅ

Ã //ÍÝ
ÍÜÛÍÌ

ÍËÊ ÙÚ
×ÈÉ

Ç ÕÕÖ
ÔÄÄÅ

Ã ///?

dd

dd

dj
ydj

y
j

dj
ydj

y
j

xxp

xxp
xf

"

* + * +  exp 1+  exp 

2

2

2
1

1

1 1

22

2

1

11

1

m
l

mm
l

m

ll
m

ll
m ÕÕÖ

ÔÄÄÅ
Ã//ÕÕÖ

ÔÄÄÅ
Ã//

ÕÕÖ
ÔÄÄÅ

Ã/ÕÕÖ
ÔÄÄÅ

Ã?
xx

x
p

x
pxf

* + * +  exp 1+exp exp  

2

2

2

1

1

1

1 1

22

2exp

1

m
l

m
c
w

ll
m

c
c
w ÕÕÖ

ÔÄÄÅ
Ã//

/ÕÕÖ
ÔÄÄÅ

Ã //
ÕÕÖ
ÔÄÄÅ

Ã/? ÕÕÖ
ÔÄÄÅ

Ã // xx

x
p

p
xf

x

"

* +

* + 1/1

2

2

2

/1

2

2

2

2

exp

1

22

1

1

1

1

11exp
1

          

        

 +exp exp  

/

/ÕÕÖ
ÔÄÄÅ

Ã //

ÙÚ
×ÈÉ

Ç ÕÕÖ
ÔÄÄÅ

Ã //ÍÝ
ÍÜÛÍÌ

ÍËÊ ÙÚ
×ÈÉ

Ç ÕÕÖ
ÔÄÄÅ

Ã ////

? ÕÕÖ
ÔÄÄÅ

Ã //

dd

c
w

dj
ydj

y
j

c
c
w

xxp

p
xf

xx

* + * +21 expexpexp 21

ff vv xxxF // //? "

* + * + ÕÕÖ
ÔÄÄÅ

Ã -©//? //// 2121 expexpexpexpexp
2

2/

1

1
21

ffff f
v

f
vvv xxxx

xf "

* + * +ß?? n

i

ixfx
1

,,L ss "



157

Escalante-Sandoval Carlos Agustín

Ingeniería Investigación y Tecnología, volumen XIV (número 2), abril-junio 2013: 153-162 ISSN 1405-7743 FI-UNAM

The logarithmic function will be used instead of the 

likelihood function because it is easier to handle. So, 

Ø®³̶²ı©-や〉ｱｳ《やı±や²°̶-±Œ©°ßØŁ╈
                                        

〉ｱｴ《

¹æØ°Øや-やı±やª̶œœØŁや²æØやœıøØœıæ©©ŁやŒ³-ª²ı©-╉や--やı±や²æØや-̶²³-

°̶œやœ©º̶°ı²æß╉やゃ is the set of parameters to be estimated, 

and f 〉¼╇やゃ) is the univariate or mixed pdf.

For the case of the G-GEV distribution, equation 

〉ｱｴ《やı±

 

やややややややややや〉ｱｵ《

Due to the complexity of the mathematical expressions 

ı-や 〉ｱｴ《や ̶-Łや ²æØや¬̶°²ı̶œやŁØ°ıµ̶²ıµØ±や¹ı²æや °Ø±¬Øª²や ²©や ²æØや
parameters, the constrained multivariable Rosenbrock 

ßØ²æ©Łや〉,³Ø±²Ø°や̶ -Łやや.ı¾Ø╇やｱｹｷｳ《や¹̶±や̶ ¬¬œıØŁや²©や©Æ²̶ı-や
the estimators of the parameters by the direct maximi-

¾̶²ı©-や©Œや〉ｱｴ《╆や
0-ªØや©Æ²̶ı-ØŁや²æØや¬̶°̶ßØ²Ø°±╇や²æØや®³̶-²ıœØ±やŒ©°やŁı-

TØ°Ø-²や °Ø²³°-や ¬Ø°ı©Ł±や ª̶-や ÆØや Ø±²ıß̶²ØŁや Æ½や ±©œµı-ºや
Ø®³̶²ı©-や〉ｵ《╆や'©°や²æØやª̶±Øや©Œや.(やŁı±²°ıÆ³²ı©-╈

 

  

            ややややややや〉ｱｶ《

where Û5やı±や²æØやß̶¼ıß³ßやØ¼²°ØßØや¹ı-Łや±¬ØØŁや〉ı-やßの±《や
associated with T years of return period.

The best model can be selected based on the crite-

°ı©-や©Œやßı-ıß³ßや±²̶-Ł̶°ŁやØ°°©°や©ŒやR²や〉SEF《╇や̶±やŁØR-ØŁや
Æ½や,ı²Øや〉ｱｹｸｸ《╈

             やややや やややややややややややややや〉ｱｷ《や
            

where gi ╇やıや└や1, ... , nや̶°Øや²æØや°Øª©°ŁØŁやØµØ-²±╉やhi ╇やıや└や1, ... , n 

are the event magnitudes computed from the univaria-

te or mixed distributions at probabilities obtained from 

the sorted ranks of  gi ╇や ıや└や1, ... , n╉やq is the number of 

parameters estimated for the univariate or mixed distri-

Æ³²ı©-±╉やn is the length of record, and ł is the number of 

the analyzed station. 

So, qや└やｲやŒ©°や²æØや(³ßÆØœや̶-Łや3ØµØ°±Øや8ØıÆ³œœやŁı±²°ı-
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²ı©-╉やqや└やｴやŒ©°や²æØや5$&7やŁı±²°ıÆ³²ı©-╉ qや└やｵやŒ©°や²æØや.(╇や
MRW and G-RW distributions, and qや└やｶやŒ©°や²æØや.(&7や
distribution.
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Case study

The mixed extreme value distributions were applied to 

model the annual maxima wind speed data gathered of 

the hourly potential winds computed at 45 stations lo-

ª̶²ØŁやı-や5æØや/Ø²æØ°œ̶-Ł±や〉'ıº³°Øやｱ《╆や5æı±やª©³-²°½やæ̶±や̶や
typical midLatitude oceanic climate with prevailing 

¹Ø±²Ø°œ½や¹ı-Ł±╆や8ı-²Ø°や ±²©°ß±や̶°Øや ²æØや °Ø±³œ²や©ŒやŁıTØ-

rences in temperature between the polar air masses and 

the air in the middle latitudes in autumn and winter. 

These extratropical cyclones generally have less des-

tructive power than tropical cyclones by they are able 

to provide damaging winds over wide coastal and in-

land areas. 

 1Ø°ı©Ł  Standard Minimum Maximum

Wind station of record Mean Deviation value value

Arcen 1991-2004 15.3 1.2 13.8 17.7

Beek 1962-2005 17.8 2.3 12.8 23

Cabauw 1987-2004 19.1 3 14.9 25.7

Cadzand 1972-2004 20.7 2.5 17.2 26.2

De Bilt 1961-2005 16.5 2.5 10.5 22.8

%Øや,©©½ 1972-2004 21.8 2.8 18 28.8

Deelen 1961-2005 18.5 2.9 12.9 25.9

Eelde 1961-2005 18.6 2.3 15.5 24.1

Eindhoven 1960-2005 17.6 2.6 14 23.3

Europlatform 1984-2005 23.1 2.1 20.7 29.2

Gilze-Rijen 1961-2005 17.3 2.5 13.6 23.2

Heino 1991-2004 16.5 1.9 12.2 18.9

Herwijnen 1966-2004 19.1 2.9 14.2 26.7

Hoek van Holland 1962-2005 20.6 2 16.3 25.8

Hoogeven 1981-2004 17.5 2 13 20.9

Hoorn 1995-2004 20.9 1.4 19.5 24.2

Houtrib 1977-1994 20 2.7 15.9 25.9

Huibertgat 1981-2004 23.2 2.3 20.1 30

Hupsel 1990-2004 17.2 2.8 13.3 23.1

IJmuiden 1952-2005 21.4 2.1 16.9 26

,ｱｳ 1983-2004 23.9 2.8 20.9 31.1

L. E. Goeree 1975-2004 21.2 2.4 17.2 26.6

Lawersoog 1969-2004 21.1 2.4 17.5 27.3

Leeuwarden 1962-2005 20.2 2.8 16.8 28.1

Lelystad 1983-2004 19 3.2 14.7 26.2

Marknesse 1990-2004 17.7 1.7 15.7 21.4

Meetpost Noordwijk 1991-2005 22.8 2 19.9 26.9

Niuew Beerta 1991-2004 19.5 2 17.1 24.1

0©±²Ø°±ªæØœŁØ 1982-2004 21.6 2 18.2 26.4

3©mØ°Ł̶ßや(Ø³œæ̶µØ- 1981-2004 19.6 2.8 16.2 25.7

Schaar 1983-2003 20.8 1.8 18.5 25.6

Schiphol 1950-2005 20.8 2.6 15.7 28

Soesterberg 1959-2005 17.3 2.5 13.6 25.2

Stavoren-Haven 1991-2002 19.9 1.3 16.9 21.7

Terschelling 1969-1995 22.3 2 19.2 27

Texelhors 1969-2004 21.8 2.9 18 29.4

Tholen 1983-2003 19.6 2.4 15.8 24.4

Twenthe 1971-2004 16.8 2.9 12.7 23.7

Valkenburg 1982-2004 20.2 2.6 15.5 25.6

Vlissingen 1959-2005 20 2.2 16.3 25.8

Volkel 1971-2004 17.3 2.8 12.7 26.9

Wijdenes 1995-2004 19.7 2.1 16.4 22.6

Wilhelminadorp 1990-2004 19.1 2.3 16.4 24

Wownsdrecht 1996-2004 16.8 2.5 14.1 22.3

Zeistienhoven 1962-2005 19.5 2.5 14.8 26.8

Vcdng"30"Uqog"ejctcevgtkuvkeu"*o1u+"qh"uvcvkqpu"cpcn{¦gf"kp"vjku"uvwf{
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Data are available from the Royal Netherlands Me-

²Ø©°©œ©ºıª̶œや *-±²ı²³²Øや 〉,/.*《╆や -Ø-º²æ±や ©Œや °Øª©°Łやµ̶°½や
Œ°©ßやｹや²©やｵｶや½Ø̶°±や〉5̶ÆœØやｱ《╆

As it is known, in any of the multivariable constrai-

ned non-linear optimization techniques, global optima-

lity is never assured. Therefore, care must be taken in 

order to avoid a local optimum. It is suggested to start 

̶œ¹̶½±や¹ı²æや̶や±Ø²や©Œやı-ı²ı̶œや¬̶°̶ßØ²Ø°±や〉.©ßØ-²±やØ±²ı-
mators). For example, in Schiphol station for the case of 

the G-RW distribution, sample is sorted in decreasing 

order of magnitude and divided into two parts. The 

R°±²や©-Øやª©-²̶ı-±や̶や²æı°Łや©Œや²æØや±̶ß¬œØや〉̶±±©ªı̶²ı©-や¬̶-

rameter ¬や└や0.33) with a mean equal to 23.85 m/s and 

standard deviation equal to 1.62 m/s. With these values 

̶-ŁやÆ½や³±ı-ºやØ®³̶²ı©-±や〉ｱｸ《や̶ -Łや〉ｱｹ《╇や²æØやı-ı²ı̶œや¬̶°̶ßØ-

ters for the Reverse Weibull distribution are computed 

〉ややや  や└やｱｸ╆ｵｴｶ╇やややややや└  24.546). For the rest of the sample with 

a mean equal to 19.41 m/s and standard deviation equal 

to 1.56 m/s, initial parameters for the Gumbel distribu-

²ı©-や ̶°Øや ª©ß¬³²ØŁや ¹ı²æや Ø®³̶²ı©-±や 〉ｲｰ《や ̶-Łや 〉ｲｱ《╇や 
〉やややや└やｱｸ╆ｷｰ╇やややややや└ 1.214). 

       

 や やややややややややや〉ｱｸ《

       

           

や〉ｱｹ《

       

 や やややややややややや〉ｲｰ《
       

  や やややややややややや〉ｲｱ《

5æØやR-̶œやß̶¼ıß³ßやœıøØœıæ©©ŁやØ±²ıß̶²©°±やÆ½や²æØやŁı°Øª²や
ß̶¼ıßı¾̶²ı©-や©ŒやØ®³̶²ı©-や〉ｱｴ《や̶°Ø╈や

*-や²æı±や±²̶²ı©-や²æØやÆØ±²や³-ıµ̶°ı̶²ØやR²や¹̶±や©Æ²̶ı-ØŁや³±ı-ºや
the General Extreme Value distribution with a  

SEFや└やｰ╆ｳｲｰやßの±や̶-ŁやÛ50や└やｲｶ╆ｷやßの±╆
In Figure 2, a graphical comparison between the 

Øß¬ı°ıª̶œや̶-ŁやRmØŁやŁı±²°ıÆ³²ı©-±や〉(ま38《やı±やß̶ŁØ╆
The univariate and mixed return levels 6〉ßの±《や Œ©°や

ŁıTØ°Ø-²や°Ø²³°-や¬Ø°ı©Ł±や5〉½Ø̶°±《や̶œ©-ºや¹ı²æや²æØやßı-ı-
ß³ßやµ̶œ³Øや©Œや ²æØや±²̶-Ł̶°ŁやØ°°©°や©ŒやR²や¹Ø°Øや©Æ²̶ı-ØŁや
for each analyzed station. If only the univariate distri-

butions had been considered in the wind speed fre-

quency analysis 40% of the samples would have been 

ÆØmØ°やRmØŁや¹ı²æや²æØや(³ßÆØœやŁı±²°ıÆ³²ı©-╇やｵｶゾや¹ı²æや²æØや
General Extreme Value distribution, and 4% with the 

Reverse Weibull distribution.

*²や¹̶±や¬©±±ıÆœØや ²©や°ØŁ³ªØや²æØや±²̶-Ł̶°ŁやØ°°©°や©ŒやR²や
when mixed distributions were applied. 40% of sam-

¬œØ±や¹Ø°ØやÆØmØ°やRmØŁや¹ı²æや²æØや.38やŁı±²°ıÆ³²ı©-╇や̶-Łや
another 40% with the G-RW distribution. For instance, 

ı-や±²̶²ı©-や,ｱｳや¹ı²æやｲｲや½Ø̶°±や©Œや°Øª©°Ł╇や²æØやÆØ±²や³-ıµ̶-

°ı̶²ØやR²や¹̶±や©Æ²̶ı-ØŁや¹ı²æや²æØや(Ø-Ø°̶œや&¼²°ØßØや7̶œ³Øや
distribution, SEFや└やｰ╆ｹｱｰやßの±や̶-ŁやÛ50や└やｳｲ╆ｷやßの±╇や̶-Łや
²æØやÆØ±²やßı¼ØŁやR²や¹̶±や©Æ²̶ı-ØŁや¹ı²æや²æØや.38やŁı±²°ı-
bution with a SEFや└やｰ╆ｴｴｳやßの±や̶-Łや²æØや°Ø²³°-やœØµØœや°Ø-

duced to Û50や └や ｳｰ╆ｹや ßの±╇や ¹æıªæや ̶œ±©や °Ø¬°Ø±Ø-²±や ̶や
±ıº-ıRª̶-²やŁıTØ°Ø-ªØやŒ©°やŁØ±ıº-や¬³°¬©±Ø±╆や

It was also seen that the reduction of the SEF was 

important in the cases when the analyzed sample has a 

short length of record. This fact represents a great ad-

vantage of the mixed distributions with reference to 

³-ıµ̶°ı̶²ØやŁı±²°ıÆ³²ı©-±╆や5æØやR-̶œやµ̶œ³Ø±や©Œや²æØや°Ø²³°-や
levels are shown in Table 2.
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 Final     Return 1Ø°ı©Ł 〉½Ø̶°±《     

Wind station Model 2 5 10 20 50 100 500 1000 5000 10000 SE

Arcen G-RW 15.1 16.3 17.2 17.6 17.9 18.2 19.4 19.9 21.2 21.7 0.258

Beek MRW 17.3 20.0 21.0 21.7 22.3 22.7 23.4 23.7 24.1 24.3 0.273

Cabauw G-RW 18.4 21.8 24.0 25.0 25.9 26.4 27.5 28.3 31.0 32.1 0.44

Cadzand G-RW 20.2 23.2 24.3 25.1 25.8 26.2 27.1 27.5 29.0 29.9 0.313

De Bilt MRW 16.3 18.0 20.6 21.7 22.3 22.6 23.2 23.3 23.7 23.8 0.351

%Øや,©©½ G 21.4 23.8 25.5 27.1 29.1 30.6 34.2 35.7 39.2 40.7 0.380

Deelen G-RW 18.3 20.9 22.4 23.7 25.2 26.4 29.0 30.1 32.7 33.9 0.374

Eelde G-RW 17.9 20.4 22.1 23.3 24.4 25.0 26.2 26.6 27.6 28.1 0.295

Eindhoven G-RW 17.2 20.1 21.7 22.7 23.8 24.5 26.9 28.1 31.1 32.3 0.301

Europlatform MG 22.5 24.7 26.1 27.3 28.8 29.9 32.5 33.6 36.1 37.2 0.491

Gilze-Rijen G-RW 16.9 19.4 21.1 22.4 23.7 24.5 26.7 28.0 30.8 32.1 0.363

Heino G-RW 16.8 18.0 18.5 18.9 19.3 19.7 22.2 23.6 26.8 28.2 0.521

Herwijnen G 18.6 21.3 23.1 24.8 27.1 28.7 32.6 34.3 38.1 39.8 0.300

Hoek van Holland MRW 20.5 22.1 23.3 24.2 25.0 25.4 26.2 26.5 27.0 27.2 0.229

Hoogeven RW 17.7 19.1 19.8 20.3 20.8 21.1 21.7 22.0 22.4 22.6 0.285

Hoorn G-RW 20.4 21.4 23.7 24.2 24.3 24.3 24.4 24.4 25.0 25.4 0.519

Houtrib MRW 19.6 22.2 24.2 25.2 26.1 26.5 27.4 27.6 28.2 28.4 0.445

Huibertgat MRW 22.6 24.9 26.9 28.1 29.2 29.8 30.9 31.3 32.0 32.3 0.453

Hupsel MRW 16.5 19.9 21.5 22.4 23.1 23.5 24.2 24.5 24.9 25.1 0.615

IJmuiden MRW 21.0 23.4 24.5 25.1 25.6 25.9 26.4 26.6 27.0 27.1 0.201

,ｱｳ MRW 23.4 24.7 29.5 30.4 30.9 31.2 31.5 31.7 31.9 32.0 0.443

L. E. Goeree MRW 21.0 23.3 24.9 25.6 26.2 26.5 27.1 27.3 27.7 27.9 0.299

Lawersoog G-RW 20.6 22.8 24.7 26.2 27.4 28.1 29.3 29.8 31.5 32.5 0.312

Leeuwarden MRW 19.7 21.8 25.0 26.3 27.3 27.9 28.8 29.1 29.7 29.9 0.469

Lelystad MRW 18.5 20.8 24.5 25.6 26.5 26.9 27.7 28.0 28.5 28.6 0.522

Marknesse MRW 17.3 19.4 20.3 20.9 21.4 21.8 22.3 22.5 22.9 23.0 0.352

Meetpost Noordwijk G-RW 22.5 24.4 26.0 26.7 27.6 28.3 29.7 30.3 31.7 32.3 0.383

Niuew Beerta MRW 19.2 20.5 23.0 23.7 24.1 24.4 24.7 24.8 25.0 25.1 0.415

0©±²Ø°±ªæØœŁØ G 21.3 23.0 24.2 25.4 26.8 27.9 30.5 31.6 34.1 35.2 0.360

3©mØ°Ł̶ßや(Ø³œæ̶µØ- G-RW 18.8 21.8 24.1 25.4 26.4 27.0 28.0 28.4 29.5 30.3 0.470

Schaar G-RW 20.4 22.2 23.5 24.8 26.4 27.7 30.5 31.6 34.4 35.6 0.249

Schiphol G-RW 20.5 23.4 24.1 25.6 27.6 29.1 32.7 34.2 37.7 39.2 0.285

Soesterberg TCEV 16.9 19.2 20.7 22.2 24.2 25.6 29.0 30.5 33.9 35.4 0.300

Stavoren-Haven G-RW 19.9 20.8 21.4 22.0 22.8 23.3 24.6 25.2 26.5 27.0 0.323

Terschelling G 21.9 23.8 25.0 26.2 27.7 28.8 31.5 32.6 35.2 36.3 0.350

Texelhors MRW 21.4 23.3 26.7 28.3 29.4 30.0 30.9 31.1 31.7 31.9 0.471

Tholen MRW 19.4 21.1 23.7 24.1 24.4 24.5 24.7 24.7 24.8 24.9 0.311

Twenthe MGEV 16.1 19.7 21.1 22.1 23.0 23.5 24.2 24.5 24.8 24.9 0.305

Valkenburg G 19.8 22.3 24.0 25.6 27.7 29.2 32.8 34.3 37.9 39.4 0.470

Vlissingen MRW 19.8 21.2 23.6 24.9 25.5 25.7 26.2 26.3 26.6 26.6 0.236

Volkel MRW 16.8 19.1 21.8 23.4 25.0 25.9 27.5 28.1 29.3 29.7 0.527

Wijdenes RW 19.9 21.4 22.0 22.5 23.0 23.3 23.9 24.1 24.6 24.7 0.572

Wilhelminadorp MG 18.6 21.0 22.1 23.1 24.4 25.4 27.5 28.5 30.7 31.6 0.506

Wownsdrecht G-RW 16.5 17.8 21.2 23.3 25.2 26.5 29.3 30.5 33.3 34.5 0.809

Zeistienhoven G-RW 19.1 20.6 23.2 24.8 26.5 27.8 30.6 31.8 34.6 35.7 0.312
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Conclusions

The general objective of this study is to show how the 

mixed distributions can be applied to model extreme 

wind speeds.

Five mixed extreme value distributions, with Gum-

bel, Reverse Weibull, and General Extreme Value com-

ponents along with the Two Component Extreme Value 

distribution were used to model extreme wind speeds. 

The maximum likelihood estimators of the parameters 

were obtained numerically by using the multivariable 

constrained Rosenbrock optimization algorithm, which 

worked out very well in all cases.

Results have shown that there exists a reduction in 

²æØや±²̶-Ł̶°ŁやØ°°©°や©ŒやR²や¹æØ-やØ±²ıß̶²ı-ºや²æØや¬̶°̶ßØ-

ters with mixed distributions instead of its univariate 

ª©³-²Ø°¬̶°²╇や ̶-Łや ŁıTØ°Ø-ªØ±や ÆØ²¹ØØ-や ³-ıµ̶°ı̶²Øや ̶-Łや
ßı¼ØŁやŁØ±ıº-やØµØ-²±やª̶-やÆØや±ıº-ıRª̶-²や̶±や°Ø²³°-や¬Ø°ı©Łや
ı-ª°Ø̶±Ø±╆やｸｷゾや©Œや±̶ß¬œØ±や¹Ø°ØやÆØmØ°やRmØŁや¹ı²æや̶やßı-
xed distribution. 

In 34 analyzed samples at least one of the compo-

nents of the mixed distribution is the Reverse Weibull 

Łı±²°ıÆ³²ı©-╆や #Ø±ıŁØ±╇や ²æØや R-̶œや °Ø²³°-や œØµØœ±や¹Ø°Øや -©²や
observed like unrealistic design events even for long 

return periods. 

Results suggest that it is very important to consider 

the mixed distributions as an additional mathematical 

tool when analyzing extreme wind speeds.
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