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ABSTRACT

This paper considers the partial differential problem of two types of multivariable functions and uses mathematical
software Maple for verification. The infinite series forms of any order partial derivatives of these two types of
multivariable functions can be obtained using binomial series and differentiation term by term theorem, which greatly
reduce the difficulty of calculating their higher order partial derivative values. On the other hand, four examples are

used to demonstrate the calculations.
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1. Introduction

In calculus and engineering mathematics, the
evaluation and numerical calculation of the partial
derivatives of multivariable functions are important.
The Laplace equation, the wave equation, and other
important physical equations involve the partial
derivatives. The evaluation of the m -th order partial
derivative value of a multivariable function at some
point, generally, requires two procedures: the
determination of the m -th order partial derivative of
the function, and the substitution of the point into the
m -th order partial derivative. These two procedures
become increasingly complex calculations for
increasing order of partial derivative, thus manual
calculations become difficult. The present study
considers the partial differential problem of the
following two types of n -variables functions

n

f(xl’XZ""’xn):Hxiﬁi'(a"'bﬁxiﬂiJ (1)
i-1

i=1

,
n n

g(xlaXZa' . -,Xn) = exp[Zﬂi'xiJ : [a + bexp(zﬂ‘i'xijJ
i=1 i=l1

(@)

where n is a positive integer, a,b,r,;,4; are

real numbers for all i=1,.,n, a,b=0, and

a”,b” exist. We can obtain the infinite series
forms of any order partial derivatives of these
two types of multivariable functions using
binomial series and differentiation term by term
theorem; these are the major results of this
study (i.e., Theorems 1 and 2), which greatly
reduce the difficulty of calculate their higher
order partial derivative values. The study of
partial differential problems can refer to [1-24].
The methods adopted in [1-5] are different from
the methods used in this paper, and [6-24]
studied the evaluation of the partial derivatives
of different types of multivariable functions using
differentiation term by term theorem and
complex power series method. [25] considered
two differential equations whose independent
variables involve the partial derivatives. [26]
discussed the distance functions whose
expressions contain the partial derivatives, and
[27] found the solutions of some type of partial
differential equation. In this article, some
examples are used to demonstrate the proposed
calculations, and the manual calculations are
verified using Maple.

2. Main Results

Some notations used in this paper are introduced
below.
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2.1 Notations

2.1.1

n

Il ci=cixcyx---xc,,where n is a positive
i=1
integer, ¢; arereal numbersforall i =1,..,n .
2.1.2

Suppose that ¢ is any real number, and 7 is any
positive integer. Define

() = tt=1)---(t=m+1),and ()y =1.
2.1.3

Suppose that »n is a positive integer, j; are non-
negative integers for all i =1,.,n . For the n -

variables function f (x;,x,,--,x,) ,its Ji times

partial derivative with respect to X; for all

i=1,, n, foms a jj+ j,+ -+ j,-th
order partial derivative, denoted as
o/t i2++n
- - — (X1, X0, 5 X,)
0x,7m -+ 0x572 0x; 1

The followings are two important theorems used in
this study.

2.2 Binomial series

where u,r are real

(1+u)r — Z (r)k uk ,
numbers, and |u| <1,

2.3 Differentiation term by term theorem ([28,
p230]).

For all non-negative integers k, if the functions
gr:(a,b) > R satisfy the following three

conditions: (i) there exists a point x( € (a,b) such

that > g, (xy)is convergent, (ii) all functions
k=0

gr(x) are differentiable on the open interval

(a,b), and (i) idigk(x) s uniformly

k=09%¥
convergent on (a,b), then > gi(x) is uniformly
k=0
convergent and differentiable on (a,b) . Moreover,

. L d & > d
its derivative — x)= — .
I ka)gk( ) kgodx gr(x)

The following is the first major result in this
study, we determine the infinite series forms of
any order partial derivatives of the n -variables
function (1).

2.4 Theorem 1
Suppose that n is a positive integer, a,b,r,4;, f5;
are real numbers forall i =1,..,n, a,b # 0, and

a”,b” exist. Ifthe n -variables function

n

r
n

f(xl’xz’...’xn) :Hxlﬂl .(a+bH xlllJ
i=1

i=1

satisfies that x,77,x;*i, x;*" exist, x; #0 for
n 2: a
alli=1,.,n ,and [] x;” ¢J_r;.
i1

Case A. If ﬁ xti
i=1

th order partial derivative of f(xy,x,, -, x,,)

<

"_‘ , then the ji+jp++j,-
b

o1+ 2+ i

Gxn]” ~-6x2]2 axljl

(X1, %3, Xy)

k
. b L n . S
~ar SO ik ] 0P
k=0 " i=1 i=1
(3)

a o1tiat+in

b

Case B. If >

n
I1 Xiﬂi

i=1

— (xl,)C2,' . ~,xn)
&c,,fn a,CZJZalel
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© k n
o (Nifa —Ajk+ B+ Ar—
=b" Y m [3) zl_Il( Aik + Bi+ 4ir) j, ,Hlx +Bi+Air=Ji
(4)

4
b

Proof Case A. If ﬁ x

i=1

<

Because

f(XI,XZ,"',xn)

(Because

< Z—‘ we can use binomial

series)

k
- [e'e] b n e+ B
-or B G2 T ©

k=0

By differentiation term by term theorem,
differentiating  Jj; -times with respect to X;
(i =1,..,n ) on both sides of Equation (5), we have:
the j;+j,+---+ j,-th order partial derivative of
o/1ti2 +~~+J'nf

J
axn no...

f(X1,X2,"',xn) ’

———— (X, X0, x)
ax212 axlll

e () Ak e p
- [T ik + i), Hx i~ Ji

a i=1

&
b

0
=ar. z
k=0

>

Case B. If 1—"[ x;

i=1

Because

f(xlax27"'sxn)
n r
xi (a +b]] x,/lf]
i=1

—.

i=1

T z(rk)'k( jl—[ ik P+ A ®)

Using differentiation term by term theorem,
differentiating j; -times with respectto x; (i =1,..,n)
on both sides of Equation (6), we obtain:

pir+iattin

ax,/n - 0xy 2 oy 1

(x17x27""xn)

=br Z(r)k[b] H( ﬂk"'ﬁ["'lr)j Hx*ﬂlk+ﬂl+llr ]l
= i=1
|
2.5 Remark 1

If H x , using ratio test ([28, p193]) yields:

<

0 k n n
a" Y (”"[ﬁj TT ik + o), -T1 w2k
k=0 k' \a) io i=1
is uniformly convergent. Thus, we can use
differentiation term by term theorem to prove
Equation (3) holds. The same reason that we can
employ differentiation term by term theorem to
confirm Equation (4) holds.

The following is the second major result in this study,
we obtain the infinite series forms of any order partial
derivatives of the n -variables function (2).

2.6 Theorem 2

If the assumptions are the same as Theorem 1.
Suppose that the n -variables function

p
n n

g(xy,X5, 5 X,) = exp[z ﬂixij-(a + bexp[z lix,-j}
i=1 i=1

satisfies that [a T+ bexp [i lixiB exists, and
i=1
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By differentiation term by term theorem,
differentiating  j;-times with respect to x;

(i=1,..,n) on both sides of Equation (9), we
obtain: the jj+ j,+---+j,-th order partial

a

n
exp {Z )’.lxl] Z* |—
i=1

b

n
Case A. If . 4], then the
P [iz_:ll’x’j< b‘ derivative of g(xy,x5,-*,x,),
JAi+jp+-+j,-th order partial derivative of
o124+ n

g(xl’XZ"”’x )7
! O, 1 -y 72 ) (1,02, %)
o1t i2+tn ()
- . . L, X0, —a". S Yk Ji .
PRI fZaxlfl (X1,X3, 7 X,) a IEO o (aj H(ﬂk+ﬁ,) exp[lzl(ﬂ.k+,6’l)xl]
Wb Ji . S (4 s
Z o H(/“Hﬁ;) -exp| D (Aik + Bi)x;
a _ a
k=0 i=1 Case B. exp{z ll-xi]> N
i=1
(7)
Because
n
B. If X 4 h
Case P (Elllle > B e g(xy,xp,+0,x,)
Sttt n n '
8. 8 (X1, X5 %) :exp(Zﬁix,j (a+bexp(z/l,~xin
axnfn ...6x2126x1]l i=1 i=1
o0 (,,.) a k n . n n n "
=b" -kgo k_'k(gj il:[l (=Aik + B; + ﬂir)]’ X =exp[l§ﬁixi]~br exp[rléﬂixi][l+%exp{—l§ﬂixi]]
-
n —exp| S s | S 2ox; | 142 S Jx;
exp[z (-Aik + B; + Air)xl-] (8) =exp Elﬁlx,' b exp rEl X +zexp —El X
i=1
(r )k {
" exp Z(ﬂl +rA)x; |- Z a eXp| _kz’?ixi
Proof Case A. If exp[z gixij < % k=0 i=1
i=1 © k n
:br' z (r)'k(aj exp(z Z’ik+ﬁi+ﬂ’ir)xiJ
Because k=0 kLD =1
g(xl’x27"'7xn) (10)
— exp Z”: Bix: _[a + bexp[z”: iixiB Using differentiaTtion term by term theorem,
i=1 i=1 differentiating  J; -times with respect to X;
" b " r (i=1,..,n) on both sides of Equation (10), we
=exp| Y Bix; |-a” 1+;exp > Aix; obtain:
i=1 i=1
k i1+ Jo ++
n . 0 (r)k(bj a]l J2 ]ng
- i l-a” - Bl S Aaxs
o iglﬂIXI ‘ kzz:o wla) P igl . ox,n - oxy 2 oxy 1 (xto %2, %)
0 k k
b n o0 n .
=ar,2(r)k(_j exp Z(ﬂ’k-’—ﬁl)xl (9) zbr.z(r)k(iJ H(_iik+ﬂj+ll’r)lix
k=0 k' \a i-1 k=0 k' \b) i
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M=

(—ﬂik + ﬂi + ﬂir)x,-j

exp (
i

2.7 Remark 2

1

The same reason as that in Remark 1, we can use
differentiation term by term theorem to prove
Equations (7) and (8) hold.

3. Examples

For the partial differential problem of the
multivariable functions in this study, four examples
are proposed. Theorems 1 and 2 are used to
obtain the infinite series forms of any order partial
derivatives of these functions, and to evaluate
some of their higher order partial derivative values.
Additionally, Maple is used to calculate the
approximations of these higher order partial
derivative values to verify the manual calculations.

3.1 Example 1

Suppose that the domain of the two-variables
function

fl(xlax2) _ x17/3x25/2 (9 + 2x13x24)11/5

(11)
S {(XI,XZ)E Rz‘xl * O,XZ > 0,x13x24 * i%}

3.1.1

If ‘x13x24‘ < % Using Case A of Theorem 1 yields:

any j1+j,-th order partial derivative of
f‘l('xl"xz)l
a/l+12
J—ﬂ( lﬂxz)
0x,72 0x; /1
11
Lo (j 2\ 7 5
95 . % : (—) (3k+—) (4k+—] x
k=0 KD 3 ji 2)p
7 . 5 .
x13k+§—]1 ‘x24k+5—]2 (12)

Therefore, the 13-th order partial derivative value

of fl(xl,xz) at (i i)

2’5
6”_/’1(1 1)
5x278x16 2 5

(“J

| =

5 Z S

11 9

3 3k—?. 4 4=
2 5

Next, we use Maple to verify the correctness of
Equation (13).

(13)

>f1:2(x1,x2)->x1M(7/3)*x27(5/2)*(9+2*x1A3*x2"4)
A(11/5);

>evalf(D[1$6,2$7](f1)(3/2,4/5),22);

7.123326797821678044703 - 10"

>evalf(9*(11/5)*sum(product(11/5-j,j=0..(k-1))/k!*
(2/9)*k*product(3*k+7/3-p,p=0..5)*product(4*k+5/2-
q,9=0..6)*(3/2)"(3*k-11/3)*(4/5)"(4*k-9/2),k=0..
infinity),22);

7.123326797821678044705 -10' "

3.1.2

If

9
>—.
2

x13x24‘

By Case B of Theorem 1, the

J1 *+ Jo -th order partial derivative of f}(x,x,),

a/l+12f (x1.25)
el € PRY)

5x2/26x1/1
1
L [?) 9k 134 113
=25 ~2—"‘[—] [ 3k + —] (—4k+—] x
2w 2 5 ), 10 ),
134 113
=3k+— —4k+——-
x| 15 7/1xy 10 72 (14)
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Thus, the 8-th order partial derivative value of
fi(xp,xp) at (2.3),

8
%(2,3)
6x2 8x1
1
I (?j 9\¥ 134 113
=25. k[—j [—3k+—) [—4k+—) x
S kL2 15 ), A
74 73
3k _ape 2
) s 10 (1)

>evalf(D[1$4,2$4](f1)(2,3),18):
1.11843022977422795-10"

>evalf(2*(11/5)*sum(product(11/5-j,j=0..(k-1))/k!*(
9/2)*k*product(-3*k+134/15-p,p=0..3)*product(-4*
k+113/10-q,9=0..3)*2"(-3*k+74/15)*3"(-4*k+73/10)

,k=0..infinity),18);

1.11843022977422796 - 10"

3.2 Example 2

Assume that the domain of the three-variables
function

11/6 . 13/4 _ 8/5
X X2 X3 (16)

Sa(x1,x0,x3) =
(11— 3%, 2523123

. 11
IS {(xl,X2,X3) € R3|X1 >0, Xy > 0, X3 # 0, X12X25X34 * i?}

3.2.1

If ‘x12x25x34‘ < % Using Case A of Theorem 1, we

obtain: any j; + j, + j3-th order partial derivative
of f2(x1,x3,x3),

ki
o172 13f2

8X3j38x2]28x1]1
=2

:11?.2

_2 k
, (_3j [2k+1_1] [Sk&j (4k+§) 3
=0 K 1 6 It 4 2 > J3

(x1,%2,x3)

11 13 8
2k+—— Sk+——j 4k+=—j
x 2RI Sk Ak g3 (1)

Thus, the 15-th order partial derivative value of

123

) P} at IR
So(x1,x2,x3) (6 3 4j

o, (1 2 3J

5x358x265x14 6,3’4
-2
2= (3) Y1 13 8
=113 .Y k[—] (2k+—j [5k+—j [4k+—] x
S koLl 6), 4 ) 5)s

13 11 17

(I_JZk—6 ,[EJSk_“.[iJM{_S
6 3 4

>f2:2(x1,x2,x3)->x17(11/6)*x27(13/4)*x3(8/5)/((11-
3*x1A2*x2M5*X 3N 2)N(1/3);

(18)

>evalf(D[1$4,2$6,3$5](2)(1/6,2/3,3/4),14);

5.3261668131349-10

>evalf(117(-2/3)*sum(product(-2/3-j,j=0..(k-1))/k!*(-
3/11)*k*product(2*k+11/6-p,p=0..3)*product(5*k+
13/4-q,9=0..5)*product(4*k+8/5-s,5=0..4)*(1/6)"(2*
k-13/6)*(2/3)N5*k-11/4)*(3/4)N4*k-17/5),k=0..
infinity),14);

5.3261668131350-10
3.2.2

If ‘x12x25x34‘>1?1. Using Case B of Theorem 1

yields: any j; + j, + j3-th order partial derivative
of f2(x1,x3,x3),

o4
oJ/1%J2 ]3f2

(3x3]3 axzjz 6x1]1

= w(—;) 1y 1 ! 1
o g 8
k=0 k! 3 2 Jt 12 n 15 3

(x1,x2,x3)
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1
—Sk——r —4k-—

(19)

Hence, the 11-th order partial derivative value of
fZ(xl>x2>x3) at (45295) ;

2 4 (%2) k
=33y k(_—“] [—2k+lj (—Sk—ij [—41{—&] x
e NE 2), 12), 15)¢
25 106
g7 e s s (20)

>evalf(D[1$3,2$2,3%6](f2)(4,2,5),14);
-0.000019108587954897
>evalf(3*(-2/3)*sum(product(-2/3-j,j=0..(k-1))/k!*(-
11/3)"k*product(-2*k+1/2-p,p=0..2)*product(-5*k-
1/12-q,9=0..1)*product(-4*k-16/15-s,5=0..5)*4"(-
2*k-5/2)*2"(-5*k-25/12)*5"(-4*k-106/15),k=0..
infinity),14);

-0.00001910858795489

3.3 Example 3

If the domain of the two-variables function
13
g1(x1,x2) =exp(2x] +3x3)-[7+9exp(5x] +8x,)] 3

(21)
" e 3
(x1,x5) € R |exp( 5x1+8x2)¢;

3.3.1

If exp(5x; +8x,) < % . By Case A of Theorem 2, we

obtain: any j, + j,-th order partial derivative of

gi1(x1,x2),

k
(—j (5k +2)71 (8k +3)72 x

exp[( 5k +2)x; + (8k +3)x, ] (22)

Therefore, the 12-th order partial derivative value

1 2
of s at | —-——,——|,
g1(xy,x2) ( 2 5)

k
9 5 7 -89 17
= | (5k+2)°(8k+3)" - —k—-——
(3) ey en{ 0417

(23)

>g1:=(x1,x2)->exp(2*x1+3*x2)*(7+9*exp(5*x1+8*
x2)YM(13/3);

>evalf(D[1$5,2$7](g1)(-1/4,-2/5),22):
5.855345231176575279854-10"
>evalf(77(13/3)*sum(product(13/3-j,j=0..(k-1))/k!*
(917 )MK*(5*k+2)N5*(8*k+3)A7*exp(-89/20*k-17/10)
,k=0..infinity),22);

5.855345231176575279879 .10
3.3.2
If exp( 5x; +8x,) > % . Using Case B of Theorem

2 yields: any j; + j,-th order partial derivative of

g1(x1,x2),

exp[[— Sk + 7?1}(1 + (— 8k + %}xz}
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Therefore, we can determine the 17-th order partial

derivative value of g(xy,x,)at [ ; é j

P » k
S [lj (—5k+71j[ 8k + 113} 9
2 k9 3 3
exp(ﬁk %) (25)

Maple was used to verify the correctness of
Equation (25):

>evalf(D[1$8,2$9](91)(7/2,1/6),22);
1.028551772875461091101 -10¢
>evalf(97(13/3)*sum(product(13/3-j,j=0..(k-1))/k!*(7

J9)MK*(-5*k+T71/3)78*(-8*k+113/3)"9*exp(-113/6*k+
802/9),k=0..infinity),22);

1.028551772875461091120 -10°

3.4 Example 4

Suppose that the domain of the three-variables
function

exp(6xy +11xy —8x3)
[14 —Sexp(7xy

gz('x17x2’x3)= 8/9

(26)

- 4x2 + 2X3 )]

s {(xl,xz,x3) € R3 exp(7x; —4xy +2x3) ;t%}

3.4.1

It exp( 7x1—4x2+2x3)<%. By Case A of

Theorem 2, we obtain: any j; + j, + j3-th order
partial derivative of g, (xy,x5,x3),
p/1ti2+i3 2

————25—(x1,%2,X3)
6x3136x212 axlll

_ 14_?8 . i(;gjk

i K

(14] (T +6)1 (=4k +11)72 2k —8)/3 x

exp[( 7k + 6)xy + (—4k +11)xy + (2k — 8)x5]

(27)
Thus, the 14-th order partial derivative value of
1 2 1
> s at P R T I )
82 (x,x2,x3) ( 703 2}
e (_1 2 1}
6x338x256x1 7 3 2
5
B x|y
=149 .3 ( j (Tk +6)°(=4k +11)° 2k — 8)* x
o k14

ex (—k 220} (28)
21
>g2:=(x1,x2,x3)->exp(6*x1+11*x2-8*x3)/((14-5*exp

(7*x1-4*x2+2*x3)A8)(1/9);

>evalf(D[1$6,2$5,3$3](92)(-1/7,2/3,-1/2),22);

-1.324276036594542259720-10™
>evalf(147(-8/9)*sum(product(-8/9-j,j=0..(k-1))/k!*(-

5/14)Mk*(7*k+6)"6*(-4*k+11)"5*(2*k-8)"3*exp(-14/3
*k+220/21),k=0..infinity),22);

-1.324276036594542259721-10"¢

3.4.2

If exp(7x;—4x; +2x3)>%. Using Case B of

Theorem 2 yields: any j; + j, + j; -th order partial

derivative of g, (xy,x5,x3),

b i
L%(xlaxb%)
6x3]36x2126xl]1

_59 Z[‘Sj ( 14] [ 7k—3jjl(4k+£1jj2(—2k—§jj3x
par 5 9 9 9
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epr— Tk —%]xl + (4k +%1jx2 + (— 2k - %jxg} (29)

Hence, the 16-th order partial derivative value of

1 1
X1,X57,x3)at | —,—.11,
g2 (xy,x2,x3) (7 2 j
0% g, 11
A Ada TA 5 FRRL
8x3 axz axl 7 4
k 5 7 4
LI N
S KoL 9 9 9

(30)

>evalf(D[1$5,2$7,3$4](g2)(1/7,1/4,1),40);

-7.22751822579461952474808 - 10%°

>evalf(5*(-8/9)*sum(product(-8/9-j,j=0..(k-1))/K!*(-
14/5)"k*(-7*k-2/9)"5*(4*k+131/9)"7*(-2k-88/9)"4*
exp(-2*k-1555/252),k=0..infinity),22);

-7.227518225794619524748-10
4. Conclusion

This article proposed two methods (i.e., the
binomial series and the differentiation term by term
theorem) to solve the partial differential problem of
some multivariable functions. The two methods
can be applied to evaluate any order partial
derivatives of general multivariable functions.
Further studies on related applications will be
conducted in the future. Moreover, other calculus
and engineering mathematics problems will be
considered and solved using Maple.
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