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ABSTRACT

To the best of our knowledge very few methods have been proposed in previous studies for comparing intuitionistic
fuzzy (IF) numbers. In this paper, the limitations and the shortcomings of all these existing methods are pointed out. In
order to overcome these limitations and shortcomings a new ranking approach—by modifying an existing ranking
approach—is proposed for comparing IF numbers. Thus, with the help of proposed the ranking approach, a new
method is proposed to find the optimal solution of such unbalanced minimum cost flow (MCF) problems in which all

the parameters are represented by IF numbers.

Keywords: manufacturing system, replenishment lot size, discontinuous issuing policy, algebraic approach, imperfect

EPQ model, rework.

1. Introduction

MCF problem, which is an important problem in
combinatorial optimization and network flows, has
many applications in practical problems such as
transportation, communication, urban design and
job scheduling models [1,3].

In its classical form the MCF problem minimizes the
cost of transporting a product that is available at
some sources and required at certain destinations. In
many actual problems, the cost, capacities, supplies
and demand parameters may be imprecise. To deal
quantitatively with imprecise information the concept
and techniques of probability can be employed.
There are articles discussing the network flow
problems where arc parameters are random variable

[11, 21, 22], however, in order to construct,
probability distributions require either a priori
predictable regularity or a posteriori frequency

distribution. Moreover, the premise that imprecision
can be equated with randomness is still questionable.
As an alternative, uncertain values can be
represented by membership functions of the fuzzy
set theory [26].

The main advantages of methodologies based on
fuzzy theory are that they do not require prior
predictable regularites or posterior frequency
distributions and they can deal with imprecise input
information  containing feelings and emotions
quantified based on the decision-maker's subjective

judgment. From this point of view, Shih and Lee [23]
proposed a fuzzy version of MCF problem using
multilevel linear programming problem. But, they did
not use the nice structure of network constraints.

Ghatee and Hashemi [7] proposed a method to
find the fuzzy optimal solution of balanced fully
fuzzy MCF problems. Ghatee and Hashemi [8, 9]
and Ghatee et al. [10] applied the existing method
[7] for solving real-life problems.

The most common concept used in all those
studies is ranking of fuzzy numbers. Ranking of
fuzzy numbers is an important issue in the study of
fuzzy set theory. In order to rank fuzzy numbers,
one fuzzy number needs to be compared with the
others but it is difficult to determine clearly which of
them is larger or smaller. Numerous methods have
been proposed in previous studies to rank fuzzy
numbers. There is not a unique method for
comparing fuzzy numbers.

A membership function of a classical fuzzy set
assigns to each element of the universe of
discourse a number from the unit interval to
indicate the degree of belongingness to the set
under consideration. The degree of nondecision-
maker's belongingness is just automatically the
complement to one of the membership degree.
Nonetheless, a human being who expresses the
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degree of membership of a given element in a fuzzy
set very often does not express the corresponding
degree of nonmembership as the complement to 1.
This reflects a well-known psychological fact that
the linguistic negation do not always identifies with
logical negation. Thus, Atanassov [2] introduced the
concept of an IF set which is characterized by two
functions expressing the degree of belongingness
and the degree of nonbelongingness respectively.
This idea, which is a natural generalization of usual
fuzzy set, seems to be useful when modeling many
real-life situations.

Concerning ranking IF numbers some work has
been reported in the literature. Grzegorzewski
[12] defined two families of metrics in the space of
IF numbers and proposed a method for
comparing IF numbers based on these metrics.
Mitchell [15] extended the natural ordering of real
numbers to triangular intuitionistic fuzzy (TrIF)
numbers by adopting a statistical view point and
interpreting each IF number as ensemble of
ordinary fuzzy numbers. Nayagam et al. [19]
introduced TrIF numbers of special type and
described a method to compare them. Although
their ranking method appears to be attractive, the
definition of TrlF number seems unrealistic. This
is because the triangular nonmembership function
is defined to geometrically behave in an identical
manner as the membership function. Nan and Li
[16] proposed a method for comparing TrIF
number using lexicographic technique. Nehi [20]
proposed a new method for comparing IF
numbers in which two characteristic values for IF
numbers are defined by the integral of the inverse
fuzzy membership and nonmembership functions
multiplied by the grade with powered parameter.
Almost in parallel, Li [13] introduced a new
definition of the TrIF number which has an
appealing and logically reasonable interpretation.
He defined two concepts of the value and the
ambiguity of a TrIF number similar to those for a
fuzzy number introduced by Delgado et al. [4].
Dubey and Mehra [5] defined a TrlF number
which is more general than the one defined in [13,
16]. They extended the definitions of the value
and the ambiguity index given by Li [13] to the
newly defined TrlIF numbers and proposed an
approach to handle linear programming problems
with data as IF numbers.

In this paper, the limitations of the existing
methods [5, 12, 13, 15, 18, 19, 24, 25] as well as
their shortcomings [13, 17, 20], are pointed out.
Furthermore, to overcome such limitations and
shortcomings, a new ranking approach—by
modifying an existing ranking approach [20]—is
proposed for comparing IF numbers. Also—with
the help of the projected ranking approach—a new
method is proposed to find the optimal solution of
such unbalanced MCF problems in which all the
parameters are represented by IF numbers.

This paper is organized as follows. In Section 2,
some basic definitions and arithmetic operations of
trapezoidal intuitionistic fuzzy (TIF) numbers are
presented. In Sections 3 and 4, the limitations and
shortcomings of the existing methods [5, 12, 13,
15, 18, 19, 24, 25] and [13, 17, 20] respectively,
are pointed out. In Section 5, a ranking approach is
proposed for comparing IF numbers is presented.
In Section 6, a method for solving MCF problems
in IF environment is proposed and to illustrate the
proposed method, a numerical example is solved.
In Section 7, the results are compared. Finally, in
Section 8, the conclusion is discussed.

2. Preliminaries

In this section, some basic definitions and arithmetic
operations are presented [20].

2.1 Basic definitions

Definition 2.1. An IF set Z:{x,yg(x),uz(x))ue
X} on the universal set X is characterized by a truth
membership function x5, 15,2 X —[01] and a false

membership function V705" X —[0]. The values

A
uz(x) and vz(x) represent the degree of
membership and the degree of nonmembership for
xe X and always satisfies the condition

Uz(x)+oz(x)<1V xeX. The value (1-uz(x)-
v;(x)) represents the degree of hesitation for x e X .

Definition 2.2. Let A be an IF set. Then,
Za={XeX|,u;(x)2a,l)z(x)S(1—a)} is said to

be an « —cut of A.
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Definition 2.3.  An IF  set :Z,,, ={(x, uz(x),
vz(x)|x e X} is called IF-normal, if there are at
least two points X, X; € X such that uz(xo)=1

Uz(X1) =1.

Definition 2.4. An IF set A = {(x,y;(x),uz(x)ﬂx €
X} is called IF-convex, if Vxq, x, e X,4e[0/1]
Hz(Axq + (1= 2)xz) 2 min(uz(xq), pz(X2))
vz (Ax1+ (1= A)xz) <max(vz(x4),v5(X2))

Definition 2.5. An IF set A = {(x, uz(x),v5(x))| x €
X} of the real line is called IF number if

(a) A is IF-normal

(b) Ais IF-convex

(c) Uz s upper semi continuous and vy is lower

semi continuous

(d) A={xe X|vz(x)<1 is bounded

Definition 2.6. An IF number A, defined on the
universal set of real numbers R,denoted as A=
{a'y,a4,@',,a5,8;5,8'5,84,8',4}, Where a'y<a,;<a',<
a, <az <a;<a, <a, is said to be TIF number, if
the degree of membership u;(x) and the degree

of non-membership v;(x) are given by:

xX—-a; .
if aj<x<ay
a; —ay
1 if a,<x<a
2= X=a3
Hz(x)=
X—-a; .
if ag<x<ay,
az —ay
0 otherwise

ay,—x .
2 — if ay<x<a,
ar-ay
0 if a,<x<a'y
vz(x)=
a's—x
3 B ] ]
—— if a'3<x<ay
a's—a',
1 otherwise

If in a TIF number A,
alz = 3'3 ), then
parameters a'i<a;<a',(a,=az=a'3)<a,<ay,

let a, =a;(and hence
it gives a TrlF number with
and is denoted by A = {a'y,a,8@'5,a4,8'4 }.

A

4, (x)

v

]
]
|
)
!
aia, a,a, v,(x)
Figure 1. Trapezoidal intuitionistic fuzzy number.

Definition 2.7. Two TIF numbers A = {a'y,a.,a',,
82,33,6'3 ,64,6'4 }, é = {b'»] ,b—],b‘z ,b2,b3,b'3 ,b4,b'4 }

are said to be equal i.e., A=B if and only if
a'—]:b'»], a1 :b1, a'2=b'2, 62 :bz, 33 :b3,
8'3 = b'3 i a4 = b4 and 8'4 = b'4.

Definition 2.8. A TIF number A = {a'y,a,@',,ay,a;,
a';,ay,a',} is said to be non-negative TIF number
if and only if a';> 0.

Remark 1. In the existing methods [5] the TrIF
number A = {a'y,ay,@'y,a4,8',} is represented by

A={(ana'y,a51).(a4,a'5,d4: ).
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Remark 2. In the existing methods [13] the TrlF
number A= ((a1,a2,as);1, 1) is used which is
obtained by the TrIF number A= {a'y,a,@',,a,,
a'y} by assuming a'y=a,,a'y,a, =a',.

2.2 Arithmetic operations between TIF numbers

In this section, some arithmetic operations
between TIF numbers, defined on a universal set
of real numbers R, are presented.

(i) Let A= {a'y,ay,@'y,a,,8;5,8'3,a,4,@'4,} and B=
{b'1,by,b'5,b5,b3,b'5,b4,b',} be two TIF numbers.
Then, Z@E = (a'1+b'1 ,81 +b1,a'2+b'2,82 +b2,a3 +
by,a';3+b'y,a, +by,8'4+b'4}

(i) Let A= {a'y,ay,@',,a,,85,8'3,a4,@',} and B=
{b'1,by,b',b,y,b3,b'3,b,,b'4} be two TIF numbers.
Then, A©B = (a@'4—b'y,a,—by,8,-b'y,a, —bs,a85 —
by,a'3—b'y,a, —by,a'y—b'" }

(ii) Let Z={a'1,a1,a'2,a2,a3,a'3,a4,a'4} be any
TIF number. Then,

A {(1a‘1 ,Aay,Aa'y , lay, Aas, Aa'y, lay,Aa'y ), 120

(Aa'y,Aay,Aa'y, das, lay, Aa'y , Aay, Aa'y ), A <0
(iv) Let A= {a'y,ay,@',,ay,a;,8'3,84,8'4,} and B=
{b'1,by,b'5,b5,b5,b'3,b4,b'4} be two non-negative
TIF numbers. Then, A®B = (a'4b'y,aby,@', b'5,a,
by,a3bs,a'3 b'3,a,b4,a'4 b'y)

3. Limitations of the existing methods

In this section the limitations of the existing
methods [5, 12, 13, 15, 18, 19, 24, 25] for
comparing IF numbers are pointed out.

1. The existing methods [12, 15, 24, 25] can be
used only for comparing IF set, however, none
of the existing methods [12, 15, 24, 25] can be
used for comparing IF numbers.

2. Nayagam and Sivaraman [18] pointed out the
shortcomings of the existing method [19] and
proposed a method for comparing such TrIF
numbers {(a,b,c),(e,f,g)} for which either the
conditions e>b and f>c or the conditions
f<a and g<b are satisfied, however, the
existing method [18] cannot be used for
comparing such TrlF numbers for which neither
the conditons e>b and f>c nor the
conditions f <a and g < b are satisfied.

3. Dubey and Mehra [5] pointed out the
shortcomings of the existing methods [13] and
proposed a method for comparing such TrlF

sets a ={(a",a, a*;w;),(a",a,a";u;)} for which
the condition V,(a)<V,(a) is satisfied, where
V,(a)=((a"+4a +a")w;)/6
=((@"+4a+a")(1-uz))/6, however, the

existing method [18] cannot be used for
comparing such TrlF sets for which the

condition V,(a) <V, (a) is not satisfied.

~

and V,(a)

4. Shortcomings of the existing methods

In this section the shortcomings of the existing
methods [13, 17, 19, 20] for comparing IF numbers
are pointed out.

1. Li [13] proposed the following method for
comparing TrIF sets. Let A = ((a;,ay,a5;Wy,U))

and B =((a;,a,,a5;Wy,U,)) be two TrIF sets.
(i) AZBif L:(A)<LA(B)
(iy ASB if LA(A)>LE(B)

(i) A= B if L(A)=L}(B)

Where
~ VA ~ ~ ~ ~
L%(A)=T§(}U,V‘<A)= V,,(A)+ AV, (A) -V, (A)),

A*(A) = A, (A) = (A, (A)- A, (A)), V,,(A'):%(a +
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~

20, +85), A,(A) = "2 (2 ~a), A,(A) = =" e,

—ay)

It is not genuine to apply this method due to the
following reasons. It is obvious from the existing
ranking approach [13] that if (a;+4a,+a3)=0

then the comparison of A and B wil depend
upon the values of wyu,wy U, and if
(a;+4a, +a3)=0 then A=B for all values of
wy, U, Wy, and u, i.e., according to the existing

approach [13], in the first case comparison of TrIF
sets depends upon the degree of membership
and the degree of nonmembership of IF sets
whereas in the second case comparison of TrlF
sets does not depend upon the degree of
membership and the degree of nonmembership of
IF sets which is a contradiction.

Example 4.1. Let A = ((111);w,,u,) and B = ((111);
W2,U2> be two TrlF sets then according to the
existing ranking approach [13] values of L/Tl(;\‘) and
L:(B) will depend upon the values of w;, uj,w,

and u, i.e., the ordering of A and B will depend
upon the values of w,,u;,w, and u,.

Example 4.2. Let A=((-814)wyu) and
§:<(—8 A4)w,,uy) be two TrIF sets. Then,
according to the existing ranking approach [13],
L:(A)= LA(B)=0=AZ=B ie., in this case the

ordering of A and B is independent from the
values of wy,uy,w, and u,.

2. Nayagam and Sivaraman [17] proposed the
following method for comparing interval valued

IF sets:
Let A={x:[a,b]llc.di]|xeX} and B=
{x:[a,,by],[c,,d5]| x e X} be two interval

valued IF sets defined on a universal set X. Then

(i) AZB if LG(A)<LG(B)

@iy ASB if LG(A)>LG(B)
(i) A=B if LG(A)=LG(B)

(a1 +by)(1-0)+05(2—(cs +dy)
2

_ (@ +b,)(1-0)+6(2—(c, +dy)

2

where LG(Z) =

LG(B)
and ¢ €[0/1].

Nayagam and Sivaraman [17] have used the
same method for comparing TIF numbers

A ={(a,a;, b, by),(c1,¢1,d,,d;)} and
B ={(ay,a5,b, ,b,),(c3,C5,d5,d,)}.

Nonetheless, it is not genuine to use this
method for comparing TIF numbers due to the
following reasons

In the IF set A ={x:[a,b][c,.di]| X € X} ay,b,
and c¢,d, represents the infimum and

supremum values of membership degree and
nonmembership degree corresponding to points
X. Although, in the TIF number

A={(a;aby,by).(c,c1,dy,dy)}  a and by
represent those points of universal set X

corresponding to which the membership degree
is 1. Similarly, ¢, and d, represent those points

of universal set X corresponding to which the
nonmembership degree is 1.

3. Given that, IF numbers are the generalization of
fuzzy numbers, hence, the approach which can
be used for comparing IF numbers can also be
used for comparing fuzzy numbers. To show the
shortcomings of the existing approach [20], two
fuzzy numbers are compared by using such
approaches [6,14,20] and it was demonstrated
that the ordering of fuzzy numbers obtained by
using Nehi's approach [20] and Liou and Wang
approach [14] is the same one and contradicts
the ordering of fuzzy numbers obtained by using
the Garcia and Lamata’s approach[6], because,
Garcia and Lamata’s approach [6] pointed out
that their approach is better than Liou and
Wang's approach [14]. Thus, the ordering of IF
numbers given by Nehi's is not genuine.
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Example 4.3. Let us consider two trapezoidal fuzzy
numbers A=(1445) and B=(2336). The
intuitionistic representation of these trapezoidal
A=(11444455) and

fuzzy numbers is

B=(22333366).
The ordering of these numbers obtained by using

the existing ranking approaches [6, 14, 20] are
shown in Table 1.

Approaches Ordering
Liou and Wang [14] A=B
Nehi [20] A=B
Garcia and Lamata [6] A-B

Table 1. Comparing results.

It is obvious from the results, shown in Table 1 that

the ordering of fuzzy numbers A and B, obtained
by using the existing approach [20], is the same as
the one obtained by the existing approach [14]
whereas it is different from the ordering obtained by
using the existing approach [6].

5. Proposed ranking approach for comparing
two IF numbers

Garcia and Lamata [6] pointed out that although
trapezoidal fuzzy number Zz(a1,a2,a3,a4), is
defined by four points, in the existing formula [14],

1 1
R(A) = (2] (ar-+ (@ —ap)a)+ (1-2)] (2 + (as
0 0

—-a,)a)) where, 1 <[01] the central points a, and
a; are taken into account in an indirect way and
proposed the following modified formula

1 1
R(A) = (A1 (2a, + (1= Das el + (1= AA (@ + (s,
0 0
1
—a)a)da +(1- A)I(a4 + (a3 —a, )a)da]) .Because
0

1
in the existing formula [20], C,‘j()i)_kT j rk
0

k1
2

+
—_—

[ +(ap —ay )r +a, +(as —a,)rldr, CK(A)=

1
Irk[a'1+ (a'y —a'y)r+a's+(a';—a'y )rldr,
0

k €[0,) the central points a,, a; and a',, a';
are also taken into account in an indirect way
hence, to overcome the shortcomings of existing
approach [20], pointed out in Section 4, a new
ranking approach, by modifying the existing
ranking approach [20], is proposed for comparing

where,

IF numbers A
5 = (b|1 ,b1,b|2 ,b2,b3,b'3 ,b4,b'4 ) .

=(a'4,a,@',ay, a3, @'3, a4,a',) and

The steps of the proposed ranking approach are
as follows:

Step 1. Calculate, M#*(A) = (,B[k +1 j rk(a, +as)
0

ar] +(1- ﬂ)[ﬂjr (3, + (8 ~ay)r +a, +(a; - 2,)
0
1

r]dr]),Mf’k(lN?) =(f[ kz I (by +by) dr]

0

+(1- ﬁ[@j [b, + (b, —b)r +b, +(b, —b,)

ridrl),
MPK(R) < MPK(B) or ME¥(A) = MEX(B).

and check M%*(A)> M~Z*(B) or

Case (i) If MJ*(A)>MS%(B) then A-Bie.,
mlnlmum(AB) B.

Case (ii) If M/X
minimum (Z,E) - A

(A)<M/*(B) then A<Bie,

Case (iii) If M/*(A) = M/*(B) then go to step 2.

Step 2. Calculate, M”*(A) = (,B[M Ir (a',+a'y)

dr] +(1- ﬂ)[k—Jr‘I r [a1+(32 —a'y)r+a'y+@';-a'y)

0
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1

[t bosb's) o] +(1-p)
0

k +1

rldrl), MZ*(B) = Viers

0
[% rkb+(b'y—b'; )y +by+(b's-b'y) ridr]), and
0

check —M/¥(A)>-MPKB) or -MPH(A)<

~MP* (B) or —M/*(A)=-MP*(B).

Case (i) If —MP(A)>-MP*(B) then A~ B ie.

minimum (Z,é) -B.

Case (ii) If —MP(A)< —MP* (B) then A<B

i.e., minimum(,Z,E): A
Case (jii) If M/ (A)=MP*(B) then A=B.

Remark 3. For #=1/3 and k=0 the index for
membership and nonmembership functions
M/3°(A) and M}/*°(A,), are as follows:

MO (A) = %(31 +29, ;263 +a4) and

v 1
3 2

5.1. Advantages of the proposed ranking approach

In this section, the advantages of the proposed
ranking approach, over the existing ranking
approaches for comparing fuzzy numbers as well
as IF numbers [5, 6, 13, 18-20] are discussed.

1. The existing ranking approach [6] can be used
only for comparing fuzzy numbers but cannot
be used for comparing IF numbers. Whereas
the proposed ranking approach can be used for
comparing fuzzy numbers as well as IF
numbers and the ordering of fuzzy numbers,
obtained by using the proposed ranking
approach, is the same as that one obtained by
using the existing ranking approach [6].

2. Although the existing ranking approaches [5, 13,
17-20] can be used for comparing fuzzy numbers
as well as IF numbers, due to shortcomings
pointed out in Section 4, it is not genuine to apply
these approaches. Whereas by using the
proposed ranking approach, all the shortcomings,
occurring in the results due to the use of existing
approaches [5, 13, 17-20], are resolved.

6. MCF problems in IF environment

The aim of the MCF problems is to find minimum
cost for transporting the product from a given point
to certain destinations with the assumption that
there is at least one node, called intermediate
node, at which the product can be stored in the
case of excess availability of the product and the
stored product can be supplied in the case of
excess demand of the product.

Ghatee and Hashemi [7] modified the existing
linear programming formulation of balanced MCF
problems by representing all of its parameters as
fuzzy numbers instead of crisp numbers and
proposed a method to find the fuzzy optimal
solution of such balanced MCF problems.

On the same direction, in this section the existing
linear programming formulation of MCF problems
is further generalized by representing all the
parameters as TIF numbers and on the basis of
the ranking approach, proposed in Section 5, a
new method is proposed to find the IF optimal
solution of such MCF problems.

6.1. Linear programming formulations of balanced
MCF problems in crisp and IF environment

6.1.1. In this subsection, the linear programming
formulation of balanced MCF problems in crisp
environment is presented [1].

If the set of source nodes, destination nodes, such
intermediate nodes from which some quantity of
the product is supplied, such intermediate nodes at
which some quantity of the product is stored and
such intermediate nodes from which the product is
neither supplied nor stored, of a directed and
connected network, are represented by Ng,Np,

Nis,Np and N, respectively. Then, the MCF
problem can be formulated as
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Minimize Z(C'J'X"f)

(i.j)eA

Subject to

inj = a,- Vi ENs,
J:(i.j)eA
J:.)eA  jifi)eA

D x;j=b; vj e Np, (P)
i:(i,j)e A
ii(i,j)eA ii(f,i)eA

ZXU = ZX-” Vi ENIT,

(i,j)eA Ji(j,i)eA
0<I,/§x,/su ¥(i, j) e A

Where A: The set of arcs(/, j) , x; : Decision variable
denoting the transportation amount of the product

from i” node to j” node, c; : Cost for transporting
one unit quantity of the product from i node to j
node, a;: Supply of the product at i source node,
e;: Supply of the product at i" intermediate source

destination
th

node, b;: Demand of the product at jh

node, d Ik

intermediate destination node, /,-j

Demand of the product at |
: Minimum quantity

of the product that can be transported from i node

to j™ node, u; : Maximum quantlty of the product

that can be transported from i node to j* node.
6.1.2 Linear programming formulation of balanced

MCF problems in IF environment

In this section the linear programming
formulation of balanced MCF problems in IF
environment is presented.

Suppose all the parameters c;,X;,a;,€;,b;,d;,1;,U;

U! U! I ]’ ]’U’

are represented by non-negative TIF numbers c,-j,
x,-j,a,-,e,-,b d

ol -.Then (Py) in IF environment is:

inimize " (8; ®%;)
(i.j)eA

Subject to

D % =5 Vi eNg,
Ji(i,j)eA

Z;’J = Z;ji@gi VieNs,
J:(ij)eA J:(j,i)eA

2% =b; Vje Np, (P,)
i(ij)eA

Z)?ff = ZT(].,. ®d; VjeNp,
i:(i,j)eA i:(j,i)eA

2’70 Z;ji VieNyr,
Ji(i,j)eA ji(j.i)eA
0<l; <X <dj V(i,j) € A

6.2. Proposed method

In this section, a new method is proposed for
finding the exact IF optimal solution of such MCF
problems in which all the parameters are
represented by IF numbers. If the supply of

product at i source node and i intermediate
source node are 5,-:(a'1i,a1i,a'2i,a2i,a3i,a'3i,

a4i ,a'4j ) and 5,‘ = (e'1i ,61,_ ,e'zi ,62,_ ,e3l_ ,e'3l_ ,e4i ,

e'y,) respectively and the demand of the

product at j"destinaton node and ¥
intermediate destination node are
bj = (bl1j 7b1l !blzj !sz !bsj )

b’3j ,b4/_,b'4j_ ) and

d; = (d'1j =d1j,d'2, ,d2,7d3,,d'3, ’d4,’d'4j )

respectively, then the exact IF optimal solution of
IF MCF problems can be obtained by using the
following steps

Step 1. Find the total fuzzy supply 25,- @ ZE,

ieNg ieNjs
and the total IF demand Zb}@ ZJ!" Let
JjeNp jeNip

Zai ® Zei = (m'y,my,m'y,my,m3,m's ,my,m'y )
ieNg ieN;g

and ij ® Zdj =(n'y,ny,n'5,n5,n3,0'3,N4,N"y ).
jeNp JeNp
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Examine whether the problem is balanced or not, i.e.,

Y&a®>8=>h®Yd or Ya® >y §

ieNg ieN;g jeNp jeNp ieNg ieNg
* ZEJ @ ZJ/"

jeNp jeNp
Case (1) If the problem is balanced i.e.,
Zé‘i ® Zéf = ZE/. ® ZJ/ , then go to Step 2.
ieNg ieN;s jeNp jeNp
Case (2) If the problem is unbalanced i.e.,

>&® > &= > b®>dthen convert the

ieNg ieNs JjeNp jeNp
unbalanced problem into balanced problem as follows

Case (2a) Introduce a dummy source node with IF
supply (max{O, (n'y—m';)},max{0,(n'y—m'; } + max{0,
(ny —n'y)=(my —m'y)},max{0,(n'y—m'; )} + max{0, (n,
-n'y)—(my—m'y )} + max{0,(n',—n;) - (M',—m,)},max
{0,(n'y—m'y )} + max{0,(ny — n'y ) — (my —m'y )} + max{0,
(n'y=nqg)=(m'y—my)} + max{0,(n, —n'y )= (my —m'y )},
max{0,(n'\—m'; )} + max{0,(n, — n'y)—(my; —m';y )} + max
{0,(n'y3—ny)—(m';—my)} + max{0,(n, —n'y ) —(my —m',
)} +{0,(n3 —ny ) —(m5 — my)},max{0,(n'y—m'; )} + max{
0,(ny—n'y)—(my—m'y )} + max{0,(n'y—ny) — (M'y—my)}
+max{0,(n, —n'y )—(my —m', )} + max{0,(n3 —ny)—(
my —my)} +max{0,(n's—n; ) - (m';—mj3 )},max{0,(n";—
m'y )} +max{0,(ny —n'y)—(my —m'y )} + max{0,(n',—n'4
)= (m';—my)} + max{0,(n, —n'y ) - (my —m';, )} + max
{0,(n3 —ny)—(mg —my)} + max{0,(n'3—nz) — (m's—my
)} +max{0,(ny —n's )—(my —m's )},max{0,(n'y—m'; )}
+max{0,(ny—n'y)—(my —m'y )} + max{0,(n',—n"y ) —(
m'y—my)} + max{0,(ny —n'y ) — (M, —m'; )} + max{0,(
ng —ny)—(mz —my )} + max{0,(n's—nz) - (m's—ms)} +
max{0,(ny —n's ) —(my —m'z )} + max{0,(n'y—ny ) - (
(m'y—my )}) and also introduced a dummy
destination node with IF demand (max{O,(m'1—n'1 )}
max{0,(m'y—n'y} + max{ 0, (m;—m'y) — (n;—n'y)},
max{0,(m'y—-n'y )} + max{0,(m; —m'y ) - (ny; —n'y )} +
max{0,(m',—my)—(n',—n,)},max{0,(m',—n'y )} + max
{0,(my —m'y)—(ny —n'y )} + max{0,(m',—-my) — (n', -
ny)}+max{0,(m, —m'; ) - (n, — n'; )},max{0,(m"y—n'y

)} +max{0, (m; —m'y )~ (ny — 'y )} + max{0, (m',~m,) -
(n'y—n4)} +max{0,(m, —m', )—(n, —n'5 )+ max{0,(
ms —my)—(ng — ny )}, max{0,(m'y—n'y )} + max{0,(m; —
m'y)—(ny —n'y )} + max{0,(m',—my) - (n';—ny)} + max
{0,(my —m'y ) —(n, —n'y )} + max{0,(mz —my)—(n3 —
ny )t + max{ 0, (m's—mgy)—(n'3—nz)}, max{0,(m'—
n'y )} +max{0,(m; —m'y)—(ny —n'y )} + max{0,(m',—m',
)= (n'3=ng) }+ max{ 0,(m; —m'; ) —(n, —n'; )} + max
{0,(m3 —my)—(n3 —ny)} + max{0,(m's—mg) - (n'3—n;
)} +max{0,(m, —m's)—(n, —n's )}, max{0,(m'y—n'y )}
+max{0,(m; —m'y)—(ny —n'y )} + max{0,(m',—m'y ) — (
n';—n;)} +max{0,(my, —m', )—(n, —n'y )} + max{0,(my
—-my)—(n3 —ny)} + max{0,(m's—m3) - (n'3—n3 )} + max
{0,(my —m'3 )= (n4 —n'3 )} + max{0,(m',—my ) —(n'4—
ny )}). Assume the IF cost for transporting one unit

quantity of the product from the introduced dummy
source node to all intermediate nodes, existing
destination nodes and introduced dummy
destination node as zero IF number. Similarly,
assume the IF cost for transporting one unit
quantity of the product from all intermediate nodes,
existing source nodes and introduced dummy
source node to the introduced dummy destination
node as zero IF number and go to Step 2.

. ~ ' (] '
Step 2 Assuming c; —(01,-,-=C1,]-!02i,’02,j=c3i,7c3,,-1
{ S _ ] ] 1 1
C4,]~’C4,~j)!Xij_(X1,]-’X1”-1X2,-]-'XZ,J-’XS,I-YX3,]’X4”-'X4,]-

= (] (] (] ' ~ '
),a; =(a"y,,ay,a", 8,83, , 84,84, ), 6 =(€",
L 1 1 ~ 1 1
161,,€2,,8,,63,€3 ,€4.,€ 4, ), b; =(b1j =b1,=b2,. ,

by, b3, bs, by by ), d; = () 0y oy d

Ty =y oy 0, D s s T,
dl3j ,d4j,d'4l_ )’ Ul ( 1,]- 1;1- 2,7 2U 3,] 31] 4,] 4,1 )

uj =(u 1; U, U2, Uz Us Uig, Uy Uy, ) using the
arithmetic operations of IF numbers, defined in
Subsection 2.2 and using the IF linear programming

formulation (P2) of the balanced IF MCF problem,
the IF linear programming formulation of balanced IF
MCF problem obtained in Step 1 can be written as

Minimize Z(c 1, X'1,,C1,X4,,C"2, X'5,,C5 X5 ,C

’ X3,
(i.j)eA

3; X3,

i

C3; X3,;1Ca,X4,,C 4, Xy, )
Subject to
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(D X1, D xa D Xo. D X, D ¥, D,

Ji(i,j)eA J(i,))eA i, f)eA J(i,j)eA  juij)eA  ji(i,j)eA
1 1 1 1 1
X3, ZX4,-,.: ZX4,.,.) = (a'y,,ay,,8', ,8y,,83,,@'3,,
Jii,j)eA  ji(ij)eA
a4_,a‘4, ) vl (S NS
( 2X0 Do D Xa DX DX D
Ji(i,j)eA  jiui,j)eA (i,j)eA Ji(i,j)eA  ji(i,j)eA Ji(i,j)eA
fo Tt T e, Y, v
J(i,j)eA  ji(i,j)eA Ji(j.i)eA Ji(J,i)eA
sz voy, Sy, v, Sx, ey, Xy
Ji(j.i)eA Ji(j.i)eA Ji(j.i)eA Ji(j,i)eA
1 1 1 H
+e', D Xy, +ey, 2x4ﬁ+e4i VieNs
J(jieA J(Ji)eA
(2X0 DX D Xap Dan )% D
J(i,j)eA Jii,j)eA  ju(ij)eA Ji(i,j)eA i j)eA  j(i,j)EA
1 1 1 \ 1
Xaﬁ’_zxﬁ.i_zxﬂ.) = (b1,.=b1,.1b2j,b2j:b3j=b3,»
J(L)eA  jiij)eA
, .
b4.,b4v), VjeNp (Ps)
( DXy DX D Xa, DX D Xe D
iw(i,j)eA i(i,j)eA  i(i,j)eA i(i,j)eA i(i,j)eA iw(i,j)eA
x'3 , Zx4, Zx4) ( Zx1 +d1, Zx1 +d1
iw(i,j)eA i(i,j)eA i(j,i)eA i(j,i)eA
sz +d2, sz +d2, Zx3 +d3, ZX3
i(j,i)eA i(j,i)eA i(j,i)eA ii(j,i)eA
+d'3, ZX4 +d4, ZX4 '41' ), VjENID
i(j,i)eA ii(j,i)eA
ZX1IJ' ZX1IJ' szu’ zle/' ZXSU’ Z
Ji(i,j)eA J(i,j)eA  ji(i,j)eA Jii,j)eA  juij)eA Ji(i,j)eA

X'31 ZX4, ZX4,,) ( me ZX1, ZXZ’

Ji(i,j)eA Ji(i,j)eA Ji(j.i)eA Ji(ji)eA  ji(ji)eA

ZXZ, Zx3 , 2x3, ZX4 , Zx4 ,VieNgz

Ji(j,i)eA J(j,i)eA  jiuji)eA Ji(j,i)eA Ji(j,i)eA

(/'1,-, 1/1,-,:/'2,,. ,/2,.1.,/3/.].,/'3”. 1/4,,4/'4,., )<

1 1 1]
(u 1; U1y Uy Uz Uz U Uy s

1 1]
(X1,.,sx1,.,’X2,.jsX2Vv
1 1] -~
X3, X3, 1X4,, X4, )<
1]
U4,.,.)(

is a non-negative IF number

1 1 1 1
X4, 0 X9, X2, X2, X3, X3, , Xy Xy, )
v(i,j) e A

Step 3. Using Definition 2.7 and Definition 2.8, the IF
linear programming problem(P; ), can be written as

H H H \ 1 L} 1
Minimize Z(c 1, X4;1C1,%1,,C 2, X'3,,C2, X5,,C3, X3,
(i.j)eA

{ 1 { 1
C3; X'3,:Ca;X4,,Cq, Xg, )

Subject to
/':(i,/')eA Ji(i, /)eA J(i,j)eA J(i,j)eA
=3z, Zx3a‘:a3i’ zx%zai’w Zx4u_a4’
J(i,j)eA Ji(i,j)eA j:(i,j)eA
Zx4”=a4i; Vie Ng
J(i,j)eA
D )
Ji(i,j)eA Ji(ji)eA Ji(i,j)eA Ji(j,i)eA
D X2 = DXy 4, Z 2%z, e
J(ij)eA J(Ji)eA j(ij)eA Ji(j,i)eA
D%, = DK 40, D Xg = DX wely,
Ji(i,j)eA Ji(j,i)eA Ji(i,j)eA Ji(j,i)eA
TS NARTID 3 D R
Ji(i,j)eA Ji(j,i)eA Ji(i,j)eA Ji(ji)eA
VIENIS
ZX1U _b1 ’ ZX1U _b1’ zx2u_b2’ ZXZU
J(i.j)eA Ji(ij)eA J(i.j)eA Ji(i.j)eA
Ij)eA j(ljeA /jeA
ZX4,, = 4, vj e Np (Ps)
Ji(i,j)eA
Sty = Tty T = T v,
i(i,j)eA ii(f,i)eA (i,j)eA i(j,i)eA
2.2, = wadz' D%z, = DX, 4,
ii(i,j)eA ii(j,i)eA ii(i,j)eA ii(f,i)eA
D%, = DX, w3 Xy = D Xg +ds,
iw(i,j)eA i(j,i)eA i(i,j)eA i(j,i)eA
RIS NI N A
ii(i,j)eA i(j,i)eA ii(i,j)eA i(f,i)eA
VJENID
j— ' j—
DXy = DXy D, = DXz, =
J(i,j)eA JeA  Jii.j)eA J(ieA  j(i.j)eA
2. X2, ZXz,,— PR RIEID RN
Ji(j.i)eA Ji(i,j)eA Ji(j.i)eA Ji(i,j)eA Ji(j.i)eA
D X3 = D Xy DX = th 2.4,
Ji(i,j)eA Ji(j.i)eA Ji(i,j)eA J:(j.i)eA J(i,j)eA
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VIENIT

-x', >0 x5 —x, > -x', > —
X1 x1jl,_0,x21j X11)‘_0’X2ij Xz,j—o,xs,, X,

>0.x'2 — > -x. >0 x, — >0 x'
—0’X31,~ X31,—0’X4,y Xs,,—O,X4,,. X4,j—0’x1,-,-

>0

1 1 L} L} z 1
(I, 04,002, 12,005, 01, o1a, 1 ) < (XX
1 1 1 z 1 1
X2, 1 X2, X3,,X'3,,Xy,,X g, )<(u 1, U1 U2 (Cy)

\l 1
Up,Us Uz, Uy Uy, )

Step 4. Suppose the IF linear programming
problem (P,) have f basic feasible solutions and

{(x', )"0 )"0 (X', )7 (xg, )™ (X3, )™ (X3, )™ (X, )™
(x'4,)"} be the w basic feasible solution then

the goal is to find such a basic feasible solution
corresponding to which the value of the objective
function is minimum i.e.,
H H L} 1 W
minimunm( Z(C p, (X1,
(i,j)eA
w ) ] w w w (] (]
C1,1(X1,,.) 1Ca, (x 2, ) vcz,j(xz,.,) :Cs,j(xs,.,) C3, (x 3

)W’C4;,-(X4,-,- )W,c'4l_j (x'40_ )*) which can be obtained

by using the ranking approach proposed in Section

5 i.e., the IF optimal solution of the IF linear

programming problem, (P,), can be obtained by

solving the following crisp linear programming

problem

Minimize ZMf'k(c'1l_j X't 1€y, Xq,,C'2, X'a, ,C2, X3, ,C3
(i.j)eA

i

\ 1 \ )
X4,;1C3; X'3,:C4,X4,,C 4, Xy, )

Subject to (Ps)

K ] ' ' k ]
ij (/1,-,.’/1,-,»12,-,.’/2,,’13,]-’/3,]-’14,]»/4,].)SMf (X1,].’X1,.j1

' 1 1 < Bk, '
X2, X2,,X3,,X'3,,X4,,Xg, )< M, (U1,.j WUy Up, s Us,,

Us,j’u's,., ’U4,.,.’U'4,,. )
As well as all the constraints of problem (P,)
except (C,)

Case (i) If there does not exist any alternative
optimal solution then put the values of X'1l_j X4,

' ' ' H > _ '
X', X2, X3,,X'3, 1 Xa, and Xq, in X:‘/'—(XL,"XL,»

X'2,-,-’X2,-,-’X3,-,’X'3,-,- ,x4ﬂ_,x'4l_/_) to find the IF optimal
solution {Y,-j} and find the IF optimal value Z(Eif

(i.j)eA
®X;) by putting the value of X;.

Case (ii) If alternative solution exist then go to
Step 5.

Step 5. Solve the crisp linear programming problem

(Ps) to find the optimal solution {X'1,~j ’X1ij’XI2/j X2,

X3,-,"X'3,-j ' Xa, ’X'4g }.

Minimize ZM e (C'l,-, x'l,-, €1, X, ,c'zl_j x'z,-, 1€y, Xy 5 Cy)
(i.j)eA

X4, 10'30. X'3,j 104,1.)‘4,]’0'4,] X'y )

ij

Subject to (Ps)

Mﬂ’k(/'1,., ,/1,./.,/'2,./. :/20.,/3,.,1/'3" ,/4,].,/'4,.1 )< Muﬂ’k(x'u, 1 X4,

v i

k 1 1}
X0 Xo  Xa  X'a  Xg X' )< MPKW, ug U U,
2,1 X2, X3, X' s Xa , X'g ) S MT(U'y LUy, U' LUy

] ]
Us, Uz, \Ug, Uy, )

BK (A1 1 ' 1 ' 1
ZM/‘ ( 1y X101 X, C gy X', €, X, 03, X4, C 3y X3
(i,j)eA

i

' 1 _
14, X4,,C 4, Xy, )=a

As well as all the constraints of problem (P,)
except (C,) where, a is the optimal value of the
crisp linear programming problem (Ps).

Step 6. Put the values of X'L,- X1, X'Zi, X2, X3

1 1 H v 1 '
X3, 0 Xq, and X'q, In X _(X1,-,- X1, X'g, 2 X2, X35
x'zij,xzﬁ,x%,x'% ’X4q’xl4,y~) to find the IF optimal

solution {X;}.

Step 7.Put the values of 7(,-j , obtained from step 6,

in Z(E,-j ®X;), to find the minimum total IF
(i,j)eA

transportation cost.
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6.3. Advantages of the proposed method

The existing method [7] can be used only to find
the optimal solution of such MCF problems in
which the parameters are represented by fuzzy
numbers, however, the existing method [7] cannot
be used to find the optimal solution for the same
type of problems in which the parameters are
represented by IF nhumbers, whereas the proposed
method can be used to find the optimal solution for
both types of problems.

6.4. lllustrative example

In this section, to illustrate the proposed method
the IF MCF problem, chosen in Example 6.1,
cannot be solved by the existing method [7], it can
be solved by using the proposed method.

Example 6.1. Find the minimum IF transportation
cost for the IF MCF problem with three nodes and

three arcs as shown in Figure 2. The IF data for the
chosen IF MCF problem is summarized in Table 2.

\@

Figure 2. A network with three nodes and three arcs.

, 50, 100, 150,
), 260, 300)
, 40, 200,400, 4000, 13,50,

é12 = (5,10,50,100,1000, | iy =
5500, 10000, 15000) 2
(0,20, 60, 100, Gy =
150, 170, 200, 250) 22000, 40000, 60000)
3 (0,30,40,50, 93 = (15, 30,150, 300, 3000, 2
100, 100, 100, 150) 16500, 30000, 45000) 70,7t

Table 2. Parameters for IF MCF problem
(3 nodes and 3 arcs).

Solution. The optimal solution of IF MCF problem,
chosen in Example 6.1, was obtained as follows

Step 1. Total IF supply = (50,100,150,200,250,270,

300,350) and total IF demand
=(0,50,100,150,250, 270,300,400). Given that the

total IF supply #
total IF demand, hence, it is an unbalanced IF
MCF problem. Now, as described in the
proposed method (using Case (2a) of Step 1 of
the proposed method), the unbalanced IF MCF
problem can be converted into a balanced IF
MCF problem, by introducing a dummy source
node 4 with IF supply (0,0,0,0,50 ,50,50,100)
and a dummy destination node 5 with IF demand
(50,50,50,50,50,50,50,50) as shown in Figure 3,
hence, that total IF supply = total IF demand
i.e., (50,100,150,200,250,270,300,350) ® (0,0,0,0,
50,50,50,100) = (0,50,100,150,250,270,300,400) ®
(50,50,50,50,50,50,50,50).

Figure 3. A modified network with a dummy
source and a dummy destination.

Assuming the IF cost for transporting one unit
quantity of the product from the introduced dummy
source node 4 to the intermediate nodes 2 and
existing destination node 3 and introduced dummy
destination node 5 as zero IF number. Similarly,
assuming the IF cost for transporting one unit
quantity of the product from intermediate nodes 2
and existing source node 1 and introduced dummy

source node 4 to the introduced dummy destination

node 5 as zero IF number i.e., C, =Cy3 = Cys

=Cy5 = Cps =(00,000000) the IF linear
programming formulation of balanced IF MCF
problem, can be written as

Minimize((5,10,50,100,1000,5500,10000,15000) ® X,
@® (20,40,200,400,4000,22000,40000,60000) ® X, ®
(15,30,150,300,3000,16500,30000,45000) ® X5 ® (0,
0,0,00,000)®X,, ®(0,0,00,0,0,00)® X3 ®(0,00,00,

392
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0,00)® X45 ©(0,0,00,00,00)® X5 ®(0,0,0,0,0,0,0,0)
® Xy5)
Subject to

X1p ® %13 ® Xy5 = (50,100,150,200,250,270,300,350)
iy ® X4y = X3 ®X58(0,20,60,100,150,170,200,250)
X3 ® Xp3 ® X5 = (0,30,40,50,100,100,100,150) (P, )
R4y ® X3 ® X5 = (0,00,050,50,50,100)

15 ® X5 ® X5 = (50,50,50,50,50,50,50,50)

(0,0,0,0,0,0,0,0) < X;, < (20,50,100,150,220,240,260,
300)

(0,0,0,0,0,0,00) < X;5 < (4,8,13,50,55,60,65,71)
(0,0,0,0,0,00,0) < X,3 < (15,30,60,65,70,75,8185)

X12, X135 X15, X053, Xo5, X492, X43, X45 @re non-negative
IF numbers.

Step 2. Assuming Xj = (X4, X1, X'a,  Xg, . X3,, X3,
Xg X' ) . . . .
771" and using the arithmetic operations,

the IF linear programming problem (Pr), can be
written as
Minimize(5x'112+20x'113+1 5xy 10x; , +40x;  +30

Xy, 80Xy, +200x'5, +150x'5, 100X,  +400x,, +
300x5,,,1000x3 , +4000x5 , +3000x3,,, 5500x'; +
22000 x'3  +16500 x'3,,10000 x4, , +40000 X, +
30000 x4,,,15000 x'4 ,+ 60000 X', +45000 X'y, )

Subject to

( X'112 +X|113 +X|115 ’X112 + X113 + X115 ! X'212 +X'213 +X'215 !
X212 + X213 + X215 ’X312 + X313 + X315 ’Xl312 +X'313 +X'315 ’
X4, + X4, + X4, X4, X', X', ) = (30,100,150,

200,250,270,300,350)

( Xl112 +X'142 ’X112 + X142 ’Xl212 +)('242 ’X212 + X242 ’X312 +

1 v v 1 _ 1 v
X342 1 X 312 X 342 ’X412 + X442 X 412 X 44 ) - (X 123 X 125

+0,Xq,, + X1, +20,X'5, +X'5, +60,X,, . + X5, +100,
X3,, + X3, +190,x'3, +X'3, +170,X,, + X4, +200,
X'4,, +X'4, +250)
( X'113 +X'123 +Xl143 ’X113 + X123 + X143 ’Xl213 +X'223 +X'243
’ X213 + X223 + X243 ’X313 + X323 + X343 ’ Xl313 +X'323 +X'343
’X413 + X423 + X443 ’X'413 +X'423 +X‘443 ) = (0’30’40’50’
100,100,100,150)

(Fs)

) 1 1 1 ] )
( X 142 X 143 X Y45 7 X142 + X143 + X145 ' X 24 X 243 X 245
] ] 1
’ X242 + X243 + X245 ’ X342 + X343 + X345 ' X 342 X 343 X 345
’X442 + X443 + X445 ’ X 442 +X 443 +X 445 ) = (0101010;501
50,50,100)

) ) 1 1 1 )
(x Tys TX s TX 0,05 X+ X0 + X9, 05 X+ Xg, X g
’X215 + X225 + X245 ’ X315 + X325 + X345 1 X 315 X 325 X 345
Xg,o + X, + X4, X4, X'y, +X'4,. ) = (5050,50,50
50,50,50,50)

(0,0,00,0000) < (x, Xa s
X'y ) < (20,50,100,150,220,240,260,300)

)
X212 ’X212’X312’X412’

(00000000) < (x4 X1 X2 X2 X3 X3

Xy X4 ) 2 (48135055606571)

137 137

(0,0,0,0,00,0,0) < (X1, X1,
X4, X4, ) < (1530,60,6570,758185)

X's Xo X3 ,X's
223 223 323 323

X12,X13, %15, X23, X25, X42, X43: X45  3re non-negative
IF numbers.

Step 3. Using the Definition 2.7 and Definition

2.8, the IF linear programming problem (PS), can
be written as

Minimize(5x"y +20x"y +15x" 10x; +40x; +30
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Xy, 00x'5 , +200x",  +150x'5, ,100x; , +400x,, +
300xy,,,1000x3,, +4000x5 = +3000x3, , 5500x's +
22000 x'3 +16500 x'; _,10000 x, , +40000 X, , +
30000 x,,,,15000 X', ,+60000 x'4  +45000 x'4,. )

Subject to
X' +X'4 +x'5_ =50, x;_ +Xxq.+x,_ =100, x', +
12 13 15 12 13 15 12

x'213 +x'215 =150, Xp, *Xo, +Xp, = 200, X3, + X3,
+X3,, =290, X'3 +X'3 +X'3 =270, X4, +X4, +
X4, =300, X'y +X'4 +X'4, =350

Xty TX 0y =Xy X1y = 0. X0, + X9, —Xp, =X, =20
’X'212 +XI242 _XI223 _X'225 = 60, X3, T X2, =X2,, =X,
=100, X3 +X3,, —X3, — X3, = 150, X'3 +X'3,,
- x'323 —x'325 =170, X4, + X4, —Xa,, — X4, = 200,
X|412 +X'442 N X'423 _X'425 =250

x'113 +x'123 +x'143 =0, X1, + X1, + X, = 30, x'213 +
X'g, +X'5, =40,X3 + Xy, +Xp, =90,X3, +X3,,
+X3,, = 100, x'313 +x'323 +x'343 =100, X4, +Xg,, +

_ 1 1 ) _
X4,, =100, X'y +X'4, +X'4, =150

(Fs)

X'142 +X‘143 +X'145 =0, Xigy T Xy X4y = 0, X'242 +
X', X2, =0, X +Xp, +X5, =0, X3 +X3,,
+X3,. =90, X3, +X'3,, +X'3, =50, X4, + X4, + X4,
=50, X'y, +X'4,, +Xx'4,. =100

X|115 +X'125 +X|145 =50, Xipg T X1pg T X9 = 50, X'215 +

x'225 +x'245 =50, Xp, TXo, +Xp, = 50, X3, X3,

X3, = 50, x'315 +x'325 +x'345 =50, X4, + Xa, +Xa,,

=50,X'4, +X'4, +X'4, =50

x> v > v > _
Xq X1,.I._0,X2” x1”_0,x2ij X2,-,»—07X3,y Xy,

i

>0.X's —Xa > —x'2 >0x", — >0 x'
_0’X3ij X3ij_0’x4ij X3,-,-—0’X4,-,- X4,-,-—O’X1,-,-

>0; VY(ij)eA

(00000000) £ (xy_.x%_.x>
X X' )% (20,50,100,150,220,240,260,300)
(00000000) £ (x4 _.x%_.X;

X X
127724773457

,Xo X3,
13 13 13
13,X'413 ) < (4,8,13,50,55,60,65,71)
(00000000) £ (x's_ X1, Xs 1 Xp, X

X'y ) Z (15,30,60,65,70,75,8185)
23

. (Cy)
X313 X4

23’

X's ,X
323 423

Step 4. Using Step 4 of the proposed method and

=1/3,k=0

assuming B ’ the IF optimal solution of

the IF linear programming problem (’D9), can be
obtained by solving the following crisp linear
programming problem

Minimize1/6(10x, +40x; +30x, +200x, +800

Xy  +600x;, + 2000x3 , +8000x;  + 6000x3, +
10000x,,, + 40000x, , +30000x,,, )

Subject to

(Pio)
X1, +2x212 +2x312 +Xg,, 2 0

X1, +2Xp,, +2X3  + X4, <1050

12

X1, +2x213 +2x313 +Xg,, 2 0

X1, +2X,, +2X3 + X4, <283

13

X1, +2Xo, +2X3, + X4, 20

2

X1, +2Xp, +2X3, + Xy, <381

2
As well as all the constraints of the problem (Fo)
except (C2)

Given that on solving the crisp linear programming

problem (Pro). alternative optimal solutions exist
i.e., case (ii) of Step 4 of the proposed method is
satisfied and the optimal value of the crisp linear

programming problem (Pro) is 4761400/6 hence,
by using Step 5 of the proposed method the IF
optimal solution of the chosen IF MCF problem can
be obtained by solving the following crisp linear
programming problem:

Minimize 1/6(5x'112 +2Ox'113+‘l5x'123 +100x'212+ 400
x', + 300x', + 11000x'; +44000x'5; + 33000
243 2y 312 343
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X'3, +15000x'y _+ 60000, +45000x', )

Subject to
(Pi1)
X'y, +2X'5  +2X'3 +X'y 20

X'y +2x'5 +2x'5 +x'y, <1000
112 212 312 412

] 1 ] 1
>
X'y, 2%y +2X'3 +X'4, 20

X'y, +2X'y, +2X'3 +X'y, <221

X'1,, +2X'y, +2X'3, +X'4, 20

X'1,, +2X'y, +2X'3, +X'4, <370

10x, +40x, +30x, +200x, +800x, +600
12 13 23 12 13

Xp,, + 2000x3 , + 8000x;  + 6000x;, +10000

X4, + 40000x,,, +30000x,, =4761400

As well as all the constraints of problem (Fo)

except (C2)

Step 5. Solving the crisp linear programming
problem, obtained in Step 4, the optimal values of

' ' ' 1
X112 » X 212 ’X212 ’X312 X 312 ’X412 X 412 X 243 ’X213 ’ X313 ’
] 1 1 ) 1) ]
X313 ’ X413’X413 ’X115 ’X115’X215 ’X215’X315 ’X415’X415 ’

1 1 1 1
X123 » X 2 ’X223 ’X323 X 32 ’X423 X 453 ’X343 X 343 ’X443 ’

and Xda are 50,90,130,180,200,230,280,10,20,
20,20,20,20,50,50,50,50,50,50,50,50,30,30,30,
30,30, 30,30,50,50,50 and 100 respectively.

X'1.. » X9 X'2.. Xo X3
Step 6. Put the values of 7 e y

1 = ] ]
1 X3, X4 X4 X,j=(X1,,1X1,-,.vX2,.,’X2,.j’X3,,’

and i in
X'y Xp ;X3 ,X'3 ,Xgq ,X'g
2772 T3y T 3y Ay 4‘/) the IF optimal solution
is X1, = (0,50,90,130,180,200,230,280), X5 = (0,0,
10,20,20,20,20,20),  X;5 = (50,50,50,50,50,50,50,50),
X535 = (0,30,30,30,30,30,30,30), X453 = (0,0,0,0,50,50,50,

100)

~

and the remaining *7 are (0,0,0,0,0,0,0,0).

~

1] 1
Xij (X1,.j 1 X1, X250

Step 7. Putting the values of

1 ] 1
X2, 1 X2,,X3,,X 3,1 X4, X, )

Xz, 1 X, i) (81050,

100,1000,5500,10000,15000) ® X,, ®(20,40,200,400,
4000,22000,40000,60000) ® X, @ (15,30,150,300,

3000,16500,30000,45000) ® X3 ® (0,0,0,0,0,0,00) ®
X4 ©(00,00,00,00)® X3 (0,00,00,000)® X, ®
(00000000)® X5 ® (00000000) ® Xp5) 4o

minimum total IF transportation cost is (0.1400,
11000,20000,350000,2035000,4000000,6750000)

7. Comparative study

The results of the existing fuzzy MCF problem
(Example 3.5 [8], pp. 2498) and the IF MCF
problem, chosen in Example 6.1, obtained by
using the existing method and the method
proposed in Subsection 6.2, are shown in Table 3.

Existing method l‘
(1924000, 1903300, 7299800) 1.
Not applicable

Example
3.5 [8, pp. 2498]

6.1

Proposed method

(1924000, 1903300, 7299800) .2

(0, 1400, 11000, 20000, 350000,
2035000, 4000000, 6750000)

Table 3. Comparative study.

Given that in the existing MCF problem (Example
3.5 [8], pp. 2498) all the parameters are
represented by fuzzy numbers hence, as discussed
in Subsection 6.3, it can be solved by using the
existing method [8] as well as by the proposed
method, whereas in the MCF problem, chosen in
Example 6.1, all the parameters are represented by
IF numbers. Thus, as discussed in Subsection 6.3,
it can be solved by the proposed method but
cannot be solved by using the existing method [8].

8. Conclusion

Based on the proposed study, it can be concluded
that it is better to use the proposed ranking
approach for comparing fuzzy and IF numbers as
compared to existing ranking approaches. Also, It
can be concluded that it is not possible to find the
IF optimal solution of IF MCF problems by using
any of the existing methods. Only the proposed
method can be used for the same problems.
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