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Resum en
 

Los m odelos m atem át icos de m uchos sistem as 

geofísicos requieren el procesamiento de sistemas 

algebraicos de gran escala.  Las her ram ientas 

c o m p u t a c i o n a l e s  m á s  a v a n z a d a s  e s t á n 

m asivam ent e paralel izadas.  El sof t ware m ás 

efect ivo para resolver ecuaciones diferenciales 

parciales en paralelo intenta alcanzar el rctcfkioc"
fg" nqu"ofivqfqu"fg"fgueqorqukek„p"fg"fqokpkq,  

que hasta ahora se había m antenido com o un 

anhelo no alcanzado. Sin em bargo, un grupo de 

cuat ro algor itm os –los cniqtkvoqu"FXU-  que lo 

alcanzan y que t iene aplicabilidad m uy general se 

ha desarrollado recientem ente. Este art ículo está 

dedicado a presentarlos y a ilust rar su aplicación 

a problem as que se presentan frecuentem ente 

en la invest igación y el estudio de la Geofísica.

Palab r as clav e:  com pu t at ion a l - geophy sics, 

com put at ional- PDEs,  non- over lapp ing DDM, 

BDDC;  FETI -DP.

Abstract
 

Mathematical models of many geophysical systems 

are based on the com putat ional processing of 

large-scale algebraic systems. The most  advanced 

com put at ional t ools are based on m assively 

parallel processors. The m ost  effect ive software 

for solving part ial different ial equat ions in parallel 

int ends t o achieve t he FFO/rctcfkio.  A set  

of four algor ithm s, the FXU/cniqtkvjou,  which 

achieve it ,  and of  very  general applicabil i t y, 

has recent ly been developed and here they are 

explained. Also, their applicat ion to problems that  

frequent ly occur in Geophysics is illust rated.

Ke y  w o r d s :  c o m p u t a t i o n a l - g e o p h y s i c s , 

com put at ional- PDEs,  non- over lapp ing DDM, 

BDDC, FETI -DP.
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1 . I nt roduct ion

Mathemat ical models of many systems of interest , 

including very  im por t ant  cont inuous syst em s 

of Ear th Sciences and Engineer ing,  lead t o a 

great  var iet y  of  par t ial dif ferent ial equat ions 

(PDEs)  whose solut ion m ethods are based on the 

computat ional processing of large-scale algebraic 

system s. Furtherm ore, the incredible expansion 

ex per ienced  by  t he ex ist ing  com pu t at ional 

hardware and software has m ade am enable to 

effect ive t reatment problems of an ever increasing 

fkxgtukv{"cpf"eqorngzkv{."rqugf"d{"uekgpvkÝe"cpf"
engineering applicat ions [ PI TAC, 2006] .

Paral lel  com put ing is ou t st anding am ong 

the new com putat ional t ools and,  in order  t o 

effect ively  use the m ost  advanced com puters 

available today, m assively parallel software is 

required. Domain decomposit ion methods (DDMs)  

have been developed precisely  for  effect ively 

t reat ing PDEs in parallel [ DDM Organizat ion, 

2012] .  I deally,  t he m ain obj ect ive of dom ain 

decom posit ion research is to produce algorithm s 

capable of  ‘obt ain ing t he g lobal solu t ion  by 

gzenwukxgn{" uqnxkpi" nqecn" rtqdngouÓ,  but  up- to-

now this has only been an aspirat ion;  that  is, a 

st rong desire for achieving such a property and 

so we call it  Òvjg"FFO/rctcfkioÓ.  I n recent  t im es, 

num er ical ly  com pet it ive DDM- algor it hm s are 

pqp/qxgtncrrkpi,  rtgeqpfkvkqpgf and necessarily 

incorporate eqpuvtckpvu [ Dohrmann, 2003;  Farhat  

et  al.,  1991;  Farhat  gv"cn0,  2000;  Farhat  gv"cn0,  
2001;  Mandel, 1993;  Mandel gv"cn0,  1996;  Mandel 

and Tezaur, 1996;  Mandel gv"cn0,  2001;  Mandel et  

cn0,  2003;  Mandel et  al.,  2005;  J. Li et  al.,  2005;  

Toselli et  al.,  2005] ,  which pose an addit ional 

challenge for achieving the FFO/rctcfkio.  

Recent ly a group of four algorithm s, referred 

to as the ÒFXU/cniqtkvjouÓ."yjkej"hwnÝnn"vjg"FFO/
rctcfkio,  was developed [ Herrera et  al.,  2012;  

L.M. de la Cruz et  al.,  2012;  Herrera and L.M. de 

la Cruz et  al., 2012;  Herrera and Carrillo-Ledesma 

et  al.,  2012] . To derive them  a new discret izat ion 

m ethod, which uses a non-overlapping system  

of nodes ( the fgtkxgf/pqfgu) ,  was int roduced. 

This discret izat ion procedure can be applied 

to any boundary-value problem , or  system  of 

such equat ions.  I n turn,  t he result ing system  

of discrete equat ions can be t reated using any 

available DDM-algor ithm . I n par t icular,  two of 

the four FXU/cniqtkvjou m ent ioned above were 

obtained by applicat ion of the well- known and 

very  ef fect ive algor it hm s BDDC and FETI - DP 

[ Dohrm ann, 2003;  Farhat  et  al.,  1991;  Farhat  

et  al.,  2000;  Farhat  gv"cn0,  2001;   Mandel gv"cn0,  
1993;  Mandel gv"cn0,  1996;  Mandel and Tezaur, 

1996;  Mandel gv"cn0,  2001;  Mandel gv"cn0,   2003;  

Mandel et  al.,   2005;  J. Li gv"cn0,  2005;  Toselli et  

cn0,  2005] ;  these will be referred to as the FXU/
DFFE and FXU/HGVK/FR algor ithm s. The other 

two, which will be referred to as the FXU/RTKOCN 

and FXU/FWCN algor it hm s,  were obtained by 

applicat ion of two new algorithm s that  had not  

been previously reported in the literature [ Herrera 

et  al.,  2011;  Herrera et  al.,  2010;  Herrera et  

al.,  2009;  Herrera gv"cn0,  2009;  Herrera, 2008;  

Herrera, 2007] . As said before, the four FXU/
cniqtkvjou const itute a group of precondit ioned 

cpf"eqpuvtckpgf"cniqtkvjou"vjcv."hqt"vjg"Ýtuv"vkog."
hwnÝnn" vjg"FFO/rctcfkio [ Herrera et  al.,  2013;  

L.M. de la Cruz gv"cn0,  2012] .

Both, BDDC and FETI -DP, are very well-known 

[ Dohrm ann, 2003;  Farhat  et  al.,  1991;  Farhat  

et  al.,  2000;  Farhat  et  al.,  2001;   Mandel gv"cn0,  
1993;  Mandel gv"cn0,  1996;  Mandel and Tezaur, 

1996;  Mandel et  al.,  2001] ;  and both are highly 

ghÝekgpv0"Tgegpvn{."kv"ycu"guvcdnkujgf"vjcv"vjgug"
two methods are closely related and its numerical 

perform ance is quite sim ilar [ Mandel et  al.,  2003;  

Mandel et  al.,  2005] . On the other hand, through 

num erical experim ents, we have established that  

the num erical perform ances of each one of the 

m em bers of FXU/cniqtkvjou group (FXU/DFFE,  

FXU/HGVK/FR,  FXU/RTKOCN and FXU/FWCN)  are 

very sim ilar too. Furthermore, we have carried out  

com parisons of the perform ances of the standard 

versions of BDDC and FETI -DP with FXU/DFFE 

and FXU/HGVK/FR,  and in  all such num er ical 

experim ents the DVS algorithm s have perform ed 

ukipkÝecpvn{"dgvvgt0

Each FXU/cniqtkvjo possesses the following 

conspicuous features:

̋"Kv"hwnÝnnu"vjg"FFO/rctcfkio;

̋"Kv"ku"crrnkecdng"vq"u{oogvtke."pqp/u{oogvtke"
cpf"kpfgÝpkvg"ocvtkegu"*k0g0."pgkvjgt"rqukvkxg."pqt"
pgicvkxg"fgÝpkvg+="cpf

̋"Kv"ku"rtgeqpfkvkqpgf"cpf"eqpuvtckpgf."cpf"jcu"
wrfcvg"pwogtkecn"ghÝekgpe{0

Furtherm ore, the uniform ity of the algebraic 

uvtwevwtg"qh"vjg"ocvtkz/hqtowncu"vjcv"fgÝpg"gcej"
one of them  is rem arkable.

This art icle is organized as follows. I n Sect ion 

4"vjg"dcuke"fgÝpkvkqpu"hqt"vjg"FXU"htcogyqtm"ctg"
ikxgp="jgtg"yg"fgÝpg"vjg"ugv"qh"Òfgtkxgf/pqfguÓ."
internal, interface, pr im al and dual nodes, the 

Òfgtkxgf/xgevqt/urcegÓ."coqpi"qvjgtu0"Ugevkqp"5"
ku"fgxqvgf"vq"fgÝpg"vjg"pgy"ugv"qh"xgevqt"urcegu"
that  conform s the DVS fram ework;  the Euclidean 

kppgt"rtqfwev."ku"cnuq"fgÝpgf"jgtg0"Kp"Ugevkqp"6"
vjg"Òvtcpuhqtogf/rtqdngoÓ"qp"vjg"fgtkxgf/pqfgu"
is explained in detail, and this is our start ing point  

vq"fgÝpg"vjg"FXU"cniqtkvjou0"Ugevkqp"7"rtgugpvu"
a sum m ary of the four DVS-algor ithm s:  DVS-

BDDC, DVS-FETI-DP, DVS-PRIMAL and DVS-DUAL. 

I n Sect ion 6 we give the num erical procedures 
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yg"wug" vq" hwnÝnnkpi" vjg"FFO/rctcfkio."cpf"yg"
explain  in  det ai l  t he im plem ent at ion issues. 

Finally,  in Sect ion 7 we show som e num erical 

results obtained after the applicat ion of the DVS-

algor ithm s in the solut ion of several boundary 

values problem s of interest  in Geophysics. We 

studied exam ples for a single-equat ion, for the 

ecugu"qh"u{oogvtke."pqp/u{oogvtke"cpf"kpfgÝpkvg"
problems. We also present  results for an elast icity 

problem , where a system  of PDE equat ions is 

solved.

2 . DVS Fram ew ork: A Sum m ary

The Òfgtkxgf/xgevqt/urceg" htcogyqtm" *FXU/
htcogyqtm+Ó is applied to the discrete system  

of equat ions that  is obtained after  the par t ial 

different ial equat ion, or system of such equat ions, 

has been discret ized. The procedure is independent  

of the m ethod of discret izat ion that  is used. Thus, 

vjg"FXU/htcogyqtmÓu"uvctvkpi"rqkpv"ku"c"u{uvgo"
of linear algebraic equat ions that  is referred to as 

the Òqtkikpcn"rtqdngoÓ:

 

( ( (
Au fA

 (2.1)

However,  in t he FXU" set t ing one does not  

work with the set  of nodes or iginally used for 

d iscret izing t he problem  t he qtkikpcn/pqfguÓ 
(Figure 1) .  I nstead, one uses an auxiliary set  

of nodes:  the Òfgtkxgf/pqfguÓ.  Each one of such 

nodes has the property that  it  belongs to one and 

only one subdom ain of the eqctug"oguj.  

I ndeed, generally  after  a eqctug/oguj has 

been int roduced, som e qtkikpcn/pqfgu belong to 

m ore than one subdom ain of the eqctug/oguj 

(Figure 2) , which is inconvenient  for achieving the 

FFO/rctcfkio. Therefore, in the"FXU/htcogyqtm,  

each qtkikpcn/pqfg that  belongs to m ore than one 

subdom ain is divided into as m any new nodes –

the fgtkxgf/pqfgu (Figure 3)  -  as subdom ains it  

belongs to. Then, the fgtkxgf/pqfgu so obtained 

are dist r ibuted into the eqctug/oguj subdom ains 

so that  each fgtkxgf/pqfg is assigned to one and 

only one subdom ain of the eqctug/oguj (Figure 

4) . Once this has been done, a convenient  notat ion 

is to label each"fgtkxgf/pqfg by a pair  of natural 

pwodgtu<"vjg"Ýtuv"qpg"kpfkecvkpi"vjg"qtkikpcn/pqfg 

from  which it  derives and the second one, the 

subdom ain to which it  is assigned.

Figure 1 .  The Òqtkikpcn"pqfguÓ0 Figure 2 .  The original nodes in the eqctug/oguj0

Figure 4 .  The fgtkxgf/pqfgu dist r ibuted in the eqctug/
ogujFigure 3 .  The okvquku0
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Vjg" tgcn/xcnwgf" hwpevkqpu"fgÝpgf" kp" vjg" ugv"
of fgtkxgf/pqfgu const itute a vector-space:  the 

Òfgtkxgf/xgevqt/urcegÓ,  W.  This space becom es a 

Ýpkvg/fkogpukqpcn"Jkndgtv/urceg"yjgp"kv"ku"uwrrnkgf"
with the inner-product  that  is usually int roduced 

yjgp"fgcnkpi"ykvj"tgcn/xcnwgf"hwpevkqpu"fgÝpgf"kp"
a set  of nodes;  this is referred to as the Gwenkfgcp"
kppgt/rtqfwev.

Afterwards, a new problem  ( referred to as the 

Òvtcpuhqtogf"rtqdngoÓ+"ku"fgÝpgf"kp"vjg"fgtkxgf/
xgevqt/urceg,  which is equivalent  to the or iginal 

system  of discrete equat ions. Thereafter, all the 

num erical and com putat ional work is carr ied out  

in the FXU/urceg.

Before leaving this Sect ion, we dwell a lit t le 

further on the meaning of a eqctug/oguj. By it , we 

mean a part it ion of Y"into a set  of non-overlapping 

subdom ains { Y
1
, . . ., "YG} , such that  for each c= 1, 

.. .,  G,  Yc,  is open and:

 

Ω Ω Ω Ωα β α
α

∩ = ∅
=

 and 
1

E

∪⊂
 (2.2)

Where Ωα  stands for the closure of Yc.  The 

set  of Òuwdfqockp/kpfkeguÓ will be 

 
ˆ ,...,Ε ≡ { }1 E

 (2.3)

Ν̂α ,  c= 1,...,  G,  will be used for the subset  of 

qtkikpcn/pqfgu that  correspond to nodes pertaining 

to Ωα 0" Cu" wuwcn." pqfgu"yknn" dg" encuukÝgf" kpvq"
ÒkpvgtpcnÓ and Òkpvgthceg/pqfguÓ:  a node is internal 

if  it  belongs t o only  one par t it ion- subdom ain 

closure and it  is an kpvgthceg/pqfg, when it  belongs 

to m ore than one. For the applicat ion of fwcn/
rtkocn"m ethods, kpvgthceg/pqfgu" ctg" encuukÝgf"
into ÒrtkocnÓ and ÒfwcnÓ"pqfgu0"Yg"fgÝpg<

ˆ ˆΝ ΝΙ⊂  as the set  of kpvgtpcn/pqfgu;

ˆ ˆΝ ΝΓ ⊂  as the set  of kpvgthceg/pqfgu;

ˆ ˆ ˆΝ Ν ΝΓπ ⊂ ⊂  as the set  of rtkocn/pqfgu1;  

and

ˆ ˆΝ Ν⊂∆  as the set  of fwcn/pqfgu.

The set  of rtkocn/pqfgu is required to be a 

subset  of Ν̂Γ and, in principle, could be otherwise 

chosen  ar b i t rar i ly.  How ever,  t he algor i t hm s 

considered by fqockp"fgeqorqukvkqp"ogvjqfu are 

iterat ive-algorithms and their rate of convergence 

depends crucially  on t he select ion of t he set  

Ν̂π .  Thus, cr iter ia for select ing Ν̂π  have been 

studied extensively (see [ Toselli gv"cn0,  2005] , for 

detailed discussions of this topic) . Each one of the 

following two fam ilies of node-subsets is disjoint  :  

ˆ , ˆΝ ΝΙ Γ{ } and ˆ , ˆ , ˆΝ Ν ΝΙ π{ }∆ . Furthermore, these 

pqfg"uwdugvu"hwnÝnn"vjg"tgncvkqpu<

 
ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆΝ Ν Ν Ν Ν Ν Ν Ν ΝΙ Γ Ι Γ= ∪ = ∪ ∪ = ∪π π and ∆ ∆  

  (2.4)

Throughout  our  developm ent s t he or iginal 

ocvtkz"
(
A  is assum ed to be non-singular ( i.e., it  

fgÝpgu"c"dklgevkqp"qh"W‹  into itself ) . The following 

assumption ( ÒczkqoÓ)  is also adopted in throughout  

the FXU/htcogyqtm:  “When the indices p ∈Ν̂α  

and q ∈Ν̂β  are kpvgtpcn"qtkikpcn/pqfgu,  while c"
”"d ,  then p ∈Ν̂α  and q ∈Ν̂β  are unconnected”. 

We recall that  unconnected m eans:

 

( (
A A

pq qp
A A 0  (2.5)

3 . The Derived- Vector Space ( DVS)

Kp"qtfgt" vq"jcxg"cv"jcpf"c" uwhÝekgpvn{"igpgtcn"
htcogyqtm." yg" eqpukfgt" hwpevkqpu" fgÝpgf" qp"
the set  X of fgtkxgf/pqfgu"whose value at  each 

fgtkxgf/pqfg is a dD(Vector.  The num er ical 

applicat ions that  will be discussed in this paper 

correspond to two possible choices of d:  when the 

applicat ion refers to a single part ial different ial 

equat ion (PDE) , d= 1, and for the problem s of 

elast ici t y  t hat  w il l  be considered,  which are 

governed by a three-equat ions system , d= 3.

I ndependent ly of the chosen value for d,  the 

set  of such funct ions const itute a vector space, 

W,  refer red t o as t he Òfgtkxgf/xgevqt" urcegÓ.  
When u Wæ ,  we write u(p,  c)  for the value of 

u at  the fgtkxgf/pqfg" (p,  c) . We observe that , 

in general,  u(p,  c)  it self is a d(Vector and we 

adopt  the notat ion u(p,  c,  i) , i= 1, ...,  d.  For the 

i(th com ponent  of u(p,  c) . When d= 1 the index 

i is irrelevant  and, in such a case, will deleted 

throughout .

For every pair of functions, uŒW and wŒW, the 

ÒGwenkfgcp"kppgt"rtqfwevÓ"ku"fgÝpgf"vq"dg

1I n order to m im ic standard notat ions, we should have used R" instead of the nqy/ecug r0"Jqygxgt."vjg"oqfkÝgf"
fgÝpkvkqpu"ikxgp"jgtg"{kgnf"uqog"eqpxgpkgpv"cnigdtcke"rtqrgtvkgu0
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 u w u p w p
p

i ⊙= ( ) ( )
( )∈
∑ , ,
,

α α
α Χ

 (3.1)

Here, u(p,  c)  ⊙  w(p,  c)  stands for the inner-

product  of the dD(Vectors involved;  thus,

 u p w p u p i w p i
i

n

, , , , , ,α α α α( ) ( ) ≡ ( ) ( )
=
∑⊙

1  (3.2)

A fundam ental property of the fgtkxgf/xgevqt"
urceg W."ku"vjcv"kv"eqpuvkvwvgu"c"Ýpkvg"fkogpukqpcn"
Jkndgtv/urceg with respect  to the Gwenkfgcp"kppgt/
rtqfwev.

Let  W' Ł"W be a linear subspace and assum e 

M Ł"X is a subset  of fgtkxgf/pqfgu.  Then, the 

notat ion W’(M)  w ill be used to represent  t he 

vector subspace of W’,  whose elem ents vanish 

at  every fgtkxgf/pqfg that  does not  belong to M.  

Furtherm ore, corresponding to each nqecn"uwdugv"
qh"fgtkxgf/pqfgu,  Xc,  there is a Ònqecn"uwdurceg"qh"
fgtkxgf/xgevqtuÓ,  Wc."yjkej"ku"fgÝpgf"d{

 
W W Xα α≡ ( )

 (3.3)

Clearly, when uŒWc"Ł"W,  u(p,  d)= 0 whenever d"Œc.  We observe that  

 W =W1¸000"¸WE (3.4)

A derived-vector uŒW is said to be eqpvkpwqwu 

when u(p,  c)  is independent  of c.  The set  of 

eqpvkpwqwu"xgevqtu const itute the linear subspace, 

W
12

.

The orthogonal com plem ent  (with respect  to 

the Euclidean inner-product )  of W
12

 Ł"W is W
11

 Ł"
W.  Then W=  W

11
¸W

12
.  Two project ion-m at r ices 

a W W: fl  and j W W: fl  are here int roduced;  

they are the project ion-operators, with respect  

to the Gwenkfgcp" kppgt/rtqfwev"on W
12

 and W
11

,  

respect ively. When uŒW,  one has

 

u u u
u ju W

u au W
= +

≡ ∈

≡ ∈

⎧
⎨
⎪

⎩⎪
11 12

11 11

12 12

 with 

 (3.5)

the vectors ju  and au  are said to be the ÒlworÓ 

and the ÒcxgtcigÓ"of u,  respect ively. Therefore, 

W
11

 is the Ò¦gtq/cxgtcigÓ subspace, while W
12

 is 

the Ò¦gtq/lworÓ subspace.

Qtkikpcn/pqfgu"ctg"encuukÝgf"kpvq"ÒkpvgtpcnÓ and 

Òkpvgthceg/pqfguÓ:  a node is internal if it  belongs to 

only one subdom ain-closure of the eqctug/oguj,  

and it  is an kpvgthceg/pqfg when it  belongs to 

more than one of such closure-subdomains. Some 

uwdurcegu."ukipkÝecpv"hqt"qwt"fgxgnqrogpvu."ctg"
listed next :

W W
I
≡ ( )Ι

;

W WΓ Γ≡ ( )
;

W Wπ π≡ ( )
;

W W≡ ( )∆∆ ; and

W WΠ Π≡ ( )
.  

At  present , numerically compet it ive algorithms 

need to incorporate tguvtkevkqpu and to this end, 

in the FXU/htcogyqtm,  a Òtguvtkevgf"uwdurcegÓ"W
r
 Ł"W is selected. I n the developm ents that  follow, 

it  is assum ed that :

 
W W aW W

r
≡ + +Ι π ∆  (3.6)

The m at r ix a
r
 will be the project ion-operator 

on W
r
. We observe that  when uŒ(WK+ WF) , one has 

a u u
r = .  We also not ice that

 W =WK¸WI?WK¸Wr¸WF (3.7)

4 . The Transform ed Problem

The vtcpuhqtogf/rtqdngo"eqpukuvu"kp"Ýpfkpi"uŒW 
such that

 a A u f ju
t A A and 0  (4.1)

Where:

 

A A
t

E

≡
=
∑ α

α 1  (4.2)

and

 

( ( (
(

A A A
A

p q
pq pq

pq pqα α α
αδ

≡ ( ) ≡ ( ) with 
s ,  (4.3)

together with

 

m p q s p q
p q

p
pq

E

, ,
, ,

,
( ) ≡ ( ) ≡ ( )

=
∑δα
α 1

1
 and 

 when m = 0

m qq p q( ) ( ) ≠
⎧
⎨
⎪

⎩⎪ , , when m 0 
 

  (4.4)

Th e f u n ct ion  m ( p, q)  i s sa id  t o  b e t h e 

Òownvkrnkekv{Ó of  t he pair  ( p, q) .  The Òfgtkxgf/
pqfguÓ are created after a eqctug/oguj has been 



A. Carr illo-Ledesm a, I . Herrera and L.M. de la Cruz

298      VOLUME 52 NUMBER 3

in t roduced,  by  div iding t he qtkikpcn/pqfgu as 

explained in the Overview (Sect ion 2) , and then 

with each Òfgtkxgf/pqfgÓ we associate a unique 

pair of numbers (p, c) such that cŒΕ̂ "and p ∈Ν̂α.  
I n what  follows, we ident ify fgtkxgf/pqfgu with 

such pairs.

Then, in order to incorporate the const raints, 

yg"fgÝpg

 
W W W aW

r
≡ ( ) + ( ) + ( )Ι π∆

 (4.5)

then, the m at r ix A W W
r r

: fl "fgÝpgf"d{"

 
A a A a

r t r‰
 (4.6)

has the property that

 
a Aa a A a

tA
 (4.7)

Hence, Eq. (4.1)  is replaced by

 
a Au f juA A and 0

 (4.8)

For matrices and vectors the following notat ion 

is adopted:

 

A
A A

A A

u
u

u
u

≡
⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

≡
⎛

⎝⎜
⎞

⎠⎟
∈

ΠΠ Π

Π

Π

; 

 for any WW

u
u

u
u W

 

 for any ≡
⎛

⎝⎜
⎞

⎠⎟
∈ ( )

⎧

⎨

⎪
⎪

⎩

⎪
⎪

Ι Π
π

∆

∆

∆

∆∆
 

  (4.9)

where the m at r ices

 

A W W A W W

A W W

r r r r

r r

ΠΠ Π

Π

Π Π Π

Π

: :

:

( )→ ( ) ( )→ ( )
( )→ (

,  

)) ( )→ ( ),  A W W
r r

:

∆

∆∆
∆

∆∆ ∆
∆

 

  (4.10)

furtherm ore,

 

A

A A a

a A a A a

t t r

r t r t rΠΠ

∆Π

ΙΙ Ι

Ι

≡
( ) ( )
( ) ( )

          

 

π

π ππ

⎛⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

≡
( )
( )

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

,  

    

A

A

a A

A

t

r tΠ∆

Ι∆

π∆

∆∆ ∆∆Ι
≡ ( ) ( )⎛
⎝

⎞
⎠ ≡ ( )⎛

⎝         ,   A A a A A
t t r t

∆π

⎞⎞
⎠∆   

  (4.11)

The m at r ix A W W: fl  will be referred to as 

the Òvtcpuhqtogf/ocvtkzÓ. We observe that  A A
tA

when π = ∅ .

I n turn, the vtcpuhqtogf"rtqdngo"of (4.8)  can 

be reduced, see [ Herrera et  al.,  2010;  Herrera et  

cn0, 2009;  Herrera, 2008;  Herrera, 2007;  Farhat  et  

cn0,  2000]  for details, into the following problem , 

which is expressed in term s of the values of the 

solut ion at  fwcn/pqfgu,  exclusively:  “Find uFŒW 
(F+"vjcv"ucvkuÝgu
 aSu f ju= = and 0

∆∆ ∆  (4.12) ”

Here, f aW∈ ( )∆∆
 and the ÒUejwt/eqorngogpv"

ocvtkz"ykvj"eqpuvtckpvuÓ"ctg"fgÝpgf"d{

 
f f A A f

Π ΠΠ Π
≡ − ( )−1∆ ∆∆  (4.13)

and

 
S A A A A≡ − ( )−Π ΠΠ Π

1

∆∆ ∆ ∆  (4.14)

respect ively.

5 . The DVS- Algorithm s

Ge n e r a l l y  t w o  k i n d s  o f  a p p r o a ch e s  a r e 

dist inguished:  primal –these are direct approaches, 

which do not  resort  to Lagrange m ult ipliers-  and 

dual – indirect  approaches t hat  use Lagrange 

mult ipliers- . However, when DDMs are formulated 

using a set t ing as general as that  supplied by the 

FXU/htcogyqtm,  such a dist inct ion is irrelevant . 

The feat ure t hat  is conspicuous for  dif ferent  

opt ions is t he inform at ion t hat  t he algor it hm  

seeks. I ndeed, four algorithms will be obtained by 

seeking successively for the vectors:  uF, S jSu
−1

∆,  

jSu∆,  and Su∆.  However, in the presentat ion that  

follows we st ick to the Òrtkocn"xu0"fwcn/cniqtkvjouÓ 
encuukÝecvkqp0

5 .1  Prim al Form ulat ions

The DVS Version of BDDC

This is a pr im al algorithm  which seeks direct ly for  

uF.  Pre-m ult iplying Eq. (4.12)  by aS
11

,  one gets:

 
aS aSu aS f ju

− −
= =

1 1
0 and 

∆ ∆∆
 (5.1)

I n [ Farhat  gv"cn0,  2000] , it  was shown that  Eq. 

(5.1)  is equivalent  to Eq. (4.12) . This equat ion is 

the DVS-version of BDDC.

The DVS- Prim al Algorithm

For this algorithm , the uqwijv/kphqtocvkqp is:
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v ≡ −

−
S jSu

1

∆ ∆
 (5.2)

Apply ing t o aS  Eq.  ( 5 .2)  i t  is seen t hat  

aSv = 0∆
.  Furtherm ore,

 
j S f j S aS S jS u ju

− − −
+( ) = +( ) = =

1 1 1
0v∆∆ ∆ ∆ ∆  

  (5.3)

Therefore

 
j jS f aSv v= − =

−1
0 and ∆ ∆∆  (5.4)

Gs0"*706+"fqgu"pqv"fgÝpg"cp"kvgtcvkxg"cniqtkvjo0"
I n order to obtain such an algorithm , we project  

on jS
−1
W∆ ,  to obtain:

 
S jS j S jS jS f aS
− − −

= − =
1 1 1

0v v and ∆∆∆
  

  (5.5)

This algorithm is referred to as the ÒFXU/rtkocn"
cniqtkvjoÓ.  The solut ion is given by

 
u a S f= +( )−

v
1

∆∆ ∆  (5.6)

We obser v e t hat  w e cou ld  hav e w r i t t en 

u S f= +
−

v
1

∆ ∆ ∆
 instead of Eq. (5.6) . However, 

the applicat ion of the project ion operator a  is 

im portant  when xF"and S f
−1

∆
are not  com puted 

with exact  ar ithm et ic, as it  is the case when using 

num erical m ethods, because when it  is applied 

it  replaces v +
−

S f
1

∆ ∆
by the cont inuous-vector 

closest  (with respect  to the Euclidean distance)  

to it .

5 .2  Dual Form ulat ions

The DVS Version of FETI - DP

For  t h is algor it hm  t he uqwijv/kphqtocvkqp is 

fgÝpgf"vq"dg<"λ ≡ − jSu∆ ∆ .  This algorithm  can 

be easily derived from the FXU/rtkocn formulat ion 

that  has just  been presented. We observe that  

v =
−

S
1
λ∆ ∆

,  λ = Sv∆ ∆
,  in view of Eq. (5.2) , and 

aλ = 0∆
 . This permits t ransform ing Eq. (5.5)  into

 S jS jS S jS jS f a
− −

= =
1 1

0λ λ and ∆ ∆ ∆   

  (5.7)

Applying S
11
"vq"vjg"Ýtuv"qh"vjgug"gswcvkqpu."

it  is obtained:

 
jS jS jS jS f a

− −
= =

1 1
0λ λ and 

∆ ∆ ∆
 (5.8)

As for Eq. (5.6) , it  becom es:

 
u aS f j= −( )−1

λ∆∆ ∆  (5.9)

The DVS- Dual Algorithm

In this algorithm, the uqwijv/kphqtocvkqp is:  μ ≡ Su∆∆
.  

Then, u S=
−1
μ

∆ ∆
. Replacing this in Eq. (5.1), one gets:

 aS a SaS f jS
− − −

= =
1 1 1

0μ μ and 
∆ ∆∆

  

  (5.10)

Finally,  m ult iply ing by S " vjg" Ýtuv" qh" vjgug"
equalit ies, it  is obtained:

 
SaS a SaS f jS

− − −
= =

1 1 1
0μ μ and 

∆ ∆ ∆  (5.11)

When μ
∆

is known, uF"can be recovered by 

m eans of 

 
u aS f= +( )−1

μ∆ ∆ ∆  (5.12)

A com m ent  sim ilar to that  m ade im m ediately 

after Eq. (5.6) , goes here:  we have applied the 

project ion m at r ix a ,  in Eq. (5.12)  because we 

are assum ing that  exact  ar ithm et ic generally will 

not  be used.

80"Pwogtkecn"Rtqegfwtgu"HwnÝnnkpi"vjg"FFO/
Paradigm

Summarizing, the precondit ioned FXU/cniqtkvjou 

with const raints are:

 aS aSu aS f ju
− −

= =
1 1

0  and  DVS - BDDC;∆ ∆ ∆   

  (6.1)

 

jS jS jS jS f a
− −

= =
1 1

0λ λ  and  DVS - FETI - DP

      

;

                  where u aS f j= −( )−1
λ

∆ ∆ ∆

∆∆ ∆
  

  (6.2)

 

S jS j S jS jS f aS
− − −

= =
1 1 1

0v v  and   DVS - PRIMAL

  

;

                   where u aS f jS= −( )−1
v

∆ ∆ ∆

∆ ∆ ∆
  

  (6.3)

 

SaS a SaS aS jS f jS
− − − −

= =
1 1 1 1

0μ μ  and     DVS - DU; AAL

                            where u aS f= +
−1

μμ( )
∆ ∆ ∆

∆ ∆

  

  (6.4)
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6 . 1  Com m e n t  on  t h e  D V S N u m e r ica l 
Procedures

The outstanding uniform ity of the form ulas given 

in Eqs. (6.1)  to (6.4)  yields clear advantages for 

code developm ent , especially when such codes 

are built  using obj ect - or ient ed program m ing 

techniques. Such advantages include:

I . The const ruct ion of very robust  codes. This 

is an advantage of t he FXU/cniqtkvjou,  

yjkej"uvgou"htqo"vjg"hcev"vjg"fgÝpkvkqpu"qh"
such algorithm s exclusively depend on the 

discret ized system  of equat ions, obtained 

after discret izat ion of the part ial different ial 

equat ions considered ( referred to as the 

qtkikpcn" rtqdngo) , but  which is otherwise 

independent  of the problem  that  m ot ivated 

it .  I n this m anner, for exam ple, essent ially 

the sam e code was applied to t reat  2-D and 

5/F"rtqdngou="kpfggf."qpn{"vjg"rctv"fgÝpkpi"
the geom etry had to be changed, and that  

was a very sm all part  of it ;

I I .  The codes m ay use different  local solvers, 

which can be direct  or iterat ive solvers;

KKK0" Okpkocn"oqfkÝecvkqpu" ctg" tgswktgf" hqt"
t ransform ing sequent ial codes into parallel 

ones;  and

I V. Such formulas also perm it  developing codes 

yjkej"hwnÝnn"vjg"FFO/rctcfkio;  i.e., in which 

“ the solut ion of the global problem is obtained 

by exclusively solving local problems”.

This last  property m akes the DVS-algorithm s 

v er y  su i t ab le  as a  t oo l  t o  be u sed  in  t h e 

const ruct ion of m assively-parallelized software, 

uq"owej"pggfgf"hqt"ghÝekgpvn{"rtqitcookpi"vjg"
m ost  powerful parallel com puters available at  

present . I n the next  Subsect ion, procedures for 

const ruct ing codes possessing Property I V are 

explained with som e detail.

All the DVS-algorithm s of Eqs. (6.1)  to (6.4)  

ar e i t erat ive and can  be im plem ent ed w i t h 

recourse to Conjugate Gradient  Method (CGM), 

yjgp" vjg"ocvtkz" ku" fgÝpkvg" cpf" u{oogvtke." qt"
som e other iterat ive procedure such as GMRES, 

when that  is not  the case. At  each iterat ion step, 

depending on the FXU/cniqtkvjo that  is applied, 

one has to com pute the act ion on a fgtkxgf/
xgevqt"of one of the following matrices:  aS aS

11

,  

jS jS
11

,  S jS j
11

 or SaS a
11

.  Such m at r ices in 

turn are different  perm utat ions of the m at r ices 

S , S
11

, a  and j . Thus, to implement  any of the 

precondit ioned FXU/cniqtkvjou,  one only needs 

to separately develop codes capable of comput ing 

the act ion of each one of the m at r ices S ,  S
11

,  a

or j  on an arbit rary fgtkxgf/xgevqt,  of W.

Th e r e f o r e ,  n ex t  w e  p r esen t  n u m er i ca l 

procedures for  com put ing t he applicat ion of 

each one of the m at r ices S ,  S
11

,  a  and j ,  

yjkej" hwnÝnn" vjg"FFO/rctcfkio.  I t  will be seen 

that  only  a  requires exchange of inform at ion 

between der ived-nodes belonging t o dif ferent  

subdom ains;  actually,  between fgtkxgf/pqfgu 

that  are descendants of the sam e qtkikpcn/pqfg 

( t he exchange of inform at ion is m inim al) .  As 

for  j I a= − ,  once the act ion of a  has been 

com puted, no further exchange of inform at ion 

is required.

6 .2  Applicat ion of S

Htqo"Gs0"*6035+."yg"tgecnn" vjg"fgÝpkvkqp"qh"vjg"

m at r ix  S A A A A≡ − ( )−Π ΠΠ Π

1

∆∆ ∆ ∆
.  I n  or der  t o 

evaluate the act ion of S  on any fgtkxgf/xgevqt,  

we need to successively evaluate the act ion of 

the following m at r ices A
Π∆

,  A
ΠΠ

−1
,  A

Π∆
 and A

∆∆
.  

Nothing special is required except  for A
ΠΠ( )−1 .  A 

procedure for evaluat ing the act ion of this matr ix, 

yjkej"hwnÝnnu"vjg"FFO/rctcfkio is explained next .

We have

 

A
A A

A A

A A a

a

t t r

ΠΠ

ΙΙ Ι

Ι

ΙΙ Ι≡
⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

 

 

         
π

π ππ

π

rr t r t r
A a A a
π ππΙ

 

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

  

  (6.5)

Let  xŒW,  be an arbit rary fgtkxgf/xgevqt,  and 

write

 
w A≡ ( )−ΠΠ

1

v
 (6.6)

Then, w w w W= + ∈Ι π  is character ized by

 

σππ π π π
A w A A
ΠΠ Ι ΙΙ Ι( ) = − ( )⎧

⎨
⎩

⎫
⎬
⎭

−
v v

1

, subjected to jj w

w A A w

π
π

π π

=

= ( ) −{ }
0

1

Ι ΙΙ Ι Ι

1

v
 

  (6.7)

and can obtained iterat ively. Here,
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σππ ππ π π

A A A A A
ΠΠ Ι ΙΙ Ι( ) ≡ − ( )⎧

⎨
⎩

⎫
⎬
⎭

−1

 (6.8)

and, with a
t

 as the project ion-m at r ix  into 

W
r
π( ),  j a

π π
≡ −Ι .

Yg"qdugtxg"vjcv"hwnÝnnkpi"vjg"FFO/rctcfkio 

w h en  co m p u t i n g  t h e  a c t i o n  o f  A
ΙΙ( )−1  i s 

st raight forward because

 
A A

E

ΙΙ ΙΙ( ) = ( )− −

=
∑

1 1

1

α

α
 (6.9)

is paral lel izab le.  Once vπ π∈ ( )W
r

has been 

obtained, to derive X
I 
one can apply:

 
v vΙ ΙΙ Ι Ι
= ( ) −( )−

A w A
1

π π  (6.10)

this com pletes the evaluat ion of S .

6 .3  Applicat ion of S
-1

Yg"fgÝpg

 Σ Ι≡ ∪∆  (6.11)

and observe that

   

 Σ Χ Σ∪ = ∩ = ∅π π  and   (6.12)

Therefore, the m at r ix A
11

 can be writ ten as:

 

A

A A

A A

A
−

− −

− −

−

=
( ) ( )
( ) ( )
⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
=
(

1

1 1

1 1

1

ΠΠ Π

Π

)) ( )
( ) ( )
⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

−

− −

ΣΣ Σ

Σ

A

A A

1

1 1

π

π ππ∆ ∆∆

∆

  

  (6.13)

Furtherm ore, S W W: →∆ ∆ "hwnÝnnu

 
S A
− −
= ( )1 1

∆∆  (6.14)

Anot her  proper t y  t hat  is relevant  for  t he 

following discussion is:

 W W
r
Σ Σ( ) = ( )  (6.15)

for any xŒW,  let  us write

 w A≡
−1

v  (6.16)

then, wt "hwnÝnnu

 σππ π π π πA w A A w j
t r( ) = − ( ) =

−

v v
Σ ΣΣ Σ

1

0, subjected to  

  (6.17)

Here, j a
r r
≡ −Ι ,  where the m at r ix a

r
 is the 

project ion operator on W
r
,  while

 
σππ ππ π π

A A A A A
t( ) ≡ − ( )−Σ ΣΣ Σ

1

 (6.18)

Furtherm ore, we observe that

 

A A
t

E

ΣΣ ΣΣ( ) = ( )− −

=
∑

1 1

1

α

α  (6.19)

I n order  t o use Eq.  ( 6.19)  as a m eans of 

parallelizing the DVS-algor ithm s, however, the 

detailed discussion of such procedures will be 

presented separately [ Herrera et  al.,  2013;  L.M. 

de la Cruz gv"cn0,  2013] . I t  is necessary that  the 

local m at r ices, A
ΣΣ

α
,  be invert ible. This is granted 

when inver t ib le A  in  W
r
,  which generally  is 

cejkgxgf"d{"vcmkpi"c"uwhÝekgpvn{"nctig"pwodgt"qh"
rtkocn/pqfgu.

Eq. (6.17)  is solved iterat ively. Once vt  has 

been obtained, we apply:

 
v vΣ ΣΣ Σ Σ
= ( ) −( )−

A w A
t

1

π π
 (6.20)

This procedure perm its obtaining A w
11

 in full;  

however, we only need A w
−( )1
∆∆

.  We observe 

that

 

A w A w
− −( ) = ( )1 1

∆∆ ∆ ∆
 (6.21)

The vector  A w
−1

∆
 can be obtained by the 

general procedure presented above. Thus, take 
w w W W≡ ∈

∆ ∆
⊂  and

 
v ≡

−
A w

1

∆  (6.22)

Therefore,

 v v v v vΙ Σ ΣΣ Σ ΣΣ Σ
+ = = −( ) = −( )− −

A A A A a
t t t r

1 1

π π π π .
∆   

  (6.23)
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the eqctug/oguj ( i.e., the domain decomposit ion)  

used. The eqctug/oguj"is const ituted by a fam ily 

of non-overlapping subdom ains { Y
1
, . . ., "YG}  of Y,  

vjg"fqockp"qh" fgÝpkvkqp" qh" vjg"dqwpfct{/xcnwg"
problem  to be solved. I n all the exam ples that  

are presented in this art icle, the eqpuvtckpvu are 

fully determ ined by the rtkocn/pqfgu and consist  

in requir ing cont inuity of the fgtkxgf/xgevqtu at  

them .

Several codes were developed to t reat  the 

exam ples, which were writ ten in C+ +  language, 

using the MPI  library for the com m unicat ions. I n 

the computat ional implementat ions, the methods 

of solut ion used to t reat  the qtkikpcn/rtqdngou are:  

CGM, when such a linear system is symmetric and 

rqukvkxg/fgÝpkvg" cpf"IOTGU"yjgp" vjg" fkuetgvg"
syst em  is non- sym m et r ic or  indef in it e.  Bot h 

are applied with a tolerance of 10 -6.  Each FXU/
cniqtkvjo was applied to each one of the examples 

considered, except  for that  referr ing to elast icity. 

The results obtained for Exam ples 1 to 5 are 

sum m ar ized in Tables 1 to 5,  respect ively.  I n 

them, the acronym fqh stands for to the number of 

degrees of freedom  of the qtkikpcn"rtqdngo,  but  it  

should be m ent ioned that  the procedures used to 

t reat  such exam ples are such that  the nodes that  

lie on the external boundary do not  cont r ibute to 

the fqh.  The notat ion to indicate the m eshes that  

were adopted is as follows:  I n 2D cases, we use 

*pzo+z*szt+. where *pzo+ refers to the eqctug/
oguj,  while *szt+"to the Ýpg/oguj;  and sim ilar ly, 

in 3D cases,  we use *pzozr+z*sztzu+. where 

*pzozr+"fgÝpg"vjg"eqctug/oguj"and *sztzu+"the 

Ýpg/oguj0 The const rains are im posed on the 

pr im al nodes, in all of our experim ents the pr im al 

nodes were located at  vertex in 2D and at  edges 

in 3D of the subdom ains, this coinciding with the 

algorithm  “D”  in [ Toselli gv"cn0,  2005] .

Each Table contains at  m ost  ten colum ns. The 

Ýtuv" hqwt" kpfkecvg" tgurgevkxgn{<" 3+" vjg"ogujgu"
used, 2)  the number of subdomains of the eqctug/
oguj,  3)  the fqh,  and 4)  the num ber of rtkocn/
nodes"wugf0"Vjg"Ýiwtgu"crrgctkpi"kp"eqnwopu"7"
to 9 correspond to the num ber of iterat ions that  

were required for convergence of each one of the 

algorithm s applied. Colum ns 9 and 10 were only 

included in Table 3. For Exam ple 3, in order to 

cover a wide range of values of the Peclet-number, 

vjg"fkhhwukqp"eqghÝekgpv"kp"Gs0"*905+."v,  was varied 

and the tenth colum n in Table 3 indicates the 

different  values of v for which the corresponding 

boundary-value problem was solved. Furthermore, 

the results obtained when the DVS-algor ithm s 

were applied were com pared with those obtained 

in [ Da Conceição et  al.,  2006]  for  t he sam e 

problem , using the standard version of BDDC. 

6 .4  Applicat ion of a  and j .

We use the notat ion

 
a a

i j
= ( )( )( ), ,α β

 (6.24)

then [ Herrera gv"cn0,  2010] :

 

a
m i

i j
i j ij, ,

,
α β

δ α β( )( ) = ( ) ∀ ∈ ( ) ∀ ∈ ( )1
  and Ζ Ζ

 

  (6.25)

while j a= −Ι  therefore,

 
jw w aw w W= − ∈, for every  

 (6.26)

Therefore, only the evaluat ion of au  requires 

exchange of inform at ion between subdom ains. 

I n general,  such num bers are very sm all;  for 

example in applicat ion to single-equat ion problem, 

when an orthogonal grid is used, they are at  most :  

4, for problem s in 2D, and 8 for problem s in 3D.

As for the r ight  hand-sides of Eqs. (4.14) , all 

they can be obtained by successively applying to 

f
∆
som e of the operators that  have already been 

discussed. Recalling Eq. (4.14) , we have

 
f R f A A R f

Π ΠΠ Π
≡ ( ) − ( )−� �1

∆∆∆  (6.27)

The com putat ion of R f
(

 does not  present  

cp{"fkhÝewnv{"cpf"vjg"gxcnwcvkqp"qh"vjg"cevkqpu"qh"

A
ΠΠ( )−1  and A

Π∆
 were already analyzed.

7 . Num erical Results

Taking into account  the general descript ion of the 

DVS- fram ework given of Sect ion 2, it  can be seen 

that  each one of the DVS-algorithm s is uniquely 

fgÝpgf"d{<

1. The original-m at r ix;

2. The part it ion of the set  of or iginal-nodes, 

which is induced by the eqctug/oguj that  

is applied;  and

3. The set  of const raints.

I n turn, the or iginal-m at r ix is determ ined by 

the part ial different ial equat ion, or system of such 

equat ions, the discret izat ion m ethod chosen and 

the Ýpg/oguj adopted. As explained in Sect ion 2, 

the part it ion of the set  of or iginal-nodes depends 

when the Ýpg/oguj"jcu"cntgcf{"dggp"fgÝpgf."qp"
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7 .1  Applicat ion of the DVS- algorithm s to 
a Single- Equat ion

The applicabilit y of the FXU/cniqtkvjou is wide, 

as previously said it  can be applied to general 

equat ion systems. I n Sect ion 3, it  was announced 

that  in this paper we present  exam ples for which 

d,  t he num ber of equat ions of the system , is 

one and three. I n this Subsect ion the exam ples 

for which d= 1 will be discussed, leaving for the 

next  Subsect ion the t reatm ent  of stat ic-elast icity 

m odels, for which d= 3.

Four boundary value problem s corresponding 

vq"c"ukping/gswcvkqp"yknn"dg"rtgugpvgf0"Vjg"Ýtuv"
vyq"ctg"u{oogvtke"cpf"rqukvkxg"fgÝpkvg"dqwpfct{/
xcnwg" rtqdngou." yjqug" fgÝpkvkqp" kpxqnxgu" vjg"
Laplace d i f feren t ial  operat or.  The ot her  t wo 

correspond to advect ion-diffusion t ransport , and 

the corresponding boundary-value problem s are 

pqp/u{oogvtke"cpf"kpfgÝpkvg0"Vjg"fkuetgvk¦cvkqp"
m ethods used in this Subsect ion are based on 

egpvtcn"Ýpkvg"fkhhgtgpegu"*EHF+."yjkej"ctg"fktgevn{"
applicable to the sym m etr ic problem s. To apply 

CFD to the advect ion-diffusion problem s it  was 

necessary  t o st abilize t he advect ion- dif fusion 

fkhhgtgpvkcn/qrgtcvqt" cpf" vq" vjku" gpf" ctvkÝekcn"
diffusion was incorporated.

Desp i t e  t h e sim p l i c i t y  o f  t h e ex am p les 

present ed in  t h is Subsect ion ,  t hey  are very 

im portant  because a wide range of geophysical 

system s give r ise to sim ilar problem s [ Herrera 

and Pinder,  2012] .  The diversit y  of  physical 

interpretat ions of the boundary-value problem s 

here discussed is enorm ous. All the different ial 

qrgtcvqtu"kpxqnxgf"ecp"dg"encuukÝgf"cu"cfxgevkqp/
dif fusion operators,  since Laplace operator  is 

obtained from  the general advect ion-dif fusion 

different ial-operator when the t ransport-velocity 

vanishes. Transport  processes of heat  and solutes 

occur in a great  diversity of geophysical system s. 

However, the physical processes governed by such 

dif ferent ial- equat ions go far  beyond t ranspor t  

phenom ena.

Example 1. Poisson equation in two-dimensions.

 
− = ( ) ( ) ( )∈ −⎡⎣ ⎤⎦ × −⎡u n nx ny x y2 1 1 1 12π π π2 sin sin , , , , ⎣⎣ ⎤⎦ =

= ∂

,  

       

n

u on

100

0 Ω

∆
 

  (7.1)

We can see from Table 1, that the four algorithms 

perform  very well as the number of subdomains 

and the degrees of freedom (dof )  are increased. 

In this example, the DVS-DUAL algorithm presents 

the best  performance, requir ing only 11 iterat ions 

from 12x12 unt il 30x30 subdomains, and the same 

number of dof. All other algorithm s show sim ilar 

behavior. The num erical solut ion of this exam ple 

can be seen in the Figure 5.

Exam ple 2. Sim ilar  to Exam ple 1, but  it  is 

form ulated in a 3D dom ain.

 
− = ( ) ( ) ( )u n nx ny nz3 2π π π π2 sin sin sin ,  ∆

             
( )∈ −x y z 1 1, , ,⎡⎡⎣ ⎤⎦ × −⎡⎣ ⎤⎦ × −⎡⎣ ⎤⎦ =1 1 1 1 100, , ,  n

    

   = ∂0   u on Ω   (7.2)

I n Table 2, we observe a sim ilar perform ance 

of the algorithm s as in the two-dim ensional case. 

One more t ime the DVS-DUAL algorithm  presents 

a lit t le bet ter behavior with respect  all others.

Exam ple 3 .  The boundar y- value pr ob lem  

t reated is:

 

− + = ( )∈⎡⎣ ⎤⎦ × ⎡⎣ ⎤⎦ ≡ ( )ν u b u x y b

u x

• 0 0 1 0 1 1 3; , , , , ,

,

   

yy
x y

x y
( ) = ( )∈

( )∈
⎧
⎨
⎪

⎩⎪

0

1

1

2

, ,

, ,

  

  

ψ

ψ

∆ ∇

 

  (7.3)

Th is is an  adv ect ion - d i f f u sion  t r an spor t  

problem  in 2D, for which the different ial operator 

is not  self-adjoint .

This exam ple is very interest ing because it  

contains diffusion and advect ion term s, which 

are com m on in  several com plex  geophysics 

phenom ena. I n this exam ple, the Péclet  num ber 

i s  d e f i n ed  as Ρe b L= / ν ,  w h e r e  L i s  a 

character ist ic length ( in this case L =  1) . We also 

fgÝpg"c"nqecn"Rfiengv"pwodgt"cu" Ρe b h
h
= / ν .  

Wukpi"vjgug"fgÝpkvkqpu."Ýzkpi"vjg"inqdcn"rctvkvkqp"
to h= 1/ 512, and the varying the viscosity from  

0.01 to 0.0001, we have that  the Péclet  num ber 

varies from  316 to 316,227, and the local Péclet  

num ber varies from  0.617 to 617. I n this case 

the linear system  is non-sym m et r ic,  therefore 

we choose the GMRES m ethod with a tolerance 

of 10 -6.

I n Table 3 presents the results that  the FXU/
cniqtkvjou y ielded and com pares t hem  w it h 

those obtained in [ Da Conceição gv" cn0,  2006] . 

We observe t hat ,  w it h  f ixed eqctug and hkpg"
ogujgu."cu" vjg"xkuequkv{"eqghÝekgpv" ku" tgfwegf."
so that  the Péclet  num ber increases, generally 

the iterat ions required for convergence reduce. 

I ncreasing the Péclet  num ber im plies that  the 

effect  of the advect ion term  enlarges, and the 

num erical solut ion generally becom es unstable. 

However, the perform ance of the discret izat ion 

st rategy based on CFD combined with stabilizat ion 

qh" vjg" pwogtkecn/uejgog"d{"ogcpu" qh" ctvkÝekcn"
viscosity is resilient  to Péclet-num ber variat ions. 

For comparison purposes, the examples presented 

here were chosen t o be t he sam e as t hose 



A. Carr illo-Ledesm a, I . Herrera and L.M. de la Cruz

304      VOLUME 52 NUMBER 3

presented in [ Da Conceição et  al.,  2006] , where 

the standard BDDC algorithm  was applied with 

the sam e set  of const raints;  nam ely, the sam e 

set  of subdom ains and vertex nodes were chosen 

to be rtkocn.  As can be seen in Table 3, when 

the com parison cr iter ion is based on the num ber 

Table 1 . Num ber of iterat ions m ade by the four DVS algorithm s. The prim al nodes were located at  the 

vert ices of subdom ains.

Figure 5 .  The num erical solut ion 

for the 2D case, here we use n= 4.

Table 2 . Num ber of iterat ions m ade by the four DVS algorithm s. The prim al nodes were located at  edge.

of  i t erat ions r equ ir ed  for  conver gence,  t he 

observed perform ance of the FXU/cniqtkvjou in 

these exam ples is slight ly bet ter than that  of the 

standard BDDC algorithm. Finally, an illustrat ion of 

the kind of num erical solut ion obtained is shown 

in Figure 7.

PARTI TI ON SUBDOMAI NS DOF PRI MALS DVS- BDDC DVS- FETI - DP DVS- PRI MAL DVS- DUAL

(2x2x2)  X (2x2x2)  8 27 7 1 1 1 1

(3x3x3)  X (3x3x3)  27 512 80 4 4 4 3

(4x4x4)  X (4x4x4)  64 3,375 351 5 4 4 3

(5x5x5)  X (5x5x5)  125 13,824 1,024 6 5 6 5

(6x6x6)  X (6x6x6)  216 42,875 2,375 7 6 7 5

(7x7x7)  X (7x7x7)  343 110,592 4,752 7 6 7 5

(8x8x8)  X (8x8x8)  512 250,047 8,575 8 6 8 5

(9x9x9)  X (9x9x9)  729 512,000 14,336 8 6 8 6

(10x10x10)  X (10x10x10)  1,000 970,299 22,599 9 6 9 6

PARTI TI ON SUBDOMAI NS DOF PRI MALS DVS- BDDC DVS- FETI - DP DVS- PRI MAL DVS- DUAL

(2x2)  X (2x2)  4 9 1 1 1 1 1

(4x4)  X(4x4)  16 225 9 1 5 5 4

(6x6)  X (6x6)  36 1,225 25 8 8 8 7

(8x8)  X (8x8)  64 3,969 49 10 10 10 9

(10x10)  X (10x10)  100 9,801 81 11 11 12 10

(12x12)  X (12x12)  144 20,449 121 12 11 12 11

(14x14)  X (14x14)  196 38,025 169 12 12 12 11

(16x16)  X (16x16)  256 65,025 225 13 11 13 11

(18x18)  X (18x18)  324 104,329 289 13 11 13 11

(20x20)  X (20x20)  400 159,201 361 13 11 13 11

(22x22)  X (22x22)  484 233,289 441 13 12 14 11

(24x24)  X (24x24)  576 330,625 529 13 12 13 11

(26x26)  X (26x26)  676 455,625 625 13 12 14 11

(28x28)  X (28x28)  784 613,089 729 13 12 14 11

(30x30)  X (30x30)  900 808,201 841 13 12 14 11



GEOFÍSICA INTERNACIONAL

JULY - SEPTEMBER 2013      305

The r elat ive- r esidual  decay  for  a coar se 

m esh  ( 1 6 X1 6 )  an d  sev er a l  f in e m esh es is 

present ed in Figure 8.  We consider  in  t hese 

com putat ions b= (1,3)  and v= 0.00001, in such a 

way that  Pe= 3.16e+ 5. We observe that  the best  

eqpxgtigpeg"ku"qdvckpgf"yjgp"vjg"Ýpg"oguj"ku"
increased, and the convergence slows when the 

dof occurr ing in the subdom ains is reduced.

Exam ple 4 .  The boundary- value prob lem  

t reated is:

 
− + = ( )∈⎡⎣ ⎤⎦ × ⎡⎣ ⎤⎦ × ⎡⎣ ⎤⎦u b u x y z b• 0 0 1 0 1 0 1; , , , , , ,   ==

( ) = + + ∂

( , , )

, , exp( )

1 1 1

u x y z x y z  on Ω

∆ ∇
 

  (7.4)

Th is is an  adv ect ion - d i f f u sion  t r an spor t  

problem  in 3D, for which the different ial operator 

is not  self-adjoint .

Th e  d i f f u s i o n  a n d  a d v e c t i o n - d i f f u s i o n 

dif ferent ial- operator  appears in t he equat ions 

Figure 6 . •Y0 Figure 7 .  The num erical solut ion for v= 0.01.

Table 3 . Com parison of the DVS-algorithm s against  the BDDC im plem ented in [ Mandel et  al.,  1996] .

of the exam ples presented above. They are very 

im portant  in natural and indust r ial phenom ena. 

Hqt" gzcorng." vjg"Þqy"cpf" vtcpurqtv" qh" uqnwvgu"
in subsur face groundwater,  t he m ovem ent  of 

aerosol and t race gases in the atmosphere, m ixing 

qh"Þwkfu" kp"rtqeguugu"qh"et{uvcn"itqyvj."coqpi"
m any other im portant  applicat ions [ Tood, 1980;  

Pinder et  al.,  2006;  Herrera et  al.,  1969;  Herrera 

et  al.,  1973;  Herrera et  al.,  1977;  Herrera G.S. 

et  al.,  2005;  L.M. de la Cruz et  al.,  2006] . I n all 

our  exam ples,  we have shown that  t he FXU/
cniqtkvjou"qdvckp"vjg"pwogtkecn"uqnwvkqp"ghÝekgpvn{"
on parallel m achines. I n this respect , we rem ark 

that  for advect ion-diffusion problems the matrices

of the discrete linear systems are non-symmetric. 

7 .2  Applicat ion to a System - Equat ions 

We use the FXU/htcogyqtm to solve a Dir ichlet  

boundary value problem , where displacem ents 

are zero over the boundary of the elast ic body 

that  occupies the domain Y"of the physical space. 

PARTI TI ON SUB-  DOF PRI MALS DVS-  DVS-  DVS-  DVS-  BDDC v
DOMAI NS   FETI - DP BDDC PRI MAL DUAL   

(8x8)  X (64x64)  64 261,121 49 12 11 11 11 12 0.01

(8x8)  X (64x64)  64 261,121 49 8 8 8 7 9 0.001

(8x8)  X (64x64)  64 261,121 49 7 7 7 7 9 0.0001

(8x8)  X (64x64)  64 261,121 49 7 7 7 7 9 0.00001

(16x16)  X (32x32)  256 261,121 255 19 17 17 18 20 0.01

(16x16)  X (32x32)  256 261,121 255 14 14 13 13 17 0.001

(16x16)  X (32x32)  256 261,121 255 13 13 13 13 15 0.0001

(16x16)  X (32x32)  256 261,121 255 13 13 13 13 16 0.00001

(32x32)  X (16x16)  1,024 261,121 961 33 29 29 31 33 0.01

(32x32)  X (16x16)  1,024 261,121 961 26 25 25 25 30 0.001

(32x32)  X (16x16)  1,024 261,121 961 25 25 25 25 28 0.0001

(32x32)  X (16x16)  1,024 261,121 961 25 25 25 26 29 0.00001

(64x64)  X (8x8)  4,096 261,121 3,969 53 52 53 59 52 0.01

(64x64)  X (8x8)  4,096 261,121 3,969 46 46 46 47 53 0.001

(64x64)  X (8x8)  4,096 261,121 3,969 45 47 45 47 53 0.0001

(64x64)  X (8x8)  4,096 261,121 3,969 45 47 45 48 54 0.00001
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Over each one of such subdom ains is solved a 

local problem  by FEM, using linear funct ions as 

basis.  On each node c"qh"vjg"oguj"ku"fgÝpgf"c"
vector valued funct ion ue  with each com ponent  

kfgpvkÝgf"cu"uci
 for i= 1, 2, 3.

Because our  operators are sym m et r ic and 

rqukvkxg" fgÝpkvg." yg" wug" EIO" cu" cp" kvgtcvkxg"
pr ocedur e t o solve t hose l inear  sy st em s of 

equat ions t hat  we have def ined in  t he DVS 

fram ework.

The code used in the previous sect ion, which 

was originally developed to solve a single equat ion 

wukpi"Ýpkvg"fkhhgtgpegu."ycu"cfcrvgf"hqt"uqnxkpi"
system s of equat ions with FEM. We added the 

corresponding funct ionality in order to be able 

to solve system s of equat ions, in this case the 

elast icity problem .

Exam ple 5.  A system  of par t ial dif ferent ial 

equat ions in t hree- dim ensions has also been 

t reated. This is the system of different ial equat ions 

of stat ic elast icity;  nam ely:

 λ μ μ+( ) + =u u f
Ω

Ω,  in ∇∇ ∆⋅  (7.5)

Table 4 . Num ber of iterat ions m ade by the four DVS algorithm s. The prim al nodes were located at  edges 

of the subdom ains.

Figure 8 .  Relat ive residual decay for the local m esh (16X16) .

PARTI TI ON SUBDOMAI NS DOF PRI MALS DVS- BDDC DVS- FETI - DP DVS- PRI MAL DVS- DUAL

(2x2x2)  X (2x2x2)  8 27 7 4 3 3 4

(3x3x3)  X (3x3x3)  27 512 80 7 5 6 5

(4x4x4)  X (4x4x4)  64 3,375 351 9 6 7 6

(5x5x5)  X (5x5x5)  125 13,824 1,024 10 7 8 7

(6x6x6)  X (6x6x6)  216 42,875 2,375 11 7 9 8

(7x7x7)  X (7x7x7)  343 110,592 4,752 12 8 10 8

(8x8x8)  X (8x8x8)  512 250,047 8,575 13 8 11 8

(9x9x9)  X (9x9x9)  729 512,000 14,336 14 8 11 9

(10x10x10)  X (10x10x10)  1,000 970,299 22,599 15 9 12 9
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which was subj ect  t o t he fol low ing Dir ich let  

boundary condit ions:

u = ∂0,  on Ω  (7.6)

Th e dom ain  o f  st u dy  f o r  ou r  n u m er ica l 

experim ents is a hom ogeneous isot ropic linearly 

elast ic unitary cube. I n all of our experim ents 

the pr im al nodes were located at  edges of the 

subdom ains, which is enough for A
t
 not  being 

singular.

Yg"eqpukfgt"eqpuvcpv"eqghÝekgpvu"n"and o"equal 

to one. With these condit ions we have a problem  

that  has analyt ical solut ion, and is wr it t en as 

follows:

u = (sinrx sinry sinrz, sinrx sinry sinrz,   
               sinrx sinry sinrz)  

  (7.7)

The Tables 5, summarizes the numerical results 

obtained using the DVS m ethods with a tolerance 

of 10 -7.

8 . Conclusions

Mathematical models of many geophysical systems 

lead t o a great  var iet y  of  par t ial dif ferent ial 

equat ions (PDEs)  whose solut ion m ethods are 

based on the com putat ional processing of large-

scale algebraic syst em s [ Her rera and Pinder, 

2012] . Parallel com put ing is outstanding am ong 

the new com putat ional t ools and,  in order  t o 

effect ively  use the m ost  advanced com puters 

available today, m assively parallel software is 

required. Domain decomposit ion methods (DDMs)  

have been developed precisely  for  effect ively 

t reat ing PDEs in parallel [ DDM Organizat ion, 

2012] .  What  dom ain decom posit ion m et hods 

ideally  int end t o do has been sum m ar ized in 

this paper in the ÐFFO/rctcfkioÑ:  to develop 

algor it hm s that  ‘obtain t he global solut ion by 

gzenwukxgn{"uqnxkpi"nqecn"rtqdngouÓ.

I n conclusion, in this paper:

1 .  We have present ed a pqp/qxgtncrrkpi"
fkuetgvk¦cvkqp m ethod ( the FXU/fkuetgvk¦cvkqp)  

- in the sense that  it  uses a system  of nodes such 

that  each one of them  belongs to one and only 

one subdom ain of the eqctug/oguj-  applicable 

to a wide class of well-posed boundary problem s 

associated wit h ellipt ic system s of equat ions. 

I n part icular, the different ial operators m ay be 

u{oogvtke." pqp/u{oogvtke" qt" kpfgÝpkvg" *pqp/
rqukvkxg/fgÝpkvg+=

2 .  Fou r  algor i t hm s – t he FXU/cniqtkvjou"
[ Herrera gv"cn0,  2011] /,  which were derived using 

t he FXU/fkuetgvk¦cvkqp and achieve t he FFO/
rctcfkio have been explained.  Two of t hem  

are the result  of using the BDDC and FETI -DP 

algor ithm s after applying FXU/fkuetgvk¦cvkqp to 

the boundary value problem considered. The other 

two are obtained when two new algorithms, which 

had not  been reported previously in the literature, 

were used instead;

3. Numerical procedures that  perm it  achieving 

the FFO/rctcfkio with each one of the FXU/
cniqtkvjou have been also presented;

4. Codes were developed and applied to several 

boundary  values problem s t hat  occur  in  t he 

modeling of certain geophysical phenomena, such 

cu" vtcpurqtv"qh"uqnwvgu"d{"dqvj." htgg/Þwkfu"cpf"
Þwkfu"kp"c"rqtqwu"ogfkwo0"Yg"cnuq"rtgugpv"tguwnvu"
for  a stat ic elast icit y  problem , which t hereby 

illust rates the applicat ion of the algor ithm s to 

system s of different ial equat ions;  and

5 .  Besides t heir  at t ract ive paral lel izat ion 

propert ies, in the num erical exam ples the FXU/
cniqtkvjou ex h ib i t ed  sign i f ican t ly  im pr oved 

num erical perform ance with respect  to standard 

versions of BDDC and FETI -DP. 
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Table 5 . Results for DVS Algorithm s.

PARTI TI ON SUBDOMAI NS DOF PRI MALS DVS- BDDC DVS- FETI DP DVS- PRI MAL DVS- DUAL

(5x5x5)  X (5x5x5)  125 41,472 1,024 8 7 9 9

(6x6x6)  X (6x6x6)  216 128,625 2,375 8 8 10 10

(7x7x7)  X (7x7x7)  343 331,776 4,752 8 8 11 11

(8x8x8)  X (8x8x8)  512 750,141 8,575 8 8 12 12
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