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Resumen

El presente trabajo muestra la propagación de 
ondas de interfaz de Scholte en la frontera de un 
ogfkq"ce¿uvkeq"*Þwkfq+"gp"eqpvcevq"eqp"wp"ogfkq"
sólido elástico, para una gama amplia de mate-
riales sólidos. Se ha demostrado que mediante 
wp" cpƒnkuku" fg" qpfcu" fkhtcevcfcu" gp" wp" Þwkfq."
es posible inferir las propiedades mecánicas del 
ogfkq"u„nkfq"gnƒuvkeq."gurge‡Ýecogpvg."uwu"xgnq-
ekfcfgu"fg"rtqrcicek„p0"Eqp"guvg"Ýp."gn"ecorq"
difractado de presiones y desplazamientos, de-
dkfq"c"wpc"qpfc"fg"rtguk„p" kpkekcn"gp"gn"Þwkfq."
son expresados empleando representaciones 
integrales de frontera, las cuales satisfacen la 
gewcek„p"fg"oqxkokgpvq0"Nc" hwgpvg"gp"gn"Þwkfq"
es representada por una función de Hankel de 
ugiwpfc" gurgekg" {" qtfgp" egtq0" Nc" uqnwek„p" c"
este problema de propagación de onda es obteni-
da por medio del Método Indirecto de Elementos 
Htqpvgtc."gn"ewcn"gu"gswkxcngpvg"cn"dkgp"eqpqekfq"
vgqtgoc"fg"tgrtgugpvcek„p"fg"Uqokinkcpc0"Nc"xc-
nkfcek„p"fg"nqu"tguwnvcfqu"ug"nngxc"c"ecdq"wucpfq"
el Método del Número de Onda Discreto y el Mé-
todo de Elementos Espectrales. Primeramente, 
presentamos espectros de presiones que ilustran 
gn"eqorqtvcokgpvq"fgn"Þwkfq"rctc"ecfc"ocvgtkcn"
sólido considerado, después, mediante la apli-
cación de la Transformada Rápida de Fourier se 
presentan resultados en el dominio del tiempo, 
mediante simulaciones numéricas que muestran 
la emergencia de las ondas de Scholte.

Rcncdtcu" encxg< propagación de ondas, interfa-
ugu"Þwkfcu/u„nkfcu."qpfcu"fg"Uejqnvg."gngogpvqu"
frontera, ondas de interfaz, Funciones de Green.

Abstract

The present work shows the propagation of 
Uejqnvg"kpvgthceg"ycxgu"cv"vjg"dqwpfct{"qh"c"Þwkf"
in contact with an elastic solid, for a broad range 
of solid materials. It has been demonstrated that 
d{"cp"cpcn{uku"qh"fkhhtcevgf"ycxgu"kp"c"Þwkf"kv"ku"
possible to infer the mechanical properties of the 
gncuvke"uqnkf"ogfkwo."urgekÝecnn{."kvu"rtqrcicvkqp"
xgnqekvkgu0" Hqt" vjku" rwtrqug." vjg" fkhhtcevgf"ycxg"
Ýgnf"qh"rtguuwtgu"cpf"fkurncegogpvu."fwg" vq"cp"
kpkvkcn"ycxg"qh"rtguuwtg"kp"vjg"Þwkf."ctg"gzrtguugf"
using boundary integral representations, which 
satisfy the equation of motion. The source in 
vjg" Þwkf" ku" tgrtgugpvgf" d{" c" JcpmgnÓu" hwpevkqp"
of second kind and zero order. The solution to 
vjku" ycxg" rtqrcicvkqp" rtqdngo" ku" qdvckpgf" d{"
means of the Indirect Boundary Element Method, 
yjkej"ku"gswkxcngpv"vq"vjg"ygnn/mpqyp"Uqokinkcpc"
tgrtgugpvcvkqp" vjgqtgo0" Vjg" xcnkfcvkqp" qh" vjg"
results is carried out by using the Discrete 
Ycxg"Pwodgt"Ogvjqf"cpf"vjg"Urgevtcn"Gngogpv"
Method. Firstly, we show spectra of pressures 
vjcv" knnwuvtcvg" vjg"dgjcxkqt"qh" vjg"Þwkf" hqt"gcej"
solid material considered, then, we apply the 
Fast Fourier Transform to show results in time 
domain. Snapshots to exemplify the emergence 
qh"UejqnvgÓu"ycxgu"ctg"cnuq"kpenwfgf0

Mg{"yqtfu<"ycxg"rtqrcicvkqp."Þwkf/uqnkf"kpvgt-
hceg." UejqnvgÓu"ycxgu." dqwpfct{" gngogpvu." kp-
vgthceg"ycxgu0"ItggpŁu"hwpevkqpu0
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Introduction

Vjg" uvwf{" qh" ycxgu" vjcv" rtqrcicvg" kp" vjg"
kpvgthceg"qh"c"Þwkf"ogfkwo"cpf"cp"gncuvke"uqnkf"
has its origins in the pioneering work of J. G. 
Uejqnvg" *3;64" cpf" 3;69+." cpf" vjgtghqtg." vjku"
mkpf" qh" ycxgu" ctg" mpqyp" cu" Uejqnvg" ycxgu0"
Vjku" kpvgthceg" ycxg" ku" qpg" qh" vjg" vjtgg" dcuke"
v{rgu" qh" kpvgthceg"ycxgu" rtgugpvgf" kp" kuqvtqrke"
ogfkc=" ujctkpi" vjku" encuukÝecvkqp"ykvj" Tc{ngkij"
cpf" Uvqpgng{" ycxgu." hqt" kpvgthcegu" dgvyggp"
xcewwo/uqnkf"cpf"uqnkf/uqnkf"ogfkc."tgurgevkxgn{"
*Tc{ngkij."3::7="Uvqpgng{."3;46+0

Hqt"kpvgthceg"ycxgu."vjg"eqpegpvtcvgf"gpgti{"ku"
located at the interface and decreases exponentially 
ykvj"fgrvj0"Jqygxgt."gpgti{"fgetgogpv"tcvg"xgtuwu"
distance is less than for compressional and shear 
ycxgu"*Oggicp"gv"cn0."3;;;+0"Vjku"eqpegpvtcvkqp"qh"
energy has enormous implications in some areas 
of physics and engineering. For example, Rayleigh 
ycxgu" ctg" gzvgpukxgn{" uvwfkgf" kp" vjg" gctvjswcmg"
engineering and seismology due to their catastrophic 
effects during strong seismic motions. 

Some other applications for particular cases 
jcxg"dggp"tgrqtvgf"d{"Dkqv"*3;74+."Gykpi"gv"cn0 
*3;79+." [qujkfc" *3;9:c." 3;9:d+." vjg{" hqewugf"
mainly on the understanding of the interface 
ycxgu" cv" vjg" qegcp" dqvvqo0" UrgekÝe" hgcvwtgu"
cdqwv" ycxg" rtqrcicvkqp" cv" kpvgthcegu." uwej" cu"
cvvgpwcvkqp."nc{gtgf"ogfkwo"dgjcxkqt."rqtqukv{."
gve0."jcxg"dggp"uvwfkgf"d{"Oc{gu"gv"cn0"*3;:8+."
Nayfeh gv" cn0" *3;::+." Gtkmuuqp" gv" cn0" *3;;7+."
Wang gv"cn0"*4226+."cpf"Iwtgxkej"gv"cn0"*4228+0

Kp"vjg"Ýgnf"qh"pwogtkecn"ogvjqfu"hqt"uvwf{kpi"
vjku"rjgpqogpqp."xctkqwu"hqtowncvkqpu"fgukipgf"
vq" oqfgn" eqorngz" kpvgthceg" eqpÝiwtcvkqpu" cpf"
oqtg"tgcnkuvke"ecugu"jcxg"dggp"fgxgnqrgf0"Uqog"
qh"vjgug"kpenwfg<"Hkpkvg"Gngogpv"*¥kgpmkgyke¦"et 
cn0" 3;9:+." Hkpkvg"Fkhhgtgpeg" *xcp"Xquugp"gv" cn0, 
4224="Vjqocu"gv" cn0"4222+."Dqwpfct{"Gngogpv"
(Godinho gv" cn0" 4223=" Cpv„pkq" gv" cn0." 4227="
Rodríguez-Castellanos gv"cn0."4232+."Urgevtcn"cpf"
pseudo Spectral Element Methods (Komatitsch 
cpf" Dctpgu." 4222=" Ectekqpg" cpf" Jgnng." 4226="
and Carcione gv"cn0."4227+."coqpi"qvjgtu0

In this paper we extend the use of the 
Kpfktgev" Dqwpfct{" Gngogpv" Ogvjqf" *KDGO+" vq"
study interfaces of water in contact with a wide 
range of solid materials, frequently used in 
engineering. Here, the emergence of interface 
ycxgu"ku"rqkpvgf"qwv0"Vjku"pwogtkecn"vgejpkswg"ku"
based on an integral representation of the stress, 
rtguuwtg" cpf" fkurncegogpv" ycxg" Ýgnfu." yjkej"
can be considered as a numerical implementation 
qh" vjg"Jw{igpuÓu"rtkpekrng."yjkej" ku"gswkxcngpv."
ocvjgocvkecnn{" urgcmkpi." vq" vjg" UqokinkcpcÓu"
representation theorem.

The results are expressed in both time and 
frequency domains. The materials considered 
kp" vjg" cpcn{uku." ejctcevgtk¦gf" d{" vjgkt" ycxg"
xgnqekvkgu"cpf"fgpukvkgu."tgrtgugpv"c"ykfg"tcpig"
of materials used in engineering. In the following, 
vjg"ockp" gswcvkqpu" wugf" vq" fgxgnqr" vjg" KDGO"
cpf" vjg"Fkuetgvg"Ycxg"Pwodgt"Ogvjqf" *FYP+"
are summarized. Results from both formulations 
match satisfactorily.

Brief description of the indirect boundary 
element method

Gswcvkqp" qh" oqvkqp" cpf" kpekfgpv" Ýgnfu" qh"
rtguuwtgu"cpf"fkurncegogpvu

Kh"yg"cuuwog"vjcv" vjg"gswcvkqp" vjcv"iqxgtpu" vjg"
ycxg"rtqrcicvkqp"kp"vjg"Þwkf"ku"ikxgp"d{"vjg"ygnn/
mpqyp"gswcvkqp"qh"oqvkqp."vjgp<"
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pressure generated by the incident pulse, 
subsequently, one can express this last equation 
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Vjg" kpekfgpv"rwnug"cv" vjg"Þwkf." cu" ujqyp" kp"
Hki0"3c"*kpugv+."ecp"dg"ikxgp"cu<

p C H r c
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F0
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where p0F(x)=kpekfgpv" rwnug" cv" vjg" Þwkf."
x= { }x x

1 3
, ,C({)=scale factor for the incident 

pulse,H0

2( ) •( )=Hankel function of second 

kind and zero order, {=circular frequency, 

cF?eqortguukqpcn"ycxg"xgnqekv{"kp"vjg"Þwkf"cpf"
r=r(x)" ku" vjg" fkuvcpeg" htqo" vjg" tgegkxgt" vq" vjg"
source.

Kpvgitcn"tgrtgugpvcvkqp"hqt"fkhhtcevgf"ycxg"Ýgnfu

Vq" tgrtgugpv" vjg" fkhhtcevgf" ycxg" Ýgnfu" *hqt"
rtguuwtgu"cpf"fkurncegogpvu+"kp"vjg"Þwkf"fwg"vq"
the incident pulse impacting the solid medium 
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*gncuvke" uqnkf" ycnn+." yg" uwiiguv" vjg" hqnnqykpi"
kpvgitcn"tgrtgugpvcvkqpu<
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Itggp" hwpevkqp" hqt" vjg"Þwkf."cpf"c
1
"fgÝpgu" vjg"

tgikqp" qtkgpvcvkqp" cpf" ecp" cuuwog" c" xcnwg" qh"
/207." 2" qt" 207" *ugg" gzrncpcvkqp" hqt" c

2
." ikxgp"

dgnqy+0

Vjg"yjqng"rtguuwtg"cpf"fkurncegogpv"Ýgnfu"kp"
vjg"Þwkf."dgukfgu."htgg"cpf"fkhhtcevgf"qpg."ecp"dg"
gzrtguugf."tgurgevkxgn{."d{<"
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Ukpeg"vjg"uqwteg"ku"qpn{"crrnkgf"vq"vjg"Þwkf."
it is expected that, in the solid, only diffracted 
ycxgu"yknn" crrgct"cpf" vjg{" ecp"dg"guvcdnkujgf"
as follows.

Consider a domain V, bounded by the surface 
S. If this domain is occupied by an elastic 
ocvgtkcn."vjg"fkurncegogpv"Ýgnf"wpfgt"jctoqpke"
excitation can be written, neglecting body forces, 
by means of the single-layer boundary integral 
gswcvkqp"cu"hqnnqyu<

 
u G dSi
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" *32+

where u
i
(x)=i-th component of the displacement 

at point x, Gij(x; +"?"ItggpÓu"hwpevkqp."yjkej"ku"
the displacement produced in the direction i at x  

due to the application of a unit force in direction 

j at point  , j is the force density in direction j 
at point   (the subscripts i, j are restricted to be 
3"qt"5"cpf"vjg"uwoocvkqp"eqpxgpvkqp"ku"crrnkgf."
k0g0"c"tgrgcvgf"uwduetkrv"kornkgu"uwoocvkqp"qxgt"
kvu" tcpig." 3" cpf" 5" kp" vjku" ecug+0" Vjku" kpvgitcn"
tgrtgugpvcvkqp"ecp"dg"qdvckpgf"htqo"UqokinkcpcÓu"
kfgpvkv{"*Uƒpejg¦/Uguoc."3;;3+0

This integral representation allows the 
calculation of stresses and tractions by means 
qh" vjg" fktgev" crrnkecvkqp" qh" JqqmgÓu" ncy" cpf"
Ecwej{Óu" gswcvkqp." tgurgevkxgn{." gzegrv" cv"
boundary singularities, that is, when x is equal 
to   on surface S. From a limiting process based 
on equilibrium considerations around an internal 
neighborhood of the boundary, it is possible to 

write, for x on S,

t c T dSi

d

i ij
S

jx x x( )= ( )+ ( ) ( )
∂∫2

ξ ξ ξ,φ φ ,

*33+

where t
i
(x) is the i-th component of traction, 

c
2
?207"kh"x tends to the boundary S “from inside” 

the region, c
2
?/207"kh"x tends S “from outside” the 

region, or c
2
?2"kh"x is not at S. T

ij
(x= +"ku"the traction 

ItggpÓu" hwpevkqp." vjcv" ku" vq" uc{." vjg" vtcevkqp" kp"
the direction i at a point x, associated to the unit 

xgevqt"n
i
(x+."fwg"vq"vjg"crrnkecvkqp"qh"c"wpkv"hqteg"

in the direction j at   on S. The two-dimensional 
ItggpÓu"hwpevkqpu"hqt"cp"wpdqwpfgf"urceg"ecp"dg"
found in (Rodríguez-Castellanos gv"cn0."4229="cpf"
èxknc/Ecttgtc"gv"cn0."422;+0

Boundary Conditions

Kp" vjg" KDGO" ku" eqpxgpkgpv" vq"fkxkfg" vjg"fqockp"
into two regions (S for the solid and F for the 
Þwkf+." kp"yjkej"rtqrgt"dqwpfct{"eqpfkvkqpu" vjcv"
tgrtgugpv"vjg"rtqdngo"wpfgt"eqpukfgtcvkqp"jcxg"
to be established. These boundary conditions for 
Þwkf/uqnkf"kpvgthcegu"ecp"dg"gzrtguugf"cu<

u u S F
S F

3 3
x x x( )= ( ) ∀ ∈∂ = ∂, ,
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t S
S

1
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t p S
S F

3
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Ytkvkpi" vjg" dqwpfct{" eqpfkvkqp" *34+" cu"
hwpevkqp"qh"vjg"fkhhtcevgf"Ýgnf"*32+"hqt"vjg"uqnkf"
cpf"kpekfgpv"*5+"cpf"fkhhtcevgf"*8+"Ýgnfu"hqt"vjg"
Þwkf."yg"qdvckp<
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Vjg" eqpfkvkqp" vtcevkqp" htgg" *35+" ecp" dg"
gzrtguugf"htqo"vjg"kpvgitcn"hqto"*33+."qdvckpkpi.
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Vjg"dqwpfct{"eqpfkvkqp"*36+."ecp"dg"ytkvvgp"d{"
ogcpu"qh"*33+."*6+"cpf"*7+."cpf"vjgp"yg"jcxg
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Fkuetgvk¦cvkqp"uejgog

In this section, we show the discretization of the 
Gsu0"*37+"vq"*39+0"Cuuwokpi"vjcv"hqteg"fgpukvkgu"
j(x) and ](x) should be constant on each ele-
ment that forms the surfaces of regions S and F, 
tgurgevkxgn{." cpf"Icwuukcp" kpvgitcvkqp" *qt" cpc-
n{vkecn" kpvgitcvkqp." yjgtg" vjg" ItggpÓu" hwpevkqp"
ku"ukpiwnct+"ku"rgthqtogf."vjgp."Gs0"*37+"ecp"dg"
written as,
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*44+

Gs0"*39+"ecp"dg"gzrtguugf"cu<
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g G dS
F

l n

F

l n
Sn

x x, ,z z z( )= ( )∫
*46+

Gsu0" *3:+." *43+" cpf" *45+" hqto" c" u{uvgo" qh"
kpvgitcn" gswcvkqpu" vjcv" jcu" vq" dg" uqnxgf" cpf."
therefore, force densities j(x) and ](x) can be 
hqwpf0"Qpeg" vjg" hqteg"fgpukvkgu" jcxg"dggp"qd-
tained, the whole displacement and pressure 
Ýgnfu"kp"vjg"Þwkf"ecp"dg"hqwpf"d{"ogcpu"qh"Gsu0"
*:+"cpf"*;+0"Hqt"vjg"uqnkf."vjg"gpvktg"vtcevkqp"cpf"
fkurncegogpv"Ýgnfu"ecp"dg"qdvckpgf"d{"ogcpu"qh"
Gsu0"*32+"cpf"*33+0

Brief description of the formulation by 
means of the discrete wave number

Vjg"fkuetgvg"ycxgpwodgt"ogvjqf"ku"qpg"qh"vjg"
techniques to simulate earthquake ground mo-
vkqpu0"Vjg"ugkuoke"ycxg"tcfkcvgf"htqo"c"uqwteg"
ku" gzrtguugf" cu" c" ycxgpwodgt" kpvgitcvkqp"
*Dqwejqp"cpf"Cmk."3;99+0"Vjg"ockp"kfgc"qh"vjg"
method is to represent a source as a superposi-
vkqp"qh"jqoqigpqwu"rncpg"ycxgu"rtqrcicvkpi"kp"
fkuetgvg"cpingu0"Cu" nqpi"cu"vjg"ogfkwo"jcu"pq"
inelastic damping, the denominator of the inte-
itcpf"dgeqogu"¦gtq" hqt"c"rctvkewnct"ycxgpwo-
ber and, consequently, the numerical integration 
dgeqogu" korquukdng0" Vq" uqnxg" vjku" rtqdngo." c"
method to incorporate a complex frequency was 
proposed as early as the proposal of the discrete 
ycxgpwodgt" ogvjqf" kvugnh" *Dqwejqp" cpf" Cmk."
3;99+0

Vjg" kpekfgpv" rwnug" kp" vjg" Þwkf." cu" ujqyp" kp"
Hki0"3c"*kpugv+."ecp"dg"ikxgp"cu<

*47+
where,

k?vjg" ycxgpwodgt." η
ω

η= −
2

2

2
< 0

c
k

F
 with Im . If 

we express k" kp" fkuetgvg" xcnwgu" vjgp" yg" jcxg"

k n k
c

kn n F n n= = −  and   withη
ω

η
2

2
< 0Im2

.

Kh"yg"cuuwog"vjcv"vjg"yjqng"rtguuwtg"Ýgnf"kp"
vjg"Þwkf"ku"tgrtgugpvgf"cu"vjg"uwo"qh"htgg"Ýgnf"
and diffracted one, then, it can be expressed, 
tgurgevkxgn{."d{<
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Table 1."Ocvgtkcn"rtqrgtvkgu"wugf"cu"xcnkfcvkqp"
and numerical examples.

Model     c
p
     c

s
 t

  (m s/3+" *o"u/3+" *mi"o/5+
Ycvgt/Rkvej" 4665" 3222" 3492
Ycvgt/Itcpkvg" 8322" 4;99" 4922
Ycvgt/Ktqp" 7:59" 5469" 9:96
Ycvgt/Nkoguvqpg" 6:32" 43;7" 4722
Ycvgt/Ucpfuvqpg" 4892" 32;2" 4422
Ycvgt/Rncuvgt" 5594" 3:94" 3;2:
of Paris
Ycvgt."hqt"" 3723" """/" 3222
all models

Eqortguukqpcn"ycxg"xgnqekv{."e
p
."ujgct"ycxg"

xgnqekv{."e
s
, and mass density, t, were included 

kp" Vcdng" 30" Vjgug" ocvgtkcnu" ygtg" rtgxkqwun{"
eqpukfgtgf" d{" Dqtglmq" *Dqtglmq." 4228+." yjq"
fgxgnqrgf" vjgqtgvkecn" cpf" gzrgtkogpvcn"
techniques to show the emergence of interface 
ycxgu"kp"ugxgtcn"ocvgtkcnu"nkmg"vjqug"htqo"Vcdng"
30"Jku"tguwnvu"ujqygf"iqqf"citggogpv"dgvyggp"
theoretical and experimental results.

Hkiwtg"3"ujqyu"vjg"rtguuwtg"urgevtc"hqt"vjg"ukz"
oqfgnu"cpcn{¦gf"hqt"yjkej"vjg"ycxg"rtqrcicvkqp"
xgnqekvkgu"cpf"fgpukvkgu"ctg"fkurnc{gf"kp"Vcdng"30"
Hqt" cnn" ecugu." vjg" kpkvkcn" rtguuwtg" *uqwteg+"ycu"
igpgtcvgf" cv" c" fkuvcpeg" qh" 2027" o" *ugg" kpugv"
kp" Hki03c+" htqo" vjg" gncuvke" uqnkf" dqwpfct{0" Vjg"
tgegkxgt"ku"rncegf"cv"c"jqtk¦qpvcn"fkuvcpeg"qh"302"
m from the source (as shown in the detail of Fig. 
3c+0"Vjg"htgswgpe{"cpcn{uku"ku"fqpg"eqpukfgtkpi"
c"htgswgpe{"kpetgogpv"qh"372"J¦"cpf"tgcejkpi"c"
oczkowo"qh"3;422"J¦0"Vjg"fkuetgvk¦gf"uwthceg"
is located between x3?/507" o" cpf" z3?507" o."
ykvjkp" vjku" kpvgtxcn" urwtkqwu" ycxgu" kpukfg" vjg"
¦qpg" qh" kpvgtguv" ygtg" gnkokpcvgf0" Oqtgqxgt." 8"
dqwpfct{"gngogpvu"rgt"U/ycxg"ycxgngpivj"ygtg"
considered.

Kp" vjku" Ýiwtg." vjg" tguwnvu" qdvckpgf" d{" vjg"
KDGO"*fqvvgf"nkpg+"cpf"d{"FYP"*eqpvkpwqwu"nkpg+"
are displayed. There is an excellent agreement 
between the two methods for the frequency range 
studied. It can also be seen that for the models 
of Water-Pitch and Water-Sandstone, resonant 
ghhgevu" ctg" unkijvn{" ocpkhguvgf0" Jqygxgt." kp"
dqvj"ecugu."htqo"vjg"htgswgpe{"qh"8222"J¦."vjg"
ewtxgu"fguetkdg"c"rgthqtocpeg"cnoquv" kfgpvkecn"
cpf" dgeqog" cu{orvqvke0" Vjku" dgjcxkqt" ecp" dg"
cvvtkdwvgf"fwg"vq"vjg"hcev"vjcv"vjgkt"ujgct"ycxg"
xgnqekvkgu" ctg" nguugt" vjcp" vjg" eqortguukqpcn"
ycxg"xgnqekv{"hqt"vjg"Þwkf0

*48+
and

*49+

For the solid, we assume that 
potential of displacement has the form  

 and ,

γ
ω

α
γn n nk= −

2

2

2
0 with Im 〈    · e and f are the compres-

ukqpcn"cpf"ujgct"ycxg"xgnqekvkgu."tgurgevkxgn{0"

Vjg"fkurncegogpv"Ýgnf"hqt"vjg"uqnkf"ecp"dg"gz-

pressed as 
u

x x
=
∂
∂
−
∂
∂
ψ

1 3  and 
w

x x
=
∂
∂
+
∂
∂
ψ

3 1
. 

Vjg" uvtguu" Ýgnf" ku" qdvckpgf" d{" vjg" ygnn/mpqyp"
gswcvkqp<
" w

ij
(x)=pi

kk
h

ij
-4qi

ij 
*4:+

where w
ij
(x)=stress tensor, p and q"ctg"vjg"NcofiÓu"

constants, i
ij
=strain tensor and h

ij
" MtqpgemgtÓu"

delta.

The boundary conditions to be applied are 
tgrtgugpvgf" d{" Gsu0" *34+" vq" *36+0" Qpeg" vjg"
dqwpfct{" eqpfkvkqpu" jcxg" dggp" crrnkgf." vjg"
wpmpqyp"eqghÝekgpvu"A

n
, B

n
 and C

n
 are obtained 

cpf"vjg"yjqng"rtguuwtg"Ýgnf"kp"vjg"Þwkf"ku"Ýpcnn{"
fgvgtokpgf"d{"ogcpu"qh"vjg"Gs0"*48+0

Testing and numerical examples

To test the accuracy of our formulation, we 
ugngevgf" ugxgtcn" kpvgthceg" ecugu" eqpukfgtkpi"
c" dtqcf" tcpig" qh" rtqrgtvkgu" *uqhv" vq" jctf+" qh"
uqnkf" ocvgtkcnu." ejctcevgtk¦gf" d{" vjgkt" ycxg"
rtqrcicvkqp"xgnqekvkgu"cpf"fgpukvkgu0"Vjg"ocvgtkcn"
properties that were used in the calculations are 
ujqyp"kp"Vcdng"3."yjgtg"ukz"ecugu"ctg"rtgugpvgf0
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Hqt" cnn" qvjgt" oqfgnu" *Hkiwtgu" 3d." e." f." h+"
the spectrum of pressure shows a simple and 
oqpqvqpqwu" dgjcxkqt." fguetkdkpi" queknncvkqpu" qh"
uocnn/uecng"kp"gxgt{"ecug0"Qpg"ecp"pqvkeg"vjcv"hqt"
vjg"Hkiwtg"3c"cpf"g"vjg"rtguuwtgu"tgikuvgtgf"ctg"
cnoquv"pginkikdng."chvgt"8222"J¦0

Hkiwtgu"4c"cpf"d"ujqy"vjg"vkog"tgurqpug"hqt"
vjg" eqorngvg" 4F"Ycvgt/Rkvej" kpvgthceg"oqfgn0"
Hqt" vjku" cpcn{uku." c" itkf" qh" 73" z" 73" tgegkxgtu."
urcegf"wukpi"c"fkuvcpeg"kpetgogpv"qh"2026"o."ku"
wugf0"Eqnwop"c+"ujqyu"vjg"tguwnvu"qh"rtguuwtg"
kp"vjg"Þwkf"cpf"fkurncegogpvu"kp"vjg"z

1
 direction 

hqt"vjg"uqnkf."yjkng."eqnwop"d+"ujqyu"rtguuwtgu"
kp"vjg"Þwkf"cpf"fkurncegogpvu"kp"vjg"z

3
 direction 

for the solid. This phenomenon is shown for 
three different times.

Hqt" vjg" vkog" v?20222;33" u." vjg" kpkvkcn"ycxg"
of pressure has hit the solid boundary and a 
tgÞgevgf"ycxg"kp"vjg"Þwkf"cpf"fkhhtcevgf"ycxgu"kp"
the solid can be seen, generating the emergence 
of P and S"ycxg"htqpvu0"Hqt"vjg"vkog"v?20223654"

u."vjg"cdqxg"ogpvkqpgf"ycxgu"iq"cyc{"htqo"vjg"
uqwteg" yjkng" vjg" rtgugpeg" qh" kpvgthceg" ycxgu"
ku"engctn{"gxkfgpv"vq"vjku" kpuvcpv0"Vjgug"ctg"vjg"
UejqnvgÓu"ycxgu"cpf"ctg"jkijnkijvgf"wukpi"ektengu"
kp"Hkiwtgu"4c"cpf"d0"Hqt"vjg"vkog"t?20223;75"u."
vjg"rtqrcicvkqp"qh"kpvgthceg"ycxgu"ku"xgt{"xkukdng"
and shows a delay with respect to the P and S 
ycxg"htqpvu"kp"vjg"uqnkf0"UejqnvgÓu"ycxgu"hqt"vjku"
ecug"rtqrcicvgu"ykvj"c"xgnqekv{"qh":4507o"u/3.

Hkiwtgu"4e"kpenwfgu"u{pvjgvke"ugkuoqitcou"qh"
rtguuwtgu"*vqr"Ýiwtg+."z

1
 horizontal displacement 

*okffng" Ýiwtg+" cpf" z
3
" xgtvkecn" fkurncegogpv"

*dqvvqo"Ýiwtg+"hqt"ugxgp"tgegkxgtu"nqecvgf"pgct"
vq" vjg" kpvgthceg0"Vjg"Ýtuv" tgegkxgt" ku" nqecvgf"cv"
c"jqtk¦qpvcn"fkuvcpeg"qh"2072"o"htqo"vjg"uqwteg"
cpf"vjg"qvjgtu"ctg"ugrctcvgf"gxgt{"2047"o0

In the seismogram of pressures, the last 
ycxg"htqpv"eqttgurqpfu"vq"vjg"UejqnvgÓu"ycxgu."
which clearly carry the most of interface energy, 
as expected. The same effect can be seen in the 
ecug"qh"fkurncegogpv"ugkuoqitcou0"Kv"ku"tgngxcpv"

Figure 1."Rtguuwtg"urgevtc"hqt"ukz"kpvgthceg"ocvgtkcnu"ujqyp"kp"Vcdng"30"Vjg"tgegkxgt"ku"nqecvgf"cv"c?2027"o"cpf"
d?3022"o0"Tguwnvu"qdvckpgf"d{"KDGO"ctg"rnqvvgf"wukpi"fqvvgf"nkpgu."yjkng"vjqug"qdvckpgf"d{"ogcpu"qh"FYP"ctg"ftcyp"

with continuous lines.
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Figure 2. Upcrujqvu"d{"KDGO"hqt"vjg"eqorngvg"4F"Ycvgt/Rkvej"kpvgthceg"oqfgn0"C"itkf"qh"73"z"73"tgegkxgtu."urcegf"
gxgt{"2026"o."ku"wugf0"Eqnwop"c+"ujqyu"vjg"tguwnvu"qh"rtguuwtgu"kp"vjg"Þwkf"cpf"fkurncegogpvu"kp"vjg"z3"fktgevkqp"hqt"
vjg"uqnkf."yjkng."eqnwop"d+"ujqyu"rtguuwtgu"kp"vjg"Þwkf"cpf"fkurncegogpvu"kp"vjg"z5"fktgevkqp"hqt"vjg"uqnkf0"Eqnwop"e+"
fkurnc{u"u{pvjgvke"ugkuoqitcou"qh"rtguuwtgu"*vqr"Ýiwtg+"cpf"fkurncegogpvu"z3"cpf"z5"fktgevkqpu"tgurgevkxgn{"*okffng"

cpf"dqvvqo"Ýiwtgu+0

Figure 3. Pressure synthetic seismograms registered 
d{"vjg"tgegkxgt"nqecvgf"cu"ujqyp"kp"Hki0"3c"*kpugv+"hqt"
ocvgtkcnu"fgvckngf"kp"Vcdng"30"Cttkxcn"qh"R"cpf"UejqnvgÓu"
ycxg"htqpvu"ctg"cnuq"jkijnkijvgf0"Uvctu"kpfkecvg"cttkxcn"
vkogu"hqt"UejqnvgÓu"ycxg"htqpvu"qdvckpgf"d{"Uvtkem"cpf"

Ginzbarg, and Strick gv"cn0"*3;78+0
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to note that for the z
3
 direction displacement 

amplitudes are larger than those for the z
1
 

fktgevkqp0"Vjku"ecp"cnuq"dg"uggp"kp"Hkiwtgu"4c"cpf"
d"*okffng"cpf"dqvvqo+0

Hkiwtg"5"fkurnc{u"tguwnvu"kp"vkog"fqockp"hqt"vjg"
ocvgtkcnu"ujqyp"kp"Vcdng"30"Vjg"ocvgtkcn"vciigf"
with “ * “ was added for comparison with regard 
to the results published by Strick and Ginzbarg, 
and Strick gv" cn0" *Uvtkem" cpf" Ikp¦dcti." 3;78="
Uvtkem"gv"cn."3;78+0"Vjg"rtqrgtvkgu"hqt"vjku"ocvgtkcn"
*Ucpfuvqpg,"kp"Hki0"5+"ctg"e

p
?5962"o"u/3, c

s
?3867"

m s/3"cpf"fgpukv{"qh"4622"mi"o/5. The location of 
vjg"tgegkxgt"ku"knnwuvtcvgf"kp"Hkiwtg"3c."hqt"cnn"vjg"
ecugu0"U{pvjgvke"ugkuoqitcou"kp"vjku"Ýiwtg"ygtg"
rncegf" eqpukfgtkpi" vjg" ujgct" ycxg" xgnqekv{" qh"
each material. The highest speed corresponds to 
Steel (c

s
?"5469"o"u/3+"cpf"vjg"nqyguv"vq"Rkvej"*e

s
= 

3222"o"u/3+0"Vjg"vkog"ku"pqtocnk¦gf"ykvj"tgictf"
vq"vjg"eqortguukqpcn"ycxg"xgnqekv{"e

p
?3723"o"u/3 

*xgnqekv{"qh"ycvgt+"cpf"r
1
, which is the distance 

htqo"vjg" kocig"uqwteg"cpf"vjg"tgegkxgt0" Kp"vjku"
Ýiwtg."rtguuwtgu"tgikuvgtgf"d{"vjg"tgegkxgt"*hqt"
gcej"ocvgtkcn+"ctg"rnqvvgf0

Vjg" rtguuwtg" ycxgu" fkhhtcevgf" d{" tkikf"
kpvgthcegu" *cu" Itcpkvg" cpf" Uvggn+" ujqy" jkijgt"
xcnwgu." yhile, those diffracted by less rigid 
interfaces, like Sandstone and Pitch, show lower 
xcnwgu0"Cffkvkqpcnn{."hqt"vjgug"ncuv"vyq"ecugu."vjg"
ycxg"htqpvu"vgpf"vq"dg"nguu"pqvkegcdng0"Cttkxcnu"qh 
P"cpf"UejqnvgÓu"ycxg"htqpvu"ctg"kpfkecvgf"wukpi"
dashed-dot lines.

Hqt" eqorctcvkxg" rwtrqugu." UejqnvgÓu" ycxg"
front obtained by Strick and Ginzbarg, and Strick 
gv"cn0"*3;78+"ku"cnuq"kpenwfgf0"Vjku"ku"tgrtgugpvgf"
ykvj" uvctu" kp" vjg" Ýiwtg." iqqf" citggogpv"
dgvyggp"vjg"tguwnvu"ku"qdugtxgf0"Kv"ku"engct"vjcv"
vjg"UejqnvgÓu"ycxg"ku"gxkfgpv"htqo"vjg"Nkoguvqpg"
cpf"ocpkhguvu"c"ukipkÝecpv"fgnc{"hqt"vjg"Rkvej0

Finally, a sinusoidal interface is considered. 
Hkiwtg"6c"ujqyu"vjg"oqfgn"wugf"vq"fgcn"ykvj"vjku"
igqogvt{0"Ocvgtkcn"rtqrgtvkgu"hqt"vjku"ecug"ctg<"hqt"
the elastic medium e

p
?5622"ou/3, e

s
?3;85"ou/3 and 

v?4722"ou/3, while for the acoustic one e
p
?3722"

ms/3 and v?3242"mio/5. The source time function 
ku" c" Tkemgt" ycxgngv" ykvj" c" fqokpcpv" htgswgpe{"
qh"32"J¦0" Vjg" uqwteg"cpf" tgegkxgt" nqecvkqpu"ctg"
fgrkevgf"kp"Hkiwtg"6c0"U{pvjgvke"ugkuoqitcou"ctg"
ujqyp"kp"Hkiwtg"6d"cpf"e"hqt"xgtvkecn"cpf"jqtk¦qpvcn"
fkurncegogpvu."tgurgevkxgn{0"Tguwnvu"d{"KDGO"ctg"
plotted with a dotted line, while those obtained 
by means of the Spectral Element Method (SEM, 
Komatitsch gv" cn0" 4222+." ctg" ftcyp"ykvj" c" uqnkf"
line. The agreement between both methods is 
iqqf0" Jgtg." vjg" fktgev" ycxg" ku" engctn{" qdugtxgf"
ukpeg"vjg"uqwteg"rqkpv"cpf"vjg"tgegkxgt"ctg"xgt{"
enqug"vq"gcej"qvjgt0"Oqtgqxgt."ownvkrng"tgÞgevkqpu"
are presented because of the interactions between 
vjg" fktgev"ycxg" cpf" vjg" ukpwuqkfcn" kpvgthceg." cu"
gzrgevgf=" vjku" ghhgev" ku" engctn{" uggp" kp" Hkiwtg"
6d" cpf" e0" Vjg" rquukdknkv{" qh" oqfgnkpi" ctdkvtct{"
kpvgthceg" ujcrgu" ku" qpg" qh" vjg"ockp" cfxcpvcigu"
qh" vjg" KDGO0" Cffkvkqpcnn{." cpqvjgt" cfxcpvcig" qh"
vjku"ogvjqf"tgnkgu"qp"vjg"wug"qh"ItggpŁu"hwpevkqpu"
hqt"wpdqwpfgf"urceg."yjkej"jcxg"c"ukorng"hqto"
and can be easily programmed. The use of these 
hwpevkqpu"jcu"rtqxkfgf"ceewtcvg"pwogtkecn"tguwnvu0

Conclusions

In this paper we extended the use of the Indirect 
Boundary Element Method to study the propaga-
vkqp"qh" gncuvke"ycxgu" kp"Þwkf/uqnkf" kpvgthcegu0" Kp"
vjku"pwogtkecn"vgejpkswg."dcugf"qp"vjg"Jw{igpuÓ"
rtkpekrng"cpf"vjg"UqokinkcpcÓu"tgrtgugpvcvkqp"vjg-
qtgo."vjg"Ýgnfu"qh"rtguuwtgu"cpf"fkurncegogpvu"
are expressed in terms of single layer boundary 
kpvgitcn" gswcvkqpu0" Hwnn" urceg" ItggpÓu" hwpevkqpu"
for tractions and displacements are used, but 
they are forced to meet the proper boundary con-
fkvkqpu"vjcv"rtgxckn"cv"vjg"Þwkf/uqnkf"kpvgthcegu0

Figure 4." c+" Oqfgn" qh" c" ukpwuqkfcn" kpvgthceg0" U{pvjgvke" ugkuoqitcou" d+" xgtvkecn" fkurncegogpvu=" e+" jqtk¦qpvcn"
displacements. Results by IBEM are plotted with a dotted line, while those obtained by Komatitsch et al0"*4222+"ctg"

drawn with a solid line.
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C"ykfg"tcpig"qh"uqnkf"ocvgtkcnu"ejctcevgtk¦gf"
d{" vjgkt" ycxg" xgnqekvkgu" cpf" fgpukvkgu" ycu"
cpcn{¦gf0" Kp" gxgt{" ecug." vjg" rtgugpeg" cpf"
rtqrcicvkqp" qh" UejqnvgÓu" ycxgu" ku" pqvkegf."
highlighting the important amount of energy that 
they carry.

The results obtained from our numerical tech-
nique were compared with those obtained by 
the DWN and SEM. Therefore, we conclude that 
there is a good agreement between the different 
approaches studied. 
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