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RESUMEN

Se considera la ecuación no lineal de vorticidad barotrópica (BVE) que describe la dinámica de vórtice de un 

de las soluciones de la BVE no estacionaria cuando t s ı0 Se dan las formas particulares de la fuente ex-
terna de vorticidad que garantizan la existencia de un conjunto atractivo acotado en el espacio de fase de las 
soluciones. Se muestra que el comportamiento asintótico de las soluciones BVE depende de la estructura y 

asintótica global de soluciones BVE, suaves y débiles. Se consideran conjuntos atractivos simples de un 
-

po. Cada conjunto atractivo representa una solución cuasi-periódica de la BVE del subespacio complejo Hn 
de dimensión (2n + 1) que contiene los polinomios esféricos homogéneos de grado n. Su trayectoria es una 
espiral abierta densamente enrollada alrededor de un toro 2n-dimensional en Hn, y por lo tanto su dimensión 
de Hausdorff es igual a 2n. Cuando el número generalizado de Grashof G -
ño, el dominio de atracción de tal solución espiral se expande de Hn a todo el espacio de fase de la BVE. Se 
muestra que para un valor determinado G, existe un número entero nG tal que cada solución espiral generada 
por un forzamiento de Hn con n œ"nG es estable global y asintóticamente. Así, demostramos la diferencia en 
el comportamiento asintótico en los casos en que el número de Grashof G -
miento es estacionario o no estacionario. En el caso del forzamiento estacionario, la dimensión del atractor de 

G. Y en el caso del forzamiento no estacionario, la dimensión 
de la solución atractiva espiral (igual a 2n) puede ser arbitrariamente grande si el grado n del forzamiento 
polinomial cuasi-periódico crece. Dado que las funciones cuasi-periódicas de pequeña escala, a diferencia 
de las funciones estacionarias, representan más adecuadamente el forzamiento en la atmósfera barotrópica, 
este resultado es de interés meteorológico y muestra que la dimensión de los conjuntos atractivos no sólo 
depende de la amplitud del forzamiento, sino también de su estructura espacial y temporal. Este ejemplo 

ABSTRACT

The nonlinear barotropic vorticity equation (BVE) describing the vortex dynamics of viscous incompressible 

as t s ı is studied. Particular forms of the external vorticity source are given that guarantee the existence of a 
bounded attractive set in the phase space of solutions. The asymptotic behavior of the BVE solutions is shown 

for global asymptotic stability of smooth and weak BVE solutions are also given. Simple attractive sets of 

attractive set represents a BVE quasi-periodic solution of the complex (2n + 1)-dimensional subspace Hn of 
homogeneous spherical polynomials of degree n. The Hausdorff dimension of its trajectory, being an open 
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urktcn"fgpugn{"yqwpf"ctqwpf"c"4n-dimensional torus in Hn, equals to 2n0"Cu"vjg"igpgtcnk¦gf"Itcujqh"pwodgt"
G"dgeqogu"uocnn"gpqwij"vjgp"vjg"fqockp"qh"cvvtcevkqp"qh"uwej"urktcn"uqnwvkqp"ku"gzrcpfgf"htqo"Hn"vq"vjg"
gpvktg"DXG"rjcug"urceg0"Kv"ku"ujqyp"vjcv"hqt"c"ikxgp"G."vjgtg"gzkuvu"cp"kpvgigt"nG"uwej"vjcv"gcej"urktcn"uqnwvkqp"
igpgtcvgf"d{"c"hqtekpi"qh"Hn"ykvj"n"œ"nI"ku"inqdcnn{"cu{orvqvkecnn{"uvcdng0"Vjwu"yg"fgoqpuvtcvg"vjg"fkhhgtgpeg"
kp"vjg"cu{orvqvke"dgjcxkqt"qh"uqnwvkqpu"kp"vjg"ecugu."vjgp"Itcujqh"pwodgt"G"ku"Ýzgf"cpf"dqwpfgf."dwv"vjg"
hqtekpi"ku"uvcvkqpct{"qt"pqp/uvcvkqpct{0"Yjgtgcu"vjg"fkogpukqp"qh"vjg"Þwkf"cvvtcevqt"wpfgt"c"uvcvkqpct{"hqtekpi"
is limited above by G."vjg"fkogpukqp"qh"vjg"urktcn"cvvtcevkxg"uqnwvkqp"*gswcn"vq"4n) may become arbitrarily 
nctig"cu"vjg"fgitgg"n"qh"vjg"swcuk/rgtkqfke"rqn{pqokcn"hqtekpi"itqyu0"Ukpeg"vjg"uocnn/uecng"swcuk/rgtkqfke"
hwpevkqpu."wpnkmg"vjg"uvcvkqpct{"qpgu."oqtg"cfgswcvgn{"fgrkev"vjg"hqtekpi"kp"vjg"dctqvtqrke"cvoqurjgtg."vjku"
tguwnv"ku"qh"ogvgqtqnqikecn"kpvgtguv"cpf"ujqyu"vjcv"vjg"fkogpukqp"qh"cvvtcevkxg"ugvu"fgrgpfu"pqv"qpn{"qp"vjg"
hqtekpi"cornkvwfg."dwv"cnuq"qp"kvu"urcvkcn"cpf"vgorqtcn"uvtwevwtg0"Vjku"gzcorng"cnuq"ujqyu"vjcv"vjg"ugctej"qh"
c"Ýpkvg/fkogpukqpcn"inqdcn"cvvtcevqt"kp"vjg"dctqvtqrke"cvoqurjgtg"ku"pqv"ygnn"lwuvkÝgf0

Keywords: Kpeqortguukdng"xkueqwu"cpf"hqtegf"Þwkf"qp"c"urjgtg."cu{orvqvke"dgjcxkqt."inqdcn"uvcdknkv{."cv-
tractor dimension.

1. Introduction

Vjg"pqpnkpgct"dctqvtqrke"xqtvkekv{"gswcvkqp"*DXG+"
fguetkdkpi"vjg"xqtvgz"f{pcokeu"qh"c"xkueqwu"kpeqo-

rtguukdng" cpf" hqtegf"Þwkf" qp" c" tqvcvkpi" urjgtg" ku"
eqpukfgtgf."yjkej"vcmgu"kpvq"ceeqwpv"vjg"Tc{ngkij"
htkevkqp." vjg" urjgtg" tqvcvkqp." vjg" gzvgtpcn" xqtvkekv{"
uqwteg"*hqtekpi+")(t, x+."cpf"vjg"vwtdwngpv"xkuequkv{"
vgto"qh"eqooqp"hqto"v*Î〉+s+1ȥ, yjgtg"s"œ"3"ku"cp"
ctdkvtct{"tgcn"pwodgt0"Vjg"ecug"s = 1 corresponds to 

vjg"encuukecn"hqto"wugf"kp"Pcxkgt/Uvqmgu"gswcvkqpu"
*Ncf{¦jgpumc{c."3;8;="U¦grv{emk."3;95c."d="Vgoco, 

3;:6="Vtkddkc."3;:6="Kn{kp"cpf"Hkncvqx."3;::+."yjkng"
vjg"ecug"s"?"4"ycu"eqpukfgtgf"hqt"gzcorng"kp"Uko-

mons et al0"*3;:5+."F{opkmqx"cpf"Umkdc"*3;:9c."d+."
cpf"Umkdc"*3;:;+0"Vjg"vwtdwngpv"vgto"qh"uwej"hqto"
hqt"pcvwtcn"pwodgtu"s is applied in Lions"*3;8;+"hqt"
uvwf{kpi"vjg"uqnxcdknkv{"qh"Pcxkgt/Uvqmgu"gswcvkqpu"kp"
c"nkokvgf"ctgc"d{"vjg"ctvkÝekcn"xkuequkv{"ogvjqf0"Vjg"
wpkswg"uqnxcdknkv{"qh"pqpuvcvkqpct{"DXG"hqt"ctdkvtct{"
real number s"œ"3."cu"ygnn"cu"vjg"gzkuvgpeg"qh"ygcm"
uqnwvkqp"vq"vjg"uvcvkqpct{"DXG."ycu"ujqyp"kp"Umkdc"
*4234+0"C"eqpfkvkqp"iwctcpvggkpi"vjg"wpkswgpguu"qh"
uwej"uvgcf{"uqnwvkqp"ku"ikxgp"kp"vjg"ucog"yqtm0

Ocp{"yqtmu"jcxg"dggp"fgxqvgf"vq"vjg"uvwf{"qh"
nctig/vkog"dgjcxkqt"qh"4F"xqtvkekv{"gswcvkqp"uqnwvkqpu"
*Vgoco."3;:7="Octejkqtq." 3;:8="Ncf{¦jgpumc{c."
3;:9="Eqpuvcpvkp"HW�DO�."3;::="Ikic"cpf"Mcodg."3;::="
Ikic"HW�DO�"3;::."4232="Fqgtkpi"cpf"Ikddqp."3;;3="
Dcdkp"cpf"Xkujkm."3;:;=" Kn{kp."3;;6="Umkdc."3;;6="
Ikddqp."3;;8="Icnncijgt"cpf"Icnnc{."4227="Icnnc{"
cpf"Yc{pg."4227."4229="Yu, 2005). In particular, an 

gzvgpukxg"nkvgtcvwtg"fgcnu"ykvj"vjg"swguvkqp"yjgvjgt"
qt"pqv"vjg"xqtvkekv{"qh"wphqtegf"vyq"fkogpukqpcn"Þqy"
on 2"eqpxgtigu"vq"c"ugnh/ukoknct"uqnwvkqp"*Ikic"cpf"

Mcodg."3;::="Ikic"HW�DO�, 1988, 2010; Carpio, 1994; 

Ikddqp."3;;8="Ecq"et al0."3;;;="Icnncijgt"cpf"Icnnc{."
2005; Icnnc{"cpf"Yc{pg."4227."4229+0"Dqvj"gzrgt-
kogpvcn"cpf"pwogtkecn"uvwfkgu"qh"wphqtegf"xkueqwu"
Þwkf"oqvkqp"kpfkecvg"vjcv"kpkvkcnn{"nqecnk¦gf"tgikqpu"
qh"xqtvkekv{"vgpf"vq"gxqnxg"kpvq"kuqncvgf"xqtvkegu"cpf"
vjcv"vjgug"xqtvkegu"vjgp"ugtxg"cu"qticpk¦kpi"egpvgtu"
hqt" vjg"Þqy0" Kv"ycu" rtqxgf"d{"Icnnc{" cpf"Yc{pg"
(2005)"vjcv"kp"vyq"fkogpukqpu."nqecnk¦gf"tgikqpu"qh"
xqtvkekv{"fq"gxqnxg"vqyctf"c"xqtvgz0"Oqtg"rtgekugn{"
vjg{"rtqxg"vjcv"cp{"uqnwvkqp"qh"vjg"vyq/fkogpukqp-

cn"Pcxkgt/Uvqmgu" gswcvkqp."yjqug" kpkvkcn" xqtvkekv{"
distribution is integrable, converges to an explicit 

ugnh/ukoknct" uqnwvkqp" ecnngf"QuggpÓu" xqtvgz0"Vjku"
kornkgu" vjcv" vjg"Quggp" xqtvkegu" ctg" f{pcokecnn{"
uvcdng"hqt"cnn"xcnwgu"qh"Tg{pqnfu"pwodgt."cpf"vjgug"
xqtvkegu"ctg"vjg"qpn{"uqnwvkqpu"qh"vjg"vyq/fkogpukqpcn"
Pcxkgt/Uvqmgu"gswcvkqp"ykvj"c"Fktce"ocuu"cu"kpkvkcn"
xqtvkekv{0"Wpfgt"unkijvn{"uvtqpigt"cuuworvkqpu"qp"vjg"
xqtvkekv{"fkuvtkdwvkqp."vjg{"icxg"rtgekug"guvkocvgu"qp"
vjg"tcvg"qh"eqpxgtigpeg"vqyctf"vjg"xqtvgz0"Vjku"tguwnv"
ku"crrnkecdng"vq"vjg"rtqdngo"qh"vjg"hqtocvkqp"qh"vjg"
Dwtigtu"xqtvgz"kp"c"vjtgg/fkogpukqpcn"Þqy"*Icnnc{"
cpf"Yc{pg."4229+."yjkej"ku"c"xgt{"kpvgtguvkpi"vqrke"
kp"Þwkf"ogejcpkeu0

Kp"vjku"yqtm."rctvkewnct"hqtou"qh"vjg"gzvgtpcn"xqt-
vkekv{"uqwteg"jcxg"dggp"hqwpf"yjkej"iwctcpvgg"vjg"
gzkuvgpeg"qh"c"dqwpfgf"ugv"vjcv"gxgpvwcnn{"cvvtcevu"cnn"
vjg"DXG"uqnwvkqpu0"Kv"ku"ujqyp"vjcv"vjg"cu{orvqvke"
dgjcxkqt"qh"uqnwvkqpu"fgrgpfu"qp"dqvj"vjg"uvtwevwtg"
cpf"vjg"uoqqvjpguu"qh"cp"gzvgtpcn"xqtvkekv{"uqwteg0"
UwhÝekgpv"eqpfkvkqpu"hqt"vjg"inqdcn"cu{orvqvke"uvc-
dknkv{"qh"dqvj"uoqqvj"cpf"ygcm"DXG"uqnwvkqpu"ctg"
also given. 
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Ukorng"cvvtcevkxg"ugvu"qh"c"xkueqwu"kpeqortguu-
kdng"Þwkf"qp"c"urjgtg"wpfgt"swcuk/rgtkqfke"rqn{pq-

okcn"hqtekpi"ctg"eqpukfgtgf0"Gcej"ugv"tgrtgugpvu"c"
swcuk/rgtkqfke"DXG"uqnwvkqp"qh"vjg"uwdurceg"Hn"qh"
jqoqigpgqwu" urjgtkecn" rqn{pqokcnu" qh" fgitgg"n. 

Vjg"Jcwufqthh"fkogpukqp"qh"kvu"rcvj."dgkpi"cp"qrgp"
urktcn"fgpugn{"yqwpf"ctqwpf"c"4n-dimensional to-

rus in Hn, equals to 2n0"Cu"vjg"igpgtcnk¦gf"Itcujqh"
number G"dgeqogu"uocnn"gpqwij"vjgp"vjg"dcukp"qh"
cvvtcevkqp"qh"uwej"urktcn"uqnwvkqp"ku"gzrcpfgf"htqo"
Hn"vq"vjg"gpvktg"rjcug"urceg0"Kv"ku"ujqyp"vjcv"hqt"c"
given G."vjgtg"gzkuvu"cp"kpvgigt"nG"uwej"vjcv"gcej"
urktcn"uqnwvkqp"igpgtcvgf"d{"c"hqtekpi"qh"Hn"ykvj"n œ"
nG"ku"inqdcnn{"cu{orvqvkecnn{"uvcdng0"Vjwu."yjgtgcu"
vjg"fkogpukqp"qh"Þwkf"cvvtcevqt"wpfgt"c"uvcvkqpct{"
hqtekpi"ku"nkokvgf"cdqxg"d{"Itcujqh"pwodgt"G."vjg"
fkogpukqp"qh"c"urktcn"cvvtcevkxg"uqnwvkqp"oc{."hqt"c"
Ýzgf"nkokvgf"pwodgt"G, become arbitrarily large as 

vjg"fgitgg"n"qh"swcuk/rgtkqfke"rqn{pqokcn"hqtekpi"
itqyu0"Ukpeg" vjg"uocnn/uecng"swcuk/rgtkqfke"hwpe-
vkqpu."kp"eqpvtcuv"vq"vjg"uvcvkqpct{"qpgu."oqtg"cfg-
swcvgn{"tgrtgugpv"vjg"DXG"hqtekpi."vjku"tguwnv"jcu"c"
ogvgqtqnqikecn"kpvgtguv."ujqykpi"vjcv"vjg"fkogpukqp"
qh"cvvtcevkxg"ugvu"fgrgpfu"pqv"qpn{"qp"vjg"cornkvwfg."
dwv"cnuq"qp"vjg"urcvkcn"cpf"vgorqtcn"uvtwevwtg"qh"vjg"
hqtekpi0"Vjku"gzcorng"cnuq"ujqyu"vjcv"vjg"ugctej"qh"c"
Ýpkvg/fkogpukqpcn"inqdcn"cvvtcevqt"kp"vjg"dctqvtqrke"
cvoqurjgtg"ku"pqv"ygnn"lwuvkÝgf0

2. Spherical harmonics, projectors and fraction-

al derivatives

Let S = {x c 5 : |x̃?"3’"dg"c"wpkv"urjgtg"kp"vjg"5F"
Euclidean space and let ı(S+"dg"vjg"ugv"qh"kpÝpkvgn{"
fkhhgtgpvkcdng"hwpevkqpu"qp"S0"Yg"fgpqvg"d{

 f, g "?"±s f (x)g(x)dS    and    || f || =  f, f 1/2 (1)

vjg" kppgt"rtqfwev"cpf"pqto"kp" ı(S), respectively. 

Here x = (Ȝ, μ+"ku"c"rqkpv"qh"vjg"urjgtg."dS = GȜGμ is 

cp"gngogpv"qh"urjgtg"uwthceg."μ = sin׋; μ c [–1, 1], 

"ku"vjg"ncvkvwfg."Ȝ c [0, 2ʌ+"ku"vjg"nqpikvwfg"cpf"g–"ku"vjg"׋
eqorngz"eqplwicvg"qh"g0"Kv"ku"ygnn"mpqyp"vjcv"hqt"gcej"
integer n"œ"2."vjg"4n"-"3"urjgtkecn"jctoqpkeu"Yn

m(Ȝ, μ) 

ykvj |m̃" ø"n" ctg" qtvjqiqpcn" gkigphwpevkqpu" qh" vjg"
spectral problem Î〉Yn

m = ȤnYn
m."*̃õ"ø"n, Ȥn = n(n + 1)) 

hqt"urjgtkecn"Ncrnceg"qrgtcvqt"ÎÄ."yjkej"hqto"c"igp-

gtcnk¦gf"*4n + 1)-dimensional eigensubspace

Hn = {ȥ"<"Î〉ȥ = Ȥnȥ} (2)

qh"jqoqigpgqwu"urjgtkecn"rqn{pqokcnu"qh"fgitgg"n 

*Tkejvo{gt."3;:3+0
Qtvjqiqpcn"rtqlgevqt"Yn : 

ı(S)  Hn is introduced 

d{"ogcpu"qh"vjg"eqpxqnwvkqp"ykvj"Ngigpftg"rqn{pq-

mial Pn(x) (Skiba, 1989, 2004):

Yn(ȥ; x) = (2n + 1) (ȥ * Pn)(x) = 

""""¬n
m=–n ȥn

mYn
m(x),     n"œ"20" *5+

Pqvg"vjcv"gcej"hwpevkqp"ȥ(x) c ı(S) is represent-

gf"d{"kvu"qyp"Hqwtkgt/Ncrnceg"ugtkgu"¬ı
n=0 Yn(ȥ; x) 

and ||ȥ||2"?"¬ı
n=1 ||Yn(ȥ; x)||2.

Let s > 0 and ȥ(x) c ı(S+0"Vjg"fgtkxcvkxg"】s = 

*ÎÄ+s/2"qh"tgcn"qtfgt"s"ku"fgÝpgf"cu"c"ownvkrnkgt"qrgt-
cvqt."fgÝpgf"d{"kpÝpkvg"ugv"qh"ownvkrnkecvqtu"}Ȥn

s/2}ı
n=1:

Yn*】sȥ) = Ȥn
s/2Yn(ȥ) = [n(n + 1)]s/2Yn(ȥ),     n"?"3."4."5.000

Besides,

】sȥ(x+"?"¬ı
n=1 Ȥn

s/2Yn(ȥ; x) (4)

Qdxkqwun{."qrgtcvqt"】s"oc{"dg"fgÝpgf"qp"hwpe-
vkqpu"htqo" ı(S) = {ȥ c ı(S) : Y0(ȥ) = 0} by means 

qh"*6+"hqt"cp{"tgcn"fgitgg"s0"Kp"rctvkewnct."】2n"?"*Î〉+n 

hqt" c" pcvwtcn"n." cpf"qrgtcvqt"】" ecp"dg" kpvgtrtgvgf"
cu" vjg" uswctg" tqqv" qh" pqppgicvkxg" cpf" u{oogvtke"
Ncrnceg"qrgtcvqt0"Wpnkmg"vjg"nqecn"fgtkxcvkxgu"�n/�Ȝn 

and �n/�μn."vjg"fgtkxcvkxgu"】s"cpf"rtqlgevqtu"Yn are 

kpxctkcpv"ykvj"tgurgev"vq"cp{"gngogpv"qh"vjg"itqwr"
SO*5+"qh"urjgtg"tqvcvkqpu"*Umkdc."4234+0

3. Hilbert spaces s

Yg"fgpqvg"vjg"eqorngvkqp"qh" ı
0(S) in norm (1) as 

vjg"Jkndgtv"urceg" 0 = 2
0(S) = ı

n=1 Hn"qh"hwpevkqpu"
on S0"Hqt"cp{"tgcn"s."yg"kpvtqfweg"vjg"kppgt"rtqfwev 
�, � s and norm ||�||s in ı

0(S) as

ȥ, h s = 】sȥ."】sh "?"¬ı
n=1 Ȥn

s Yn(ȥ), Yn(h)  (5)

||ȥ||s"?"̃̃】sȥ|| = ȥ, ȥ s
1/2"?"}¬ı

n=1 Ȥn
s ||Yn(ȥ)||2}1/2" *8+

Yg"fgpqvg"vjg"Jkndgtv"urceg"qdvckpgf"d{"enqukpi"
vjg" urceg" ı

0(S) in norm (10) as s0"Yg"yknn"mggr"
vjg"u{odqnu �, �  and ̃̃̋̃̃"hqt"vjg"kppgt"rtqfwev"cpf"
norm in 0. Let 0 < s < r0"Vjgp"vjg"kodgffkpiu" ı

0(S) 

 r  s  0  s  r "ctg"eqpvkpwqwu."cpf"vjg"
dual space ( s+," eqkpekfgu"ykvj" s *Citcpqxkej."
3;87+0
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Let s and r"dg"tgcn"pwodgtu0"Qrgtcvqt"】r = ı
0(S) 

 ı
0(S) is symmetric, 】rȥ��K s = ȥ."】rh s."cpf"jgpeg."

closable, and extended to s. Namely, an element 

z c s ku"ecnngf"vjg"rvj"fgtkxcvkxg"】rȥ qh"c"hwpevkqp 

ȥ�c s kh" z, h s = z, 】rh s"jqnfu"hqt"cnn"h c ı
0(S) 

(Skiba, 1989).

Lemma 1 (Skiba, 1989). Let s and r be real num-

bers, r > 0, and ȥ c s+r0"Vjgp

||ȥ||s"ø"4–r/2||ȥ||s+r  and  ||ȥ||s+r"?"̃̃】rȥ||s" *9+

Fwg"vq"Ngooc"3."vjg"ocrrkpi"】r : s+r  s is 

kuqogvtke" cpf" kuqoqtrjke" hqt" cp{" tgcn" s and r. In 

particular, at r = –2s."vjg"qrgtcvqt"】–2s : –s  s is 

cp"kuqogvtke"kuqoqtrjkuo0
Lemma 2 (Skiba, 1989). Let r, s and t be real 

numbers, r < t, a =  and ȥ c s+t0"Vjgp 

̃̃】rȥ||s���Dr–t̃̃】tȥ||s (8)

4. Vorticity equation

Vjg"f{pcokeu"qh"xkueqwu"cpf" hqtegf"pqpfkxgtigpv"
dctqvtqrke"Þwkf"qp"vjg"urjgtg"S"ku"fguetkdgf"d{"vjg"
nonlinear barotropic vorticity equation

∂
∂

− −  (9)

ytkvvgp"kp"vjg"igqitcrjkecn"eqqtfkpcvg"u{uvgo"*Ȝ, μ) 

yjqug"rqng"N"ku"qp"vjg"czku"qh"tqvcvkqp"qh"vjg"urjgtg"
(Umkdc."3;8;). Here ȥ"ku"vjg"uvtgcohwpevkqp."〉ȥ(t, x) 

ku" vjg" tgncvkxg" xqtvkekv{."〉ȥ + 2μ" ku" vjg" cduqnwvg"
vorticity, )(t, x+"ku"vjg"hqtekpi."ı〉ȥ"fguetkdgu"vjg"
Tc{ngkij" htkevkqp" kp" vjg"rncpgvct{"dqwpfct{" nc{gt"
(ı"œ"2+.

∂

∂
∂
∂

−
∂

∂
∂
∂

∆ ∆

 (10)

ku"vjg"Lceqdkcp."J(ȥ, 2μ) = 2ȥȜ fguetkdgu"vjg"tqvcvkqp"
qh"urjgtg."cpf"ns"ku"vjg"wpkv"qwvyctf"pqtocn"cv"c"rqkpv"
qh"vjg"urjgtg0"Vjg"Þwkf"xgnqekv{"vs = ns × ȥ is sole-

noidal:  � vs"?"20"Vjg"vwtdwngpv"xkuequkv{"vgto"jcu"vjg"
hqto"v*Î〉+s+lȥ."yjgtg"v > 0 and s"œ"3"ku"ctdkvtct{"tgcn"
pwodgt"*Umkdc."4234+0"Cu"kv"ycu"ogpvkqpgf"dghqtg."
vjg"xcnwg"s"?"3"eqttgurqpfu"vq"vjg"encuukecn"xkuequkv{"
vgto"kp"Pcxkgt/Uvqmgu"gswcvkqpu"*U¦grv{emk.3;95c."d= 
Vgoco." 3;:6." 3;:7="Ncf{¦jgpumc{c." 3;:9=" Kn{kp"
cpf"Hkncvqx."3;::+."s"?"4"ycu"eqpukfgtgf" kp" *Uko-

mons HW�DO�."3;:5="F{opkmqx"cpf"Umkdc."3;:9c."d= 
Umkdc."3;;6+."yjkng"pcvwtcn"pwodgtu"qh"s"ygtg"wugf"

in (Nkqpu."3;8;+"hqt"rtqxkpi"vjg"uqnxcdknkv{"qh"Pc-
xkgt/Uvqmgu"gswcvkqpu"kp"c"nkokvgf"ctgc"d{"ogcpu"qh"
vjg"ogvjqf"qh"ctvkÝekcn"xkuequkv{0"Pqvg"vjcv"*36+"ku"
eqpukfgtgf"kp"vjg"encuugu"qh"hwpevkqpu."qtvjqiqpcn"vq"
a constant on S."vjwu."[0(ȥ) = 0 and Y0()) = 0.

Yg"pqy"dtkgÞ{"eqpukfgt"vjg"ockp"rtqrgtvkgu"qh"
Lceqdkcp"*37+0"Ngv"cnn"hwpevkqpu"dg"eqorngz/xcnwgf0"
Kv"ku"engct"vjcv

J(ȥ��K) = –J(h, ȥ),     ReJ(ȥ��ȥ) = 0 (11)

Let n be a natural, and r"dg"c"tgcn0"Ukpeg"】sYn(ȥ) 

?"ぬn
s/2Yn(ȥ+."yg"igv"J(ȥ��】sȥ+"?"2" hqt"cp{"ȥ c Hn. 

Qdxkqwun{."J(ȥ, h+"?"2"hqt"cp{"¦qpcn"hwpevkqpu"ȥ(μ) 

and h(μ+0"Cnuq"pqvg"vjcv

±s J(ȥ, h) dS = 0 (12)

Re J(ȥ."〉ȥ), μ "?"2" *35+

and

J(ȥ, g), h  = J(g, h
– 

), ȥ–  = J(ȥ, h
– 

), g–
 

 (14)

jqnfu"hqt"uwhÝekgpvn{"uoqqvj"eqorngz/xcnwgf"hwpe-
tions ȥ, g and h on S (Skiba, 1989). 

Let "dg"vjg"ugv"qh"eqorngz"pwodgtu."ȥ c ı(S), 

ȥ : S"s , and let G(ȥ) = G ° ȥ be a superposition 

qh"vyq"hwpevkqpu0"Vjgp J(ȥ, h),  = 0.

Lemma 3 (Skiba, 2012). Let r be a real number, 

and ȥ, h c ı(S+0"Vjgp

J(ȥ, h)  = 0,    J(ȥ, μ),  = 0 (15)

Lemma 4 (Skiba, 1989). Let ȥ, h c 20"Vjgp 

J(ȥ, h) belongs to 0 and

||J (ȥ, h+"̃̃"ø"M ||ȥ||2 ||h||2"" *38+

5. Attractive set of BVE solutions

Vjg"gzkuvgpeg"cpf"wpkswgpguu"qh"vjg"ygcm"uqnwvkqp"vq"
pqpuvcvkqpct{"DXG"*36+."cu"ygnn"cu"vjg"gzkuvgpeg"qh"c"
ygcm"uqnwvkqp"qh"uvgcf{"DXG"ygtg"rtqxgf"kp"Umkdc"
*4234+0"C"eqpfkvkqp"hqt"vjg"wpkswgpguu"qh"vjg"uvgcf{"
uqnwvkqp"ycu" cnuq" ikxgp" kp"Umkdc" *4234+0"Dgukfgu"
ugnh/kpvgtguv." vjg" cpcn{uku" qh" encuugu" qh" hwpevkqpu."
kp"yjkej" vjgtg" gzkuv"DXG" uqnwvkqpu" ku" rctvkewnctn{"
korqtvcpv"kp"vjg"uvcdknkv{"uvwf{"qh"uqnwvkqpu0
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Yg"pqy"eqpukfgt"rctvkewnct"hqtou"qh"vjg"hqtekpi"
iwctcpvggkpi"vjg"gzkuvgpeg"kp"c"rjcug"urceg"X"qh"c"
bounded set B.

Theorem 1"*Umkdc."4235+0"Ngv"s"œ"3"kp"*36+"cpf"
let )(x) c r"dg"c"uvgcf{"hqtekpi"yjgtg"r"œ"Î30"Vjgp"
every solution ȥ(t, x+"qh"DXG"*36+"yknn"gxgpvwcnn{"dg"
attracted by a bounded set B  X. Moreover,

I. Kh"r"œ"2"vjgp"X = 2 and

B = {ȥ�c" 2 : ||ȥ||2"ø"C1(r, s)||)||r’"yjgtg
       C1(r, s) = a–r(ı + 2sv)–1" *39+

II. Kh"t"c"]/3.2+"vjgp"X = 1 and

B = {ȥ�c" 1 : ||ȥ||1"ø"C2(r, s)||)||r’"yjgtg
       C2(r, s) = a–(r+1)(ı + 2sv)–1 (18)

Here a = "ku"vjg"eqpuvcpv"htqo"Ngooc"40
Remark 1. Cnn"vjg"uvgcf{"cpf"rgtkqfke"uqnwvkqpu"

*kh" vjg{" gzkuv+" dgnqpi" vq" vjg" ugv"B0"Qdxkqwun{." vjg"
set B" eqpvckpu" vjg"oczkocn" cvvtcevqt" qh" vjg"DXG"
*Vgoco."3;:7+0

Remark 2. Kh")(t, x+"ku"c"rgtkqfke"hqtekpi"qh"urceg 
C(0, Ȧ; r+"yjgtg"Ȧ"ku"vjg"vkog"rgtkqf."vjgp"Vjgqtgo"
3"ku"cnuq"xcnkf"ykvj"vjg"qdxkqwu"ejcpig"qh"vjg"pqto"
||)||r"d{"vjg"pqto" "̃̃H̃̃r�

Yg"pqy"ujqy" vjcv"wpfgt"egtvckp"eqpfkvkqpu"qp"
vjg"hqtekpi"cpf"fkuukrcvkqp."vjg"oczkocn"cvvtcevqt"qh"
DXG"*;+"eqkpekfgu"ykvj"vjg"¦gtq"uqnwvkqp0

Theorem 2. Kh" hqtekpi")(t, x+" ku" uwej" vjcv" vjg"
kpvgitcn"±0ı||)(t, x)||rdt eqpxgtigu"vjgp"̃̃ȥ(t)||xs"2"cu 
t s"ı0"Dgukfgs, X = 2"kh"r"œ"2"cpf"X = 1 kh"Î3"ø"
r < 0.

Proof. Eqpukfgt"qpn{"vjg"ecug�)(t, x) c r yjgtg 
r"œ"2."ukpeg"vjg"ecug")(t, x) c r yjgtg"r c [–1,0) is 

rtqxgf"ukoknctn{0"Vcmkpi"vjg"kppgt"rtqfwev"qh Eq. (9) 

ykvj"〉ȥ"cpf"wukpi"Ngooc"5"yg"igv

〉ȥt, 〉ȥ  = –j 〉ȥ."〉ȥ  + v *Î〉+s+1ȥ��〉ȥ  +

     )."〉ȥ  = –j"̃̃〉ȥ||2 –v ̃̃】s+2ȥ||2 + )."〉ȥ  (19)

Ykvj" ngoocu" 3" cpf" 4." vjg" vgtou" )."〉ȥ  and 

v ̃̃】"s+2ȥ||2 can be estimated as

| )."〉ȥ |���||)̃̃"̃̃〉ȥ̃̃"ø"a–r ||)||r"̃̃〉ȥ||

yjgtg"a = , and

v ̃̃】s+2ȥ||2 œ"4sv ̃̃〉ȥ||2

Vjgp"*3;+"kornkgu

∂

∂t
||Δψ|| ≤ –ρ ||Δψ|| + a–r ||F||r where ρ = σ + 2sv  (20)

Kpvgitcvkpi"*42+"ykvj"tgurgev"vq"t"htqo"Ĳ to t"yg"
obtain

||ȥ(t)||2"ø"̃̃ȥ(Ĳ)||2 + a–r ±Ĳt ||)||rdt (21)

yjgtg" ̃̃ȥ||2"? " ̃̃〉ȥ̃̃" *ugg" ]8_" cpf" ]9_+0"Ownvkrn{kpi"
*42+"d{"̃̃〉ȥ|| cpf"kpvgitcvkpi"vjg"tguwnv"ykvj"tgurgev"
to t"htqo"Ĳ to t."yg"qdvckp

||ȥ(t)||2
2 + 2ȡ"±Ĳt ||ȥ(t')||2

2 dt'"ø"̃̃ȥ(Ĳ)||22 + 

     2a–r ±Ĳt ||)(t')||r ||ȥ(t')||2dt'

Guvkocvkpi"vjg"pqto ||ȥ(t')||2"kp"vjg"t0j0u0"qh"vjg"ncuv"
kpgswcnkv{"ykvj"vjg"jgnr"qh"*43+"yg"igv

||ȥ(t)||2
2 + 2ȡ"±Ĳt ||ȥ||2

2 dt' ø"̃̃ȥ(Ĳ)||22

+ 2a–r {||ȥ(t)||2"-"±Ĳt ||)(t')||r dt'’"±Ĳt ||)(t')||r dt' 

ø"4"̃̃ȥ(Ĳ)||22"-"5*a–r"±Ĳt ||)(t')||r dt')2

Jgtg"yg"jcxg"2"ø" Ĳ"ø" v"ø"V0"Jgpeg." kh" kpvgitcn 
±0ı ||)(t, x)||r dt"ku"Ýpkvg"vjgp"kpvgitcn"±0ı ||ȥ||2

2 dt is also 

Ýpkvg0"Vjgtghqtg."vjgtg"gzkuvu"c"uwdugswgpeg"tk"s"ı 

uwej"vjcv"̃̃ȥ(tk)||2"s"20"Wukpi"*43+"kp"vjg"ecug"yjgp 

Ĳ = tk"yg"qdvckp"vjcv"̃̃ȥ(t)||2"s"2"cu"v"s"ı0"Vjg"vjg-
orem is proven.

6. Positive functional for the stability study

Yg"pqy"kpvtqfweg"c"rqukvkxg"hwpevkqpcn"tgncvgf"ykvj"
mkpgvke" gpgti{" cpf" gpuvtqrj{"qh" rgtvwtdcvkqpu" cpf"
fgtkxg"cp"gswcvkqp"fguetkdkpi"kvu"dgjcxkqt"kp"vkog0"
Gzcorngu"ctg"ikxgp"hqt"vjg"ogvgqtqnqikecnn{"korqtv-
cpv"Þqyu"jcxkpi"vjg"hqto"qh"c"uwrgt/tqvcvkqp"Þqy."c"
jqoqigpgqwu"urjgtkecn"rqn{pqokcn"qh"fgitgg"n or a 

Tquud{/Jcwtykv¦"ycxg0
Let ȥ~(t, Ȝ, μ) be a solution to BVE (9) under 

consideration, and let ȥ̂ (t, Ȝ, μ+"dg"cpqvjgt"uqnwvkqp"
qh"*;+0"Vjgp

∂
∂

∂

∂
−

 (22)

yjgtg"s"œ"3."v > 0, and ı"œ"2."jqnfu"hqt"vjg"rgtvwtdcvkqp 
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ȥ(t, Ȝ, μ) = ȥ̂ (t, Ȝ, μ) – ȥ~(t, Ȝ, μ) qh ȥ~0"Vcmkpi"vjg"
kppgt"rtqfwev"*3+"qh"Gs0"*44+"uweeguukxgn{"ykvj"ȥ and 

〉ȥ"cpf"wukpi"vjg"tgncvkqpu"*36+"cpf"Ngooc"5."yg"
qdvckp"vyq"kpvgitcn"gswcvkqpu<

∂
∂

ǁ ǁ

" *45+

∂
∂

−

ǁ ǁ

 (24)

hqt"vjg"mkpgvke"gpgti{"K(t) =  || ȥ||2"cpf"gpuvtqrj{"
Ș(t) =  ̃̃〉ȥ||2"qh"vjg"rgtvwtdcvkqp."tgurgevkxgn{0

Kv" hqnnqyu"htqo"*45+"cpf"*46+" vjcv" vjg"Lceqdkcp  

J(ȥ."〉ȥ~+"kp"*44+"ecp"ejcpig"vjg"rgtvwtdcvkqp"gpuvtq-

rj{"Ș(t+"dwv"fqgu"pqv"chhgev"vjg"rgtvwtdcvkqp"gpgti{"
K(t+0"Qp"vjg"eqpvtct{."vjg"qvjgt"Lceqdkcp"J(ȥ~."〉ȥ) in 

*44+"jcu"pq"ghhgev"qp"Ș(t+"dwv"ecp"ejcpig"K(t+0"Cu"hqt"
vjg"ncuv"vyq"vgtou"kp"vjg"n0j0u0"qh"*44+"*vjg"uwrgt/tq-

vcvkqp"vgto"cpf"vjg"pqp/nkpgct"vgto+."vjg{"dqvj"jcxg"
pq"kpÞwgpeg"qp"vjg"dgjcxkqt"qh"K(t) and Ș(t).

Example 1. Kh"ȥ~"?"2" *uwej"c" uqnwvkqp"gzkuvu" kh 
)(x+"z 2+"vjgp" J(ȥ."〉ȥ), ȥ~)  =  0  and J(ȥ."〉ȥ+.〉ȥ~)  = 0 

kp" *45+"cpf" *46+0"Vjgtghqtg." kp" vjg"pqp/fkuukrcvkxg"
case (ı = μ"?"2+."vjg"¦gtq"uqnwvkqp"ku"uvcdng."ukpeg"vjg"
rgtvwtdcvkqp"gpgti{"cpf"gpuvtqrj{"yknn"dg"eqpuvcpv0"
In a dissipative case (ı"Œ"2"cpf1qt"μ"Œ"2+."vjg"¦gtq"
uqnwvkqp"ku"inqdcnn{"cu{orvqvkecnn{"uvcdng."ukpeg"vjg"
rgtvwtdcvkqp"gpgti{"cpf"gpuvtqrj{"yknn"gzrqpgpvkcnn{"
decrease in time.

Ngv"pqy"ȥ~"dg"c"uqnwvkqp"qh"*;+."cpf"ngv"p and q be 

pqp/pgicvkxg"pwodgtu."pqv"gswcn"vq"¦gtq"ukownvcpg-
qwun{0"Yg"yknn"ogcuwtg"vjg"ocipkvwfg"qh"rgtvwtdcvkqp"
ykvj"vjg"hwpevkqpcn

Q(p, q, ȥ, t+"z"Q(t) = pK(t) + TȘ(t) =

       (p|| ȥ||2 + q̃̃〉ȥ||2) (25)

Ownvkrn{kpi"*45+"cpf"*46+"d{"p and q, respectively, 

cpf"eqodkpkpi"vjg"tguwnvu."yg"qdvckp

∂
∂

− − −

ǁ ǁ − ǁ ǁ

" *48+

yjgtg

− " *49+

Ngooc" 4" ngcfu" vq" Î̃̃】s+1ȥ||2" ø" Î4s|| ȥ||2 and 

Î̃̃】s+2ȥ||2" ø"Î4s̃̃〉ȥ||2." cpf"jgpeg" *48+" ecp"dg" guvk-
mated as

∂
∂

≤ − −  (28)

Example 2. 6XSHU�URWDWLRQ�EDVLF�ÀRZ��Let ȥ~ = 

ȥ~(μ+"z"Cμ"yjgtg"C"ku"c"eqpuvcpv0"Vjgp"R(t) = 0 due 

to (15) and Q(p, q, ȥ, t+" ku" vjg"Nkcrwpqx"hwpevkqp0"
Vjwu" vjg" uwrgt/tqvcvkqp"Þqy" ku"Nkcrwpqx" uvcdng" kh" 
ı = μ"?"2."cpf"ku"vjg"inqdcn"cvvtcevqt"*cu{orvqvkecnn{"
Nkcrwpqx"uvcdng+"kh"ȡ"@"20"Vjg"ucog"ku"vtwg"hqt"cp{"
Þqy"htqo"uwdurceg"H1 (Skiba, 1989).

Example 3. )ORZ�LQ�WKH�IRUP�RI�D�KRPRJHQHRXV�
VSKHULFDO� SRO\QRPLDO��Let ȥ~(t, x) c Hn hqt" uqog 
n"œ"4."vjcv"ku.

∑
−

 (29)

Kp" rctvkewnct." kv" ecp"dg" c" ¦qpcn"Ngigpftg/rqn{-

nomkcn"Þqy<"ȥ~(μ) = CPn (μ+0"Vjen J(ȥ."〉ȥ+"?"2"hqt"
cp{"rgtvwtdcvkqp"qh"Hn, and R(t+"z 0. By (22), any 

rgtvwtdcvkqp"qh"Hn"yknn"pgxgt"ngcxg"Hn."vjcv"ku."Hn is 

kpxctkcpv"ugv"qh"rgtvwtdcvkqpu"vq"Þqy"*4;+="dgukfgu."
due to (28), Q(p, q, ȥ, t) ø Q(p, q, ȥ, 0) exp(–2ȡW). 
Vjwu"cp{"kpkvkcn"rgtvwtdcvkqp"qh"Hn"yknn"gzrqpgpvkcnn{"
vgpf"vq"¦gtq"ykvj"vkog"pqv"ngcxkpi"Hn."vjcv"ku."ugv"Hn 

dgnqpiu"vq"vjg"fqockp"qh"cvvtcevkqp"qh"uqnwvkqp"*4;+0
Example 4. Vjg"dcuke"Þqy ȥ~ is a linear combi-

pcvkqp"qh"vjg"Þqyu"eqpukfgtgf"kp"gzcorngu"4"cpf"50"
In particular, ȥ~(t, Ȝ, μ+"ecp"dg"c"Tquud{/Jcwtykv¦"
ycxg"*Umkdc."3;:;."4226+0Vjgp"vjg"tguwnv"qdvckpgf"
kp"gzcorng"5"ku"cnuq"xcnkf"kp"vjku"ecug0

7. Evolution of functional Q(p, q, ȥ, t)

Gs0"*44+"hqt"c"rgtvwtdcvkqp"ȥ~(t, x+"qh"uqnwvkqp"ȥ~(t, x) 

ecp"dg"ytkvvgp"cu

∂
∂

− " *52+

yjgtg

− − −

∂

∂
−

" *53+

ku"c"nkpgct"qrgtcvqt"vjcv"jcu"c"eqorcev"tguqnxgpv"kh 
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v"@"2"*Umkdc."3;:;."3;;:+0"Wukpi"vjg"Ncitcpig"kfgp-

vkv{"hqt"fgÝpkpi"vjg"cflqkpv"qrgtcvqtu."Gs0"*48+"ecp"
dg"ytkvvgp"cu

" *54+

yjgtg

* − * " *55+

ku"vjg"u{oogvtke"qrgtcvqt"kp"vjg"urceg" 0.

Let Ȧn and Gn(x+"dg"gkigpxcnwgu"cpf"qtvjqpqtocn"
gkigphwpevkqpu"qh"vjg"urgevtcn"rtqdngo

BGn = ȦnGn" *56+

Pqvg"vjcv"hwpevkqpu"Gn(x+"tgrtgugpv"vjg"qtvjqpqtocn"
dcuku"kp"vjg"tgcn"urceg" 0, and operator B : 0"s" 0 

cnuq"jcu"c"eqorcev"tguqnxgpv"*v > 0), and Ȧn are real 

kuqncvgf" gkigpxcnwgu" qh" igqogvtkecn"ownvkrnkekv{"
qpg0"Vjg"qpn{"rquukdng"nkokv"rqkpv"qh"vjg"urgevtwo"ku 
Ȧ"?"Îı0"Vjwu"vjg"pwodgt"qh"rqukvkxg"gkigpxcnwgu"qh"
B"ku"Ýpkvg0

Ngv"wu"pqy"tgpwogtcvg"vjg"gkigpxcnwgu"}Ȧn’"qh"
operator B" kp" uwej"c"yc{" vjcv" vjgkt"xcnwgu"ctg"fg-
etgcukpi"ykvj"kpetgcukpi"xcnwgu"qh"n. Besides, assume 

vjcv" vjg"Ýtuv"N eigenvalues Ȧ1,…, Ȧn are positive. 

Vjg"uvtgcohwpevkqp"qh"c"rgtvwtdcvkqp"ȥ(t, x) can be 

tgrtgugpvgf"d{"kvu"Hqwtkgt"ugtkgu"

∑
∞ " *57+

Cu"c"tguwnv"yg"qdvckp 

∑ " *58+

Cuuwog" vjcv" cp" kpkvkcn"rgtvwtdcvkqp"ȥ(t0, x+"jcu"
vjg"hqto"qh"c"ukping"gkigphwpevkqp"Gn(x): ȥ(t0, x) = 

an(t0)Gn(x+."vjgp

" *59+

Vjgtghqtg."kh"Ȧn > 0 (or Ȧn">"2+"vjg"hwpevkqpcn"Q(t) 

qh"uwej"kpkvkcn"rgtvwtdcvkqp"yknn"kpetgcug"*fgetgcug+0"
Pqvg"vjcv"vjg"itqyvj"*fgec{+"tcvg"qh"Q(t+"cv"vjg"oq-

ment t0"ku"fgvgtokpgf"d{"vjg"oqfwnwu"qh"gkigpxcnwg"
Ȧn" cpf"d{" vjg" cornkvwfg"an(t0+" qh" rgtvwtdcvkqp0" Kp"
rctvkewnct."kh"p = 1, q"?"2"cpf"cnn"vjg"gkigpxcnwgu"ctg"
qtfgtgf"uq" vjcv"Ȧn+1"ø"Ȧn." vjgp"rgtvwtdcvkqp"qh" vjg"

hqto"qh" gkigphwpevkqp"G1(x+"yknn" ecwug" vjg" hcuvguv"
itqyvj"qh"vjg"rgtvwtdcvkqp"gpgti{"K(t).

Let us consider a sequence {an’"qh" vjg"Hqwtkgt"
eqghÝekgpvu"qh"c"rgtvwtdcvkqp"*57+"cu"c"rqkpv"kp"vjg"
rjcug"urceg"qh"rgtvwtdcvkqpu"vq"DXG"uqnwvkqp"ȥ~(t, x). 

Vjgp"fwg"vq"*58+."vjg"eqpfkvkqp

∑ ∑ " *5:+

fgÝpgu"c"uwdugv"F0"kp"vjg"eqqtfkpcvg"urceg"qh"rqkpvu"
{an}. Any perturbation ȥ."yjqug"Hqwtkgt"eqghÝekgpvu"
{an} belong to F0."igpgtcvgu"vjg"itqyvj"qh"Q(t).

Kv"ku"kpvgtguvkpi"vq"uvwf{"c"uvtwevwtg"qh"vjg"ugv"F0. 

Qdxkqwun{."ugv"F0 is unbounded because it includes 

vjg"N-dimensional Euclidean space N" qh" xgevqtu 
{a1, a2,…, aN’"gzegrv"hqt"kvu"qtkikp"}2."2.000."2’0"Vjg"
set F0 ku"qh"kpÝpkvg"fkogpukqp"cpf"ku"pqv"kpxctkcpv"
ykvj" tgurgev" vq" crrn{kpi" vjg" pqpnkpgct" qrgtcvqt 
/ȥ – J(ȥ."〉ȥ+"qh"Gs0"*44+."vjcv"ku."vjg"vtclgevqt{"qh"
perturbation ȥ(t, x+"ecp"gpvgt"cpf"ngcxg"vjg"ugv"F0. 

Qdxkqwun{."coqpi"cnn"vjg"rqkpvu"}an} belonging to a 

uwthceg"¬N
n=1 a

2
n = C = const"vjg"oczkowo"qh" Q(t) 

ku"cejkxgf"yjgp"a1 =  and an"?"2"hqt"cnn"n"œ"40
Kv"hqnnqyu"htqo"*5:+"vjcv"kh"¬N

n=1Ȧn a
2
n is bounded 

vjgp"¬ı
n=N+1|Ȧn|a

2
n is also bounded. Since |Ȧn| s"ı"vq"

as n s ı *tgecnn"vjcv"vjg"qrgtcvqt"B"jcu"c"eqorcev"
tguqnxgpv+."vjg"kpgswcnkv{"¬ı

n=N+1|Ȧn|a
2
n < C"fgÝpgu"c"

eqorcev" ugv" kp" vjg" eqqtfkpcvg" urceg" qh" ugswgpegu 
{an}

ı
n=N+1."yjkej"ku"qtvjqiqpcn"vq"vjg"N-dimensional 

Euclidean space N.

Vjwu." vjg" pqpnkpgct" gxqnwvkqp" rtqeguu" hqt" rgt-
vwtdcvkqpu"ecp"dg"fguetkdgf"d{" vjg" hqnnqykpi"yc{0"
Cuuwog"vjcv"cv"cp"kpkvkcn"oqogpv"t0"vjg"rgtvwtdcvkqp"
ȥ(t0, x+"ku"uwej"vjcv"an(t0+"?"2"hqt"cnn"n > N."k0g0"vjg"
point {an(t0)} c N0"Vjgp"hwpevkqpcn"Q(t+"yknn"itqy0"
Since N ku"pqv"kpxctkcpv."pqp¦gtq"eqghÝekgpvu"an(t) 

hqt"n > N"yknn"crrgct0"Vjgkt"itqyvj"yknn"tgpfgt"vjg"
kpgswcnkv{" *5:+" kpxcnkf." cpf" vjg" rqkpv" }an(t+’"yknn"
ngcxg"vjg"ugv"F00"Htqo"vjku"oqogpv"vjg"hwpevkqpcn"
Q(t+"yknn"fgetgcug0"Pqvg"vjcv"vjg"nctigt"vjg"pwodgt"qh"
pqp¦gtq"eqghÝekgpvu"an(t+"ykvj"n > N."vjg"jkijgt"vjg"
rquukdknkv{"hqt"vjg"rqkpv"}an(t+’"vq"ngcxg"vjg"ugv"F0.

Example 5. 6XSHU�URWDWLRQ�EDVLF�ÀRZ��Let ȥ~"z"
ȥ~(μ) = Cμ"yjgtg"C"ku"c"eqpuvcpv0"Vjgp

− −
∂

∂
−

Ukpeg"〉" cpf"  ctg" eqoowvcvkxg." vjg" qrgtcvqt 
[2(C"Î"3+"Î"E〉_" "ku"umgy"u{oogvtke."cpf"jgpeg.
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− −

Vjwu."vjg"urjgtkecn"jctoqpkeu"Yn
m(x) (n"?"3."4."5.000="

̃õ"ø"n+"ctg"vjg"gkigphwpevkqpu"Gn(x+"qh"qrgtcvqt"B 

eqttgurqpfkpi"vq"vjg"gkigpxcnwgu"Ȧn = –(ı + YȤs
n)(TȤ2

n 

+ SȤn)"yjgtg"Ȥn = n(n + 1). Since Ȧn">"2"hqt"cnn"n, 

vjg"ugv"F0 fgÝpgf"d{"*5:+"ku"gorv{"cpf"Q(t+"s"2"kp"
vkog"hqt"cp{"rgtvwtdcvkqp"qh"uwrgt/tqvcvkqp"Þqy"ȥ~(μ) 

= Cμ (see Example 2).

8. Conditions for global asymptotic stability

Kp"c"nkokvgf"fqockp"qp"vjg"rncpg."kp"vjg"cdugpeg"qh"
nkpgct"ftci."c"eqpfkvkqp"hqt"inqdcn"cu{orvqvke"uvcdknkv{"
qh"c"DXG"uqnwvkqp"ycu"fgtkxgf"d{"Uwpfuvtöo"*3;8;+."
rtqxkfgf"vjcv"vjg"uqnwvkqp"jcu"eqpvkpwqwu"fgtkxcvkxgu"
wr"vq"vjg"vjktf"qtfgt0"Kp"vjku"ugevkqp"yg"ikxg"vjtgg"uwh-
Ýekgpv"eqpfkvkqpu"hqt"vjg"inqdcn"cu{orvqvke"uvcdknkv{"
qh"uoqqvj"cpf"ygcm"DXG"uqnwvkqpu"*vjgqtgou"5/7+0"
Vjgug"eqpfkvkqpu"fkhhgt"d{"vjg"uoqqvjpguu"qh"dcuke"
uqnwvkqp0"Vjg"Ýtuv"vyq"eqpfkvkqpu"ygtg"rtqxgf"kp"Umkdc 
*4235+0"Vjg"Ýtuv"eqpfkvkqp"*Vjgqtgo"5+"igpgtcnk¦gu"
SundströoÓu" tguwnv" vq" c"Þqy"qp" c" tqvcvkpi" urjgtg"
yjgp"vjg"nkpgct"ftci"ku"cnuq"vcmgp"kpvq"ceeqwpv"cpf"
s"œ"3"kp"vjg"vwtdwngpv"vgto0"Jqygxgt."kp"vjg"igpgtcn"
ecug."vjg"uqnxcdknkv{"vjgqtgou"*Umkdc."4234+"fq"pqv"
iwctcpvgg"vjg"gzkuvgpeg"qh"vjg"uqnwvkqp"yjqug"vjktf"
qt" jkijgt" fgtkxcvkxgu" ctg" eqpvkpwqwu0"Vjgtghqtg" kp"
vjg"ugeqpf"eqpfkvkqp"*Vjgqtgo"6+."vjg"tguvtkevkqp"qp"
vjg"uoqqvjpguu"qh"dcuke"uqnwvkqp"ku"ygcmgpgf"*qpn{"
eqpvkpwqwu" fgtkxcvkxgu" wr" vq" vjg" ugeqpf"qtfgt" ctg"
tgswktgf+"cpf"ku"kp"hwnn"ceeqtfcpeg"ykvj"vjg"uqnxcdknkv{"
vjgqtgou0"Vjg"vjktf"eqpfkvkqp"*Vjgqtgo"7+"ku"rtqxgf"
kp"vjku"ugevkqp"hqt"c"ygcm"DXG"uqnwvkqp0"Gzcorngu"
ctg"ikxgp"hqt"c"jqoqigpgqwu"urjgtkecn"rqn{pqokcn"
qh"uwdurceg"Hn and a pure dipole modon.

Hktuv." eqpukfgt" c" tcvjgt" uoqqvj" dcuke" uqnwvkqp 

ȥ~(t, x+"qh"DXG"*;+"vjcv"jcu"eqpvkpwqwu"fgtkxcvkxgu"wr"
vq"vjg"vjktf"qtfgt."uq"vjcv

≥ ∈

≥

and

∈

" *5;+

ctg"dqvj"Ýpkvg0"Ngv"wu"guvkocvg"vjg"kppgt"rtqfwev"*49+"
d{"ogcpu"qh"hwpevkqpcn"*47+"ykvj"p and q"fgÝpgf"d{"
*5;+<

− ≤

ǁ ǁǁ ǁ ≤
 (40)

Vjgp"uwduvkvwvkqp"qh"*62+"kp"*4:+"ngcfu"vq
Theorem 3 *Umkdc."4235+0"Ngv"s"œ"3."v > 0 and 

ı"œ"20"Kh"c"uqnwvkqp"ȥ~(t, x+"qh"Gs0"*;+"ku"uwej"vjcv"vjg"
numbers p and q"fgÝpgf"d{"*5;+"ctg"Ýpkvg."cpf

 (41)

vjgp"Q(p, q, y, t+"ku"vjg"Nkcrwpqx"hwpevkqp."dgukfgu"
cp{"rgtvwtdcvkqp"qh"ȥ~(t, x+"yknn"gzrqpgpvkcnn{"fgetgcug"
in time .

Kp"vjg"rctvkewnct"ecug"yjgp"s = 1 and ı"?"2."Vjg-
qtgo"5" ku" cpcnqiqwu" vq" vjg" cuugtvkqp" *Uwpfuvtöm, 

3;8;="[w."4227+"hqt"vjg"Þqyu"kp"c"nkokvgf"fqockp"qp"
vjg"rncpg0"Pqvg"vjcv"dqvj"tguwnvu"fgocpf"vjg"wpkhqto"
dqwpfgfpguu"qh"̃ 〉ȥ~(t, x)|  and | ȥ~(t, x+̃0"Jqygxgt."
vjg"gzkuvgpeg"qh"DXG"uqnwvkqpu"ku"rtqxgf"qpn{"kp"vjg"
encuugu"qh"vykeg"eqpvkpwqwun{"fkhhgtgpvkcdng"uvtgco-

hwpevkqpu"*Skiba, 2012+0"Kv"ycu"ujqyp"kp"Umkdc"*4235+"
vjcv" vjg" tguvtkevkqp" qp" vjg" uoqqvjpguu" qh" uqnwvkqp"
eqwnf"dg"ygcmgpgf"uq"cu"vq"dg"kp"ceeqtfcpeg"ykvj"vjg"
tgswktgogpvu"qh"vjg"uqnxcdknkv{"vjgqtgou0

Theorem 4 *Umkdc."4235+0"Ngv"s"œ"3."v > 0, ı"œ"2. 
and let ȥ~(t, x+" dg" c" uqnwvkqp" qh Gs0" *;+" uwej" vjcv"
numbers

≥ ∈

≥

and

∈

 (42)

fgÝpgf"d{"*64+"ctg"Ýpkvg0"Kh

− " *65+

vjgp"Q(p, q, y, t+"ku"vjg"Nkcrwpqx"hwpevkqp."dgukfgu"
cp{"rgtvwtdcvkqp"qh"ȥ~(t, x+"yknn"gzrqpgpvkcnn{"fgetgcug"
in time.

Pqvg"vjcv" kp"eqpvtcuv" vq"Vjgqtgo"5."Vjgqtgo"6"
tgswktgu"c"pqp/¦gtq"xkuequkv{"eqghÝekgpv"v.

Wpnkmg"*5;+."eqpfkvkqp"*65+"ecp"dg"crrnkgf"vq"c"
ykfgt"encuu"qh"DXG"uqnwvkqpu0"Hqt"gzcorng."kh"ȥ~(t, x) 

ku" c"oqfqp" d{"Vtkddkc" *3;:6+."Xgtmng{" *3;:9+" qt"
Pgxgp" *3;;4+." uwdlgevgf" vq" vjg" nkpgct" ftci" cpf"
xkuequkv{" cpf" uwrrqtvgf"d{" c" egtvckp" hqtekpi." vjgp"
eqpfkvkqp" *65+" ku" crrnkecdng."yjgtgcu" *63+" ecppqv"
be used because 〉ȥ~(t, x+"ku"fkueqpvkpwqwu"qp"vjg"
dqwpfct{"dgvyggp"vjg"kppgt"cpf"qwvgt"tgikqpu"qh"
vjg"oqfqp0

Example 6. Let ı = 0 and s = 1 in Eq. (9), and let 

ȥ~(x+"dg"c"uvcvkqpct{"DXG"uqnwvkqp"htqo"Hn (n"œ"4+<
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∑
−

 (44)

Vjku"uqnwvkqp"ku"uwrrqtvgf"d{"c"uvgcf{"hqtekpi")(x) 

yjqug"Hqwtkgt"eqghÝekgpvu"ctg"gswcn" vq")n
m = (–YȤ2

n 

+ i2m)ȥ~n
m"yjgtg"i =  and Ȥn = n(n + 1). Due to 

Gzcorng"5."uwdurceg"Hn"ku"vjg"dcukp"qh"cvvtcevkqp"qh"
solution ȥ~(x+"hqt"cp{"v. Besides, (42) leads to p = Ȥnq, 

cpf"d{"Vjgqtgo"6."uqnwvkqp"*66+"ku"vjg"inqdcn"cvvtcevqt"
kh"v"œ"q 0"Vjwu."vjg"nctigt"vjg"xgnqekv{"cpf"
degree n"qh"Þqy"*72+."vjg"nctigt"owuv"dg"vjg"xkuequkv{"
eqghÝekgpv"v to provide its global asymptotic stability.

Example 7. 3XUH� GLSROH�PRGRQ��Ngv" wu" pqy"
urgekh{"eqpfkvkqp"*65+"hqt"vjg"rwtg"fkrqng"uvcvkqpct{"
oqfqp"d{"Xgtmng{"*3;:9+"rtqxkfgf"vjcv"ı = 0 and 

s"?"3"kp"Gs0"*;+0"Uwej"c"oqfqp"jcu"vjg"hqto

' ' ' ' (45)

kp"vjg"nqecn"eqqtfkpcvg"u{uvgo"*Ȝ
, μ'), besides,

− − " *68+

kp"vjg"kppgt"tgikqp"Si = {(Ȝ
, μ') c S : μ' > a}, and

− − " *69+

kp"vjg"qwvgt"tgikqp"So = {(Ȝ
, μ') c S : μ' < a’"qh"vjg"
modon (|ã">"3+0"Kv"ecp"dg"ujqyp"vjcv

− −

hqt"vjg"uvcvkqpct{"oqfqp"*65+0"Kp"vjg"tgncvkqpu"*67+/
*69+."μ"ku"vjg"ukpg"qh"ncvkvwfg"kp"vjg"igqitcrjkecn"u{u-
tem (Ȝ, μ+"yjqug"rqng"μ"?"3"ku"qp"vjg"czku"qh"tqvcvkqp"
qh"urjgtg."cpf"ȤĮ and Ȥı"ctg"vjg"gkigpxcnwgu"qh" vjg"
urjgtkecn"jctoqpkeu"wugf"kp"eqpuvtwevkpi"vjg"oqfqp"
in regions Si and So, besides, ȤĮ > 0 and Ȥı is a real. 

Pqvg"vjcv p"ø"ocz}ȤĮ, |Ȥı|}q"-"4."yjgtg"q"ku"fgÝpgf"
by (42). As a tguwnv." eqpfkvkqp" *65+" hqt" vjg"inqdcn"
cu{orvqvke"uvcdknkv{"qh"oqfqp"gzrnkekvn{"fgrgpfu"qp"
ȤĮ, |Ȥı| and q: v2"œ"q[  max{ȤĮ, |Ȥı|} +1.

Yg"pqy"fgtkxg"c"eqpfkvkqp"hqt"vjg"inqdcn"cu{or-

vqvke"uvcdknkv{"qh"c"uvgcf{"ygcm"uqnwvkqp"ȥ~(x) c s+2 

(s œ" 3+." yjqug" gzkuvgpeg" ku" rtqxgf" kp" *Skiba,  

2012).

Theorem 5. Let s œ"3."v > 0 and ı"œ"20"C"uvgcf{"
ygcm" uqnwvkqp"ȥ~(x) c s+2" qh"DXG" *;+" ku"inqdcnn{"
cu{orvqvkecnn{"uvcdng"kh

−  (48)

yjgtg" p  = C0̃ ̃〉ȥ~ | | 4(S)" ?" *±S̃〉ȥ~ |4dS)1/4 and 

q = C0||ȥ~|| 4(S), and C0" ku" vjg"eqpuvcpv"htqo"vjg"gu-
timate

ǁ ǁ ≤ ǁ ǁ (49)

*ugg"ngoocu"8"cpf"9"htqo"Ngtc{."3;55+0
Proof. Vjg"hwpevkqpu"ȥ~(x+"cpf"〉ȥ~(x) belong to 

4(S+"fwg"vq"ngooc"6"htqo"Ngtc{"*3;55+."cpf"crrn{-

kpi"J…nfgtÓu"kpgswcnkv{"vq"*49+"yg"igv

− ≤

ǁ ǁ ǁ ǁ ǁ ǁ ǁ ǁ

Kpvgitcvkpi"vjg"ncuv"kpgswcnkv{"cpf"crrn{kpi"*6;+"
yg"qdvckp

≤ ǁ ǁ

ǁ ǁ ǁ ǁǁ ǁ

Setting p = C0̃̃〉ȥ~|| 4(S) and q = C0||ȥ~|| 4(S) and using 

i/kpgswcnkv{."yg"igv

≤

ǁ ǁ

 (50)

Vjg"kpvgitcvkqp"qh"Gs0"*48+"kp"vkog"cpf"vjg"wug"qh"
vjg"kpgswcnkvkgu"Î̃̃】s+1ȥ||2"ø"Î4s|| ȥ||2"cpf"Î̃̃】s+2ȥ||2 

ø"Î4s–1̃̃】5ȥ||2 lead to

≤ − − −

− ǁ ǁ

 (51)

ykvj"ȡ = ı + 2sv0"Crrn{kpi"*72+"kp"*73+"yg"qdvckp
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≤ − − −

− − ǁ ǁ

Vjg"ncuv"vgto"kp"vjku"kpgswcnkv{"ku"gnkokpcvgf"d{"
setting İ2 = p/(2s+1v+0"Vjwu."ȥ~(x) is globally asymp-

vqvkecnn{"uvcdng"kh"ȡ – Sİ2"@"20"Vjg"vjgqtgo"ku"rtqxgf0
Remark 3. Vjg" tguvtkevkqp"qp" vjg" eqghÝekgpv"v 

ygcmgpu"yjgp"vjg"qtfgt"s"kp"vjg"vwtdwngpv"vgto"qh"Gs0"*;+ 
kpetgcugu0"Cnuq"pqvg"vjcv"cnvjqwij"vjg"pwodgt"q is 

cdugpv" kp" *6:+." kv" ku" rtgugpv" kornkekvn{" vjtqwij" vjg"
fgÝpkvkqp"qh"hwpevkqpcn"Q(p, q, ȥ, t).

9. Hausdorff dimension of spiral attractor for a 

quasi-periodic forcing of Hn

��� Hausdorff dimension of BVE attractor subjected 

to a stationary forcing

Guvkocvgu"qh"vjg"Jcwufqthh"fkogpukqp"qh"cvvtcevqt"kp"
a viscous incompressible 2D"Þwkf"uwdlgevgf"kp"vjg"
rgtkqfke"j{rgtewdg"vq"c"uvcvkqpct{"hqtekpi"ygtg"ocfg"
in Dcdkp"cpf"Xkujkm"*3;:;+"cpf."kp"vjg"oqtg"igpgtcn"
case, in Constantin et al. (1988), Fqgtkpi"cpf"Ikd-

bon"*3;;3+."cpf"Ikddqp"*3;;8+0"Vjg{"uvcvg"vjcv"vjg"
cvvtcevqt"fkogpukqp"ku"nkokvgf"d{"vjg"pqpfkogpukqpcn"
igpgtcnk¦gf"Itcujqh"pwodgt"*Vgoco."3;:6."3;:7+0 
Kp" vjg"ecug"qh" urjgtg." vjg"Jcwufqthh"fkogpukqp"qh"
cvvtcevqt"qh"xqtvkekv{"gswcvkqp

∂
∂

−

ycu"guvkocvgf"kp"Kn{kp"*3;;6+"cu

≤ ×

 (52)

yjgtg"İG(s)"s"2 as G(s)"s"ı."cpf"G(s+"ku"vjg"igpgt-
cnk¦gf"Itcujqh"pwodgt

G(s) = ||)(x)|| /22s–1v2(s+" *75+

and

ǁ ǁ ≡ ≡

∑ ∑
−

 (54)

ku"vjg"L2/pqto"qh"vjg"uvcvkqpct{"hqtekpi."cpf")n
m is its 

Hqwtkgt"eqghÝekgpv"ykvj"tgurgev"vq"vjg"qtvjqpqtocn"
ugv"qh"urjgtkecn"jctoqpkeu"Yn

m(x+"qh"vjg"¦qpcn"pwodgt 
m and degree n"œ"30"Kp"rctvkewnct."vjg"kpgswcnkv{"*74+."
cu"crrnkgf"vq"nctig/uecng"dctqvtqrke"rtqeguugu"qh"vjg"
cvoqurjgtg" hqt s = 2 and G*4+"?"3722."{kgnfu" vjg"
wrrgt" nkokv" qh" vjg" dctqvtqrke" cvoqurjgtg" cvvtcevqt"
dimension (Ilyin, 1994):

dim A*4+"ø"82" *77+

Fgurkvg" vjg" hcev" vjcv" vjg" tguwnvu" *74+" cpf" *77+"
ctg"qh"eqpukfgtcdng"vjgqtgvkecn"kpvgtguv"kp"j{ftqf{-

pcokeu."vjgkt"rtcevkecn"crrnkecvkqp"vq"vjg"dctqvtqrke"
cvoqurjgtg"tckugu"fqwdvu0"Kpfggf."vjg"hqtekpi"qh"vjg"
DXG" *;+" fguetkdgu" vjg" kpÞwgpeg" qh"nonstationary 

uocnn/uecng"dctqenkpke"rtqeguugu"ykvj"tcvjgt"eqornk-
ecvgf"urcvkcn"cpf"vgorqtcn"dgjcxkqt0"Uq"kv"ku"pcvwtcn"
vq" gzrgev" vjcv" kp" eqpvtcuv" vq" uvcvkqpct{" hwpevkqpu."
uocnn/uecng"swcuk/rgtkqfke"hwpevkqpu"oqtg"cfgswcvgn{"
tgrtgugpv"vjg"DXG"hqtekpi0

����4XDVL�SHULRGLF�VSLUDO�VROXWLRQ
Kp" qtfgt" vq" ujqy" vjcv" vjg"Jcwufqthh" fkogpukqp"qh"
cvvtcevkxg" ugvu" etwekcnn{" fgrgpfu" qp" vjg" urgevtcn"
eqorqukvkqp"qh"DXG"hqtekpi."yg"pqy"eqpukfgt"vjg"
cu{orvqvke"dgjcxkqt"qh"uqnwvkqpu"vq"vjg"DXG"*;+"hqt"
c" hqtekpi"yjkej" ku" swcuk/rgtkqfke" kp" vkog" cpf"jcu"
vjg" hqto"qh" c" jqoqigpgqwu" urjgtkecn" rqn{pqokcn"
qh"fgitgg"n:

∑
−

" *78+

yjgtg

≤ " *78+

i"ku"vjg"kocikpct{"wpkv."fm is a constant amplitude, 

cpf" vjg" pwodgtu"Ȧm are some incommensurate 
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hwpfcogpvcn"htgswgpekgu0"Qdxkqwun{."vjg"igqogvtke"
uecng"qh"hqtekpi"fgetgcugu"cu"n"kpetgcugu0"Pqvg"vjcv"
vjg" urjgtkecn" xctkcpv" qh" vjg"ygnn/mpqyp" gzcorng"
d{"Octejkqtq" *3;:8+" eqttgurqpfu" vq" vjg" vkog/kp-

fgrgpfgpv"hqtekpi"*78+"qh"fgitgg"n = 1. Also note 

vjcv"vjg"pqto

ǁ ǁ ∑
−

∑
−

 (58)

qh" hqtekpi" *78+." *79+" ku" vkog/kpfgrgpfgpv." cpf"yg"
yknn"wug"vjg"ucog"igpgtcnk¦gf"Itcujqh"pwodgt"*75+"
cu"kp"vjg"ecug"qh"uvcvkqpct{"hqtekpi0"Qdxkqwun{."vjgtg"
ku"c"jquv"qh"swcuk/rgtkqfke"hqtekpiu"*78+"vjcv"jcxg"vjg"
ucog"pqto"*7:+"*qt"vjg"ucog"Itcujqh"pwodgt"]75_+."
dwv"fkhhgt"kp"vjgkt"fgitggu"n and amplitudes fm.

Due to (2) and (11), J(ȥ."Äȥ+"?"2"hqt"cp{"ȥ c Hn, 

cpf"jgpeg."Hn"ku"vjg"kpxctkcpv"ugv"qh"DXG"uqnwvkqpu<"
cp{"uqnwvkqp"qh"*;+"vjcv"uvctvu"kp"Hn yknn"pgxgt"ngcxg"
Hn0"Oqtgqxgt."kv"hqnnqyu"htqo"*49+"vjcv"R(t+"z 0, and 

d{" *48+." vjg" uwdurceg"Hn" ku" vjg" cvvtcevkqp" fqockp"
hqt"vjg"uqnwvkqp"ȥ~m(t, x) c Hn"fgÝpgf"d{"kvu"Hqwtkgt"
eqghÝekgpvu"*Umkdc."4235+<

≡ −

− − ≤

 (59)

Ukpeg"vjg"htgswgpekgu"Ȧm are rationally indepen-

fgpv."vjg"cvvtcevkxg"uqnwvkqp"ȥ~(t, x) is quasi-periodic, 

cpf" kvu" rcvj" ku" cp" qrgp" *gpfnguu+" urktcn" fgpugn{"
yqwpf"ctqwpf"c"4n/fkogpukqpcn"vqtwu"kp"vjg"*4n + 1)- 

dimensional complex subspace Hn. According to 

vjgqtgo"5"d{"Ucoqkngpmq"*3;;3+."vjg"enquwtg"qh"vjku"
vtclgevqt{"eqkpekfgu"ykvj"vjg"vqtwu0"Jgpeg."vjg"Jcwu-
fqthh"fkogpukqp"qh"cvvtcevkxg"uqnwvkqp"*7;+"gswcnu"4n.

���� *OREDO� DV\PSWRWLF� VWDELOLW\� RI� VSLUDO� VROXWLRQ�
(59)

UwhÝekgpv"eqpfkvkqp"hqt"vjg"inqdcn"cu{orvqvke"uvcdknk-
v{"qh"uqnwvkqp"*7;+"ku"ikxgp"d{"Vjgqtgo"50"Kp"qwt"ecug"
ȥ~(t, x) c Hn."cpf"*5;+"ngcfu"vq"p"?"ぬnq = n(n + 1)q. 

Cu"c"tguwnv."vjg"eqpfkvkqp"*63+"hqt"inqdcn"cu{orvqvke"
uvcdknkv{"qh"uqnwvkqp"*7;+"ceegrvu"vjg"hqto

" *82+

yjgtg

≥ ∈

∆

" *83+

Kv" ku" gcu{" vq" ujqy" *ugg"Umkdc." 3;;6."Crrgpfkz"
D+"vjcv

∆ ∑
−

≤ ǁ ǁ ∑
−

ǁ ǁ

∆

∆

×

Ceeqtfkpi"vq"*7;+"yg"jcxe ||ȥ~(t, x+̃̃"ø"]ı + YȤs
n]

–1 × 

Ȥn
–1 ||)̃̃"yjgtg"̃ ̃)̃̃"ku"vjg"vkog/kpfgrgpfgpv"pqto"*7:+"
qh"hqtekpi"*78+0"Wukpi"vjg"ncuv"guvkocvgu"kp"*83+"yg"igv

≤ − ǁ ǁ ≡
− ǁ ǁ

yjgtg"bn  [ı + YȤs
n]

–1"cpf"jgpeg."eqpfkvkqp"
*82+"ku"ucvkuÝgf"kh"ı + 2sv > bn ||)̃̃"cpf"gxgp"oqtg"uq"kh

ǁ ǁ" *84+

Wukpi"*75+."eqpfkvkqp"*84+"ecp"dg"ytkvvgp"kp"vgtou"
qh"igpgtcnk¦gf"Itcujqh"pwodgt<"42–sȤs

n  > 

G(s+."cpf"jgpeg."kv"ku"ucvkuÝgf"kh

− − " *85+

Vjwu."yg"jcxg"rtqxgf"vjg"hqnnqykpi"cuugtvkqp<
Theorem 6. Let s"œ"v > 1, v > 0, ı"œ"2.")(t, x) c Hn 

dg"c"swcuk/rgtkqfke"DXG"hqtekpi"*78+."cpf"ngv"G(s) be 

vjg"igpgtcnk¦gf"Itcujqh"pwodgt"*75+"qh"vjku"gswcvkqp0"
Vjgp"uqnwvkqp"*7;+"qh"Hn is globally asymptotically 

uvcdng"rtqxkfgf"vjcv"kpgswcnkv{"*85+"ku"hwnÝnngf0"Oqtg-
qxgt."hqt"c"Ýzgf"Ýpkvg"Itcujqh"pwodgt"G(s+."vjgtg"ku"
an integer nG"uq"vjcv"hqt"cp{"n"œ"nG."vjg"urktcn"uqnwvkqp"
igpgtcvgf"d{"cp{" hqtekpi" *78+"qh"Jn"ykvj"Itcujqh"
number G is globally asymptotically stable.

In particular, solution (59) is globally asymptoti-

ecnn{"uvcdng"kh"41/2
 n
914 > G(2) and 21/2  n514 > G(1). 

Vjg" ncuv" ecug" eqttgurqpfu" vq" vjg"Pcxkgt/Uvqmgu"
gswcvkqpu0"Hqt"gzcorng."vjg"eqpfkvkqp"41/2

 n
914  > 

G*4+"ku"ucvkuÝgf"hqt"cp{"hqtekpi"*78+"qh"fgitgg"n"œ":"
kh"G(2) = 1500.

Vjg" tguwnv" qdvckpgf" ku" pqv" wpgzrgevgf0" Kpfggf."
hqt"c"Ýzgf"eqghÝekgpv"v(s+."vjg"pwodgt"G(s+"ku"Ýzgf"
kh"vjg"L2/pqto"*7:+"qh"vjg"hqtekpi"ku"c"eqpuvcpv"kp-

fgrgpfgpv"qh"n0"Vjg"cornkvwfgu"̃fm̃"qh"hqtekpi"owuv"
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decrease as n"itqyu."cpf"hqt"n"nctig"gpqwij"*qt"hqt"
vjg"cornkvwfgu"̃fm̃"uocnn"gpqwij+"vjg"xkuequkv{"v(s) 

ku"uwhÝekgpv"vq"ocmg"vjg"swcuk/rgtkqfke"uqnwvkqp"*7;+"
globally asymptotically stable.

Vjwu."yjgtgcu" vjg"Jcwufqthh" fkogpukqp"qh" vjg"
DXG"cvvtcevqt" uwdlgevgf" vq" c" uvcvkqpct{" hqtekpi" ku"
nkokvgf"cdqxg"d{"vjg"igpgtcnk¦gf"Itcujqh"pwodgt"G 

*Kn{kp."3;;6+."vjg"Jcwufqthh"fkogpukqp"4n"qh"inqdcnn{"
attractive spiral solution (59) may become arbitrarily 

nctig"cu"vjg"fgitgg"n"qh"swcuk/rgtkqfke"hqtekpi"*78+"
itqyu0"Vjku"tguwnv"jcu"c"ogvgqtqnqikecn"kpvgtguv."ukpeg"
kv"ujqyu"vjcv"vjg"fkogpukqp"qh"vjg"inqdcn"cvvtcevqt"kp"
vjg"dctqvtqrke"cvoqurjgtg"etwekcnn{"fgrgpfu"qp"vjg"
urcvkcn"cpf"vgorqtcn"uvtwevwtg"qh"DXG"hqtekpi"cpf"
kv"ecp"dg"wpnkokvgf"gxgp"kh"vjg"Itcujqh"pwodgt"*75+"
is bounded.

Remark 4. Hqt" c" uvgcf{" hqtekpi")(t, x) c Hn, 

eqpfkvkqp" *85+" iwctcpvggu" vjg" inqdcn" cu{orvqvke"
uvcdknkv{"qh"vjg"uvgcf{"DXG"uqnwvkqp"ȥ~(t, x) c Hn as 

ygnn0

10. Conclusions

Vjg"pqpnkpgct"dctqvtqrke"xqtvkekv{"gswcvkqp"*DXG+"
fguetkdkpi" vjg"xqtvgz"f{pcokeu"qh"xkueqwu" kpeqo-

rtguukdng" cpf" hqtegf"Þwkf" qp" c" tqvcvkpi" urjgtg" ku"
eqpukfgtgf0"Kv"vcmgu"kpvq"ceeqwpv"vjg"Tc{ngkij"htkevkqp."
vjg"tqvcvkqp"qh"urjgtg."vjg"gzvgtpcn"xqtvkekv{"uqwteg"
*hqtekpi+")(t,x+."cpf"vjg"vwtdwngpv"xkuequkv{"vgto"qh"
eqooqp"hqto"v*ÎÄ+s+1 ȥ."yjgtg"Ä"ku"vjg"urjgtkecn"
Laplace operator and s"œ"3"ku"c"tgcn"pwodgt0

Vjg"nctig/vkog"dgjcxkqt"qh"kvu"uqnwvkqpu"ku"uvwfkgf0"
UrgekÝe" hqtou" qh" uvgcf{"DXG" hqtekpi" jcxg" dggp"
hqwpf"yjkej"iwctcpvgg"vjg"gzkuvgpeg"qh"c"nkokvgf"ugv"
vjcv"gxgpvwcnn{"cvvtcevu"cnn"vjg"DXG"uqnwvkqpu"*Vjg-
qtgo"3+0"Cffkvkqpcnn{."vjgqtgo"4"ujqyu"vjcv"wpfgt"
egtvckp"eqpfkvkqpu"qp"vjg"pqpuvcvkqpct{"hqtekpi."vjg"
oczkocn"DXG"cvvtcevqt"eqkpekfgu"ykvj"vjg"¦gtq"uqnw-

vkqp0"Vjwu."vjg"cu{orvqvke"dgjcxkqt"qh"DXG"uqnwvkqpu"
fgrgpfu"qp"dqvj" vjg"uvtwevwtg"cpf" vjg"uoqqvjpguu"
qh"hqtekpi0"Vjtgg"uwhÝekgpv"eqpfkvkqpu"hqt"vjg"inqdcn"
cu{orvqvke" uvcdknkv{" qh"DXG" uqnwvkqpu" qh" fkhhgtgpv"
fgitgg"qh"uoqqvjpguu"ctg"cnuq"ikxgp"*vjgqtgou"5/7+0

Ukorng"cvvtcevkxg"ugvu"qh"vjg"DXG"*;+"uwdlgevgf"
vq" c" swcuk/rgtkqfke" hqtekpi"qh" uwdurceg"Hn" qh" jq-

oqigpgqwu" urjgtkecn" rqn{pqokcnu" qh" fgitgg"n are 

cpcn{¦gf0"Gcej" uwej" ugv" ku" c" urktcn" swcuk/rgtkqfke"
DXG"uqnwvkqp"fgpugn{"yqwpf"qp"c"4n-dimensional 

torus in Hn0"Vjg"Jcwufqthh"fkogpukqp"qh"kvu"vtclgevqt{"
equals to 2n0"Cu"vjg"igpgtcnk¦gf"Itcujqh"pwodgt"G 

dgeqogu"uocnn"gpqwij"vjgp"vjg"dcukp"qh"cvvtcevkqp"
qh"uwej"urktcn"uqnwvkqp"ku"gzrcpfgf"htqo"Hn" vq"vjg"
gpvktg"DXG"rjcug"urceg0"Kv"ku"ujqyp"vjcv"hqt"c"ikxgp"
G." vjgtg" gzkuvu" cp" kpvgigt"nG" uwej" vjcv" gcej" urktcn"
uqnwvkqp"igpgtcvgf"d{"c"hqtekpi"qh"Hn"ykvj"n"œ nG (and 

Itcujqh"pwodgt"G) is globally asymptotically stable 

*Vjgqtgo"8+0"Vjwu."yjgtgcu"vjg"Jcwufqthh"fkogpukqp"
qh"inqdcn"cvvtcevqt"qh"vjg"DXG"uwdlgevgf"qp"c"urjgtg"
vq"c"uvcvkqpct{"hqtekpi"ku"nkokvgf"d{"Itcujqh"pwodgt"
G."vjg"Jcwufqthh"fkogpukqp"qh"inqdcnn{"cvvtcevkxg"
spiral solution (59) may become arbitrarily large as 

vjg"fgitgg"n"qh"swcuk/rgtkqfke"hqtekpi"*78+"itqyu0"
Wpnkmg" c" uvgcf{" hqtekpi." c" swcuk/rgtkqfke" hqtekpi"
oqtg"cfgswcvgn{"fguetkdgu"vjg"ghhgevu"qh"uocnn/uecng"
dctqenkpke"rtqeguugu"kp"vjg"DXG."cpf"vjgtghqtg"vjg"
ncuv"tguwnv"ku"qh"ogvgqtqnqikecn"kpvgtguv."ujqykpi"vjcv"
vjg"fkogpukqp"qh"vjg"inqdcn"DXG"cvvtcevqt"ecp"dg"
wpnkokvgf"gxgp"kh"vjg"igpgtcnk¦gf"Itcujqh"pwodgt"
ku"nkokvgf."cpf"jgpeg."vjg"inqdcn"cvvtcevqt"fkogpukqp"
etwekcnn{"fgrgpfu"pqv"qpn{"qp"vjg"ocipkvwfg"dwv"cnuq"
qp"vjg"urcvkcn"cpf"vgorqtcn"uvtwevwtg"qh"hqtekpi0"Vjku"
cnuq"ujqyu"vjcv"vjg"ugctej"qh"c"Ýpkvg/fkogpukqpcn"
inqdcn"cvvtcevqt"kp"vjg"dctqvtqrke"cvoqurjgtg"ku"pqv"
ygnn"lwuvkÝgf0"
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