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RESUMEN

El propósito de este trabajo es representar las soluciones exactas de la ecuación de vorticidad barotrópica 
sobre la esfera unitaria S2 en rotación eqoq"wpc"xctkgfcf."swg"uqp"Þwlqu"¦qpcngu."qpfcu"Tquud{/Jcwtykv¦"{"
uqnwekqpgu"igpgtcnk¦cfcu"nncocfcu"oqfqpgu0"Ug"tgncekqpcp"nqu"ofivqfqu"oqfgtpqu"fg"nc"vgqt‡c"fg"hwpekqpgu"
eqp"nc"guhgtc"fgÝpkfc"eqoq"wpc"xctkgfcf"eqorcevc"{"fkhgtgpekcdng0"Ewcpfq"fiuvc"ug"jc"eqortgpfkfq"fg"hqtoc"
eqttgevc."ug"guenctgeg"nc"pqek„p"cduvtcevc"fg"ocrc"nqecn."ecodkq"fg"ocrc"{"cvncu0"Wpq"fg"nqu"qdlgvkxqu"fg"
este trabajo es entender mejor la solución de la ecuación de vorticidad barotrópica sobre la variedad S2"{"uw"
wvknkfcf"rctc"kfgpvkÝect"ncu"rtqrkgfcfgu"fg"ncu"uqnwekqpgu"gp"nc"xctkgfcf"Tkgocppkcpc"*S2, g). Por lo tanto, 
guvctƒ"fkurqpkdng"wp" vkrq"oƒu"igpgtcn"fg"gurcekq"swg" vcodkfip"rwgfg"eqpvgpgt" kphqtocek„p"igqofivtkec"{"
cpcn‡vkec"uwuvcpekcn"uqdtg"ncu"uqnwekqpgu"c"nc"gewcek„p"fg"xqtvkekfcf"dctqvt„rkec0

ABSTRACT

Vjg"rwtrqug"qh"vjku"rcrgt"ku"vq"tgrtgugpv"vjg"gzcev"uqnwvkqpu"qh"vjg"dctqvtqrke"xqtvkekv{"gswcvkqpu"*DXG+"qp"vjg"
tqvcvkpi"wpkv"urjgtg"S2"cu"c"ocpkhqnf."yjkej"ctg"¦qpcn"Þqyu."Tquud{/Jcwtykv¦"ycxgu"cpf"igpgtcnk¦gf"uqnwvkqpu"
pcogf"oqfqpu0"Oqfgtp"ogvjqfu"qh"vjg"hwpevkqp"vjgqt{"ctg"eqppgevgf"vq"vjg"urjgtg"fgÝpgf"cu"c"eqorcev"fkh-
hgtgpvkcdng"ocpkhqnf0"Yjgp"vjg"fkhhgtgpvkcdng"ocpkhqnf"S2"ku"ygnn"wpfgtuvqqf."vjg"cduvtcev"pqvkqp"qh"nqecn"ejctv."
ejcpig"qh"ejctv."cpf"cvncugu"dgeqogu"gxkfgpv0"Qpg"qh"vjg"ckou"qh"vjku"rcrgt"ku"vq"dgvvgt"wpfgtuvcpf"vjg"uqnwvkqp"qh"
vjg"dctqvtqrke"xqtvkekv{"gswcvkqp"qp"vjg"ocpkhqnf"S2"cpf"kvu"wughwnpguu"vq"kfgpvkh{"vjg"rtqrgtvkgu"qh"vjg"uqnwvkqpu"
qp"vjg"Tkgocppkcp"ocpkhqnf"*S2, g+0"Vjgtghqtg."c"oqtg"igpgtcn"v{rg"qh"urceg"yknn"dg"cxckncdng."yjkej"ecp"cnuq"
eqpvckp"uwduvcpvkcn"igqogvtke"cpf"cpcn{vke"kphqtocvkqp"cdqwv"uqnwvkqpu"hqt"vjg"dctqvtqrke"xqtvkekv{"gswcvkqp0

Keywords:"Tquud{/Jcwtykv¦"ycxgu."oqfqpu."j{ftqf{pcokeu"gswcvkqp"qp"ocpkhqnfu."wpkv"urjgtg."ocvjg-
ocvkecn"cpcn{uku"qh"dctqvtqrke"oqfgn0

1. Introduction

Let S2 = {x R3 : x ?"3’"fgpqvg"vjg"wpkv"urjgtg"
in R30"Vjg"nctig/uecng"f{pcokeu"qh"vjg"cvoqurjgtg"
qp" vjg" tqvcvkpi" urjgtg"S2" ecp" crrtqzkocvgn{" dg"
iqxgtpgf" d{" vjg" pqp/nkpgct" dctqvtqrke" xqtvkekv{"
gswcvkqp"*DXG+."yjkej"ecp"dg"ytkvvgp"kp"vjg"pqp/fk-
mensional form as:

∂ Δ Ψ

∂t
+ J Ψ, Δ Ψ + 2μ = 0" *3+

yjgtg"ょ*Ȝ, μ+"fgpqvgu"vjg"uvtgco"hwpevkqp."μ = sin 
cosș, –ʌ"ø = ׋ Ȝ"ø ヾ."Î" "ø"׋"ø" , 0 < ș�>"ヾ."Ȝ"vjg"
longitude, ׋"vjg"ncvkvwfg."cpf"ș" vjg"eqncvkvwfg0"〉 ku"vjg"
Ncrnceg/Dgnvtcok"qrgtcvqt"qp"c"urjgtg"cpf"J*ょ, h) 
ku"vjg"Lceqdkcp0

Vjg" hqnnqykpi" ku" c" uqnwvkqp" hqt"Gs0" *3+" qp" vjg"
urjgtg"rtqrqugf"d{"Vjqoruqp"*3;:4+<

ょ*Ȝ, μ, t) = Yν"*Ȝガ, μガ+"íȦμ + '" *4+
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yjgtg" *Ȝガ, μガ+" ctg" vjg" urjgtkecn" eqqtfkpcvgu" tgnc-
tive to a rotated pole Nガ ykvj" eqqtfkpcvgu" *Ȝ0, μ0) 
ykvj" tgurgev" vq" vjg" qtkikpcn" u{uvgo." cpf"Yν is an 
gkigphwpevkqp"qh"vjg"qrgtcvqt"Ncrnceg/Dgnvtcok"ykvj"
eigenvalue Ȥν0"Xgtmng{*3;:6+" igpgtcnk¦gf"Vjqor-
uqpÓu"uqnwvkqp"cpf"fgoqpuvtcvgf"vjcv"Yν could be a 
ugv"qh"gkigphwpevkqpu"vjcv"eqpvckpu"oqtg"vjcp"qpn{"
urjgtkecn"jctoqpkeu0"Vjgp"Gs0"*4+"fguetkdgu"c"eqp-
Ýiwtcvkqp"kp"yjkej"vjg"uvtwevwtg"Yν"oqxgu"vjtqwij"
vjg" ¦qpcn"Þqy"ÎȦμ"ykvj" eqpuvcpv" xgnqekv{"cν and 
ykvjqwv" ejcpikpi" uk¦g" cpf" ujcrg0"Vjg"rqng" qh" vjg"
rtkogf"u{uvgo"Nガ" vjcv"oqxgu"cnqpi"c" ncvkvwfg"cv"c"
eqpuvcpv"cpiwnct"xgnqekv{"cν"ku"ikxgp"d{

cν = ω −
2(ω + 1)

χν
" *5+

yjgtg"Ȥν" ku" cp" gkigpxcnwg" hqt" vjg" urgevtcn"rtqdngo"
ÄYν = ȤνYν0" Kp"rctvkewnct." hqt" urjgtkecn"jctoqpkeu 
Y *Ȝガ, μガ) of degree n eqttgurqpfkpi"vq"vjg"gkigpxcnwg 
Ȥν = Ȥn = n*n + 1), Gs0*4+"ku"c"Tquud{/Jcwtykv¦"*TJ+"
ycxg0"TJ"ycxgu"jcxg"rtqxgp"vq"dg"xgt{"wughwn"vq"fg-
uetkdg"vjg"nctig/uecng"ycxg"uvtwevwtg"qh"cvoqurjgtke"ekt-
ewncvkqp"kp"okffng"ncvkvwfgu"*Tquud{."3;5;="Jcwtykv¦."
3;62+0"Vjg"uqnwvkqp"oqfqp" ku"eqpuvtwevgf" vq"fkxkfg"
vjg"urjgtg"S2"kpvq"vyq"tgikqpu"*Vtkddkc."3;:6="Xgtmng{."
3;:6."3;:9."3;;2="Pgxgp."3;;4+<"cp" kppgt"tgikqp"Si 

egpvgtgf"ctqwpf" vjg"rqng"Nガ, and an outer region So 

ugrctcvgf"htqo"vjg"kppgt"tgikqp"d{"c"dqwpfct{"ekteng"kp"
yjkej"ょ."q cpf"kvu"pqtocn"fgtkxcvkxg"ょガ are continuous. 
Modons are considered appropriate to describe some 
v{rgu"qh"cvoqurjgtke"dnqemkpi"gxgpvu"*Xgtmng{."3;;2+0

J{ftqf{pcoke" gswcvkqpu" qp"ocpkhqnfu"ygtg"
uvwfkgf" d{"Gdkp" cpf"Octufgp" *3;92+." U¦grv{emk"
*3;95c."d+."Cxg¦"cpf"Dcodgtigt"*3;9:+."Ijkfcinkc"
HW�DO�"*3;::+."Vgoco"*3;:9+"cpf"Kn{kp"*3;;5+0"Vjg"
gzkuvgpeg." wpkekv{" cpf" tgiwnctkv{" qh" vjg" uqnwvkqp"
hqt" vjg" gxqnwvkqp" gswcvkqp" *Gs0" *3++" qp"S2" ygtg"
rtqxgp" d{"U¦grv{emk" *3;95c." d+."Cxg¦" cpf"Dco-
dgtigt"*3;9:+."Kn{kp"*3;;5+"cpf"Umkdc"*4234+0"Gdkp"
cpf"Octufgp" *3;92+" fgcnv"ykvj" vjg"oqvkqp" qh" cp"
kpeqortguukdng"Þwkf"qp"ocpkhqnfu"wpfgt"c"fkhhgt-
gpvkcn"igqogvtke"rqkpv"qh"xkgy0"Rtqdngou"htqo"vjg"
vtcpukvkqp"ocr"dgvyggp" vjg"ejctvu" ctg" vtcpuhgttgf"
vq" vjqug" qh"Ýpfkpi"igqfgukeu" qp" vjg" itqwr"qh" cnn"
xqnwog/rtgugtxkpi"fkhhgqoqtrjkuou."vq"yjkej"vjg"
ogvjqfu"qh"inqdcn"cpcn{uku"cpf"kpÝpkvg/fkogpukqpcn"
igqogvt{"ecp"dg"crrnkgf0"

Kp"vjku"rcrgt"yg"uvwf{"vjg"ocpkhqnfu"S2 in terms 
qh"vjg"uvtgco"hwpevkqp"ょ"hqt"cp"TJ"ycxg"yjkej"ku"

uwhÝekgpvn{"uoqqvj"cpf"hqt"Yw/Xgtmng{"ycxgu"cpf"
oqfqpu"yjkej"ctg"ygcmn{"fkhhgtgpvkcdng"qh"jkijgt"
qtfgtu0"Ugevkqp"4"fgcnu"ykvj"vjg"eqorcev"fkhhgtgpvkc-
ble manifold S2"cpf"vjg"yc{"kp"yjkej"hwpevkqpu"ctg"
eqpuvtwevgf"qp"vjku"ocpkhqnf0"Ugevkqp"5"ujqyu"vjg"
v{rgu"qh"uqnwvkqpu"vjcv"yknn"dg"eqpukfgtgf0"Cpqvjgt"
cko"qh"vjku"rcrgt"ku"vq"fggrgp"vjg"wpfgtuvcpfkpi"qh"
vjg"DXG"uqnwvkqp"qp"vjg"ocpkhqnf"S2 and its usage 
hqt"fgtkxkpi"vjg"rtqrgtvkgu"qh"uqnwvkqpu"vq"vjg"ocp-
khqnf"*S2, g+0"Vjg"rcrgt"eqpenwfgu"ykvj"c"uwooct{"
in section 4.

2. Structure of functions on the manifold S2

Kp"vjku"ugevkqp"yg"tgxkgy"uqog"dcuke"hcevu"eqpegtp-
kpi"vq"vjg"ocpkhqnf"S20"Yg"ujqwnf"tgecnn"vjcv"vjg"wpkv"
urjgtg"S2 is a compact and connected differentiable 
manifold. Indeed, because S2 is compact it is not 
rquukdng" vq" eqxgt" kv"ykvj" qpn{" qpg" ejctv0"C" ejctv 
of S2"ku"vjgp"c"rckt"*µ, '+"yjgtg"µ"ku"cp"qrgp"uwdugv"qh 
S2, and '"ku"c"jqogqoqtrjkuo"qh"µ"qpvq"uqog"qrgp"
subset of R20"Ngv"wu"eqpukfgt"vjg"vyq"ejctvu"}*µ¶, '¶), 
*µț, 'ț)} of class Cp for S2"yjgtg"gxgt{"ejctv"eqt-
tgurqpfu" vq" c"igqitcrjkecn" eqqtfkpcvg"itqwr0" Kv" ku"
rquukdng" vq" fgÝpg" c" eqqtfkpcvg" ejctv" vjcv" eqxgtu"
most of S2"d{"wukpi" vjg"uvcpfctf"urjgtkecn"eqqtfk-
nate map. Let '¶" fgpqvg" vjg" eqqtfkpcvg" hwpevkqp."
yjkej"ocru"htqo"*x1, x2, x3+"vq"cpingu"*Ȝ, ș) or to 
*Ȝ, μ+0"Vjg"fqockp"qh"'¶ 1"ku"vjg"qrgp"ugv"fgÝpgf"d{ 
Ȝ * ヾ, ヾ) and ș *2."ヾ+"*vjku"gzenwfgu"vjg"rqngu+0
Vjg" kpxgtug"ocr"'¶ 1" {kgnfu" vjg" rctcogvgtk¦cvkqp 
x1 = cos Ȝ� sin ș, x2 = sin Ȝ sin ș, x3 = cos ș and 
its variation 'ț

1" {kgnfu" vjg" rctcogvgtk¦cvkqp"'ț
1 

*Ȝ
, ș
+?*equ" Ȝ
 sin ș
, cos ș
�� VLQ� Ȝ
� VLQ� ș
+0"Vjg"
domain of 'ț

1" kp" vjg" qrgp" ugv" fghkpgf" d{" Ȝ
�  
*Îヾ." ヾ+" cpf"ș
 " *2." ヾ+0"Vjg" ejctvu" *µ¶, '¶) and 
*µț, 'ț) correspond to poles N and Nガ qp" vjg"
urjgtg"S2. Nガ"okijv"dg" vcmgp"cu" vjg"rqkpv" *Ȝ0= , 

kp"vjg"qnf"u{uvgo"cpf"cu"vjg"cping"Ȝガ"+2"?"0׋ kp"vjku"
pgy"pqtvj"rqng."uq"vjcv"vjg"pgy"kpvgtpcvkqpcn"fcvg"nkpg"
ku"vjg"jcnh"ekteng"dț = {p S2:  < Ȝ*p) < , ș = ,}
qh" vjg" qnf" gswcvqt" kp" vjg"x1x2/rncpg." qp" vjg" htqpv"
yjgtg"x1"œ"2"*Tkejvo{gt."3;:3="Umkdc."3;:;="Rfitg¦/
Icte‡c." 4223+0"Vjg" kpvgtpcvkqpcn" fcvg" nkpg." hqt" vjg"
ejctv"*µ¶, '¶+"ku"vjg"jcnh"ekteng"d¶ = {p S2:  < 
p) < , Ȝ = ± ヾ*׋ ’"kp"vjg"x1x3"Îrncpg0"Vjg"ejctv"*µ¶, '¶) 
eqxgtu"vjg"urjgtg"gzegrv"hqt"vjg"ugv"d¶."cpf"vjg"ejctv"
*µț, 'ț+" ukoknctn{" eqxgtu" vjg" urjgtg"ykvj" vjg" gz-
ception of a set dț0"Jgpeg"vjg" vyq"ejctvu"}*µ¶, '¶),  
*µț, 'ț+’"vqigvjgt"eqxgt"S2"cpf"vjg{"eqpuvkvwvg"cp"cvncu0
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Vjg" nqecn"eqqtfkpcvgu"cuuqekcvgf"ykvj" vjg"ejctv"
*µ¶, ĳ¶) are functions '¶: µȚ,"s"R2." uwej" vjcv" hqt 
p S2, '¶*p+"?" *'¶,1*p), '¶,2*p++"?" *x¶1" *p), x¶

2" *p)) 
?"*Ȝ*p), μ*p)) and 'ț*p+"?"*xț

1"*p), xț
2"*p++"?"*Ȝガ*p); 

μガ*p++"ctg"nqecn"eqqtfkpcvgu"ykvj"tgurgev"vq"vjg"ejctv 
*µț, 'ț+"*Hki0"3+0

Vq"eqpuvtwev"vjg"ocr"'`: S2 U R`
2, ` = Ț, ț, 

c" dklgevkqp"ykvj" kpxgtug"'¶ 1: U¶ S2" fgÝpgf" cu 
'¶

1*x¶1,x¶2+ " ?" * 1 − (x ¶
2 )2  cos x¶

1,  1 − (x ¶
2 )2 

sin x¶
1, x¶

2+."cpf"vjg"'ț
1"*x1

ț, x
2
ț+"?"* 1 − (x∙

2 )2 cos x1
ț, 

x2
ț, 1 − (x∙

2 )2 sin x1
ț+." kv" ku" uggp" vjcv" gxgt{"W` is 

open0"Jgpeg"gcej"µ`, is an open subset of S2 and 
µ¶ [ µț cover S2.

Ikxgp"vyq"ejctvu"qh"vjg"cvncu"}*µ¶, '¶+."*µț, 'ț)} 
ykvj"*µț \ µ¶+"Œ";."vjg"vtcpukvkqp"ocru"'Țț = 'ț Î '¶

1: 
U¶ț  Uț¶ outline open sets of R2 into R2."yjgtg"U¶ț = 

'¶*µ¶ \"µț) and UțȚ = 'ț*µț \"µ¶+0"Vjku"fgvgtokpgu"
a differentiable structure for S2, and '¶ț = 'ț Î '¶

1: 
ku"c"fkhhgqoqtrjkuo0"Kv"ku"vjgp"uckf"vjcv"vjg"cvncu"ku"qh"
class Ck"kh"vjg"vtcpukvkqp"hwpevkqpu"ctg"qh"Ck.

Let x"dg"cp{"rqkpv"qh"U¶ț."cpf"*'1
¶ț"*x), '2

¶ț"*x++"vjg"
coordinate of '¶ț"*x+="vjgp"'i

Țț"*x) is a continuous func-
vkqp"qp"vyq"xctkcdngu0"Pqy."kh"p  µ¶ \ µț uwej"vjcv"
x = '¶*p), and since '¶*p)  U¶ț."yg"jcxg"vjg"tgncvkqpu

'1
¶κ (x1

¶ , x
2
¶ ) = λ' (λ, μ )=x1

κ (x1
¶ , x

2
¶ )=

tan−1

1− μ 2
o

1− μ 2

sin(λ − λ
o
)

μ
o
 cos(λ − λ

o
) − μ

" *6+

" *7+
'2
¶κ (x1

¶ , x
2
¶ ) = μ

μμo + 1 – μ2

' (λ, μ ) =

[ ]
x2

κ (x1
¶ , x

2
¶ ) =

cos(λ − λo)1 – μo
2

Vjku" ku" vjg" vtcpuhqtocvkqp" hqtownc" dgvygp" vjg"
vyq"nqecn"eqqtfkpcvg"u{uvgou"*x¶

1, x¶
2) and *xț

1, xț
2) 

fgÝpgf"qp"µț \ µ¶0"Vq"qdvckp"vjg"tgncvkqpu"dgvyggp"
vjg"wprtkogf"cpf"rtkogf"eqqtfkpcvg"qh"cp{"rqkpv"Q 
qp"vjg"urjgtg."Xgtmng{"*3;:6+"gzcokpgf"vjg"urjgtkecn"
triangle 141
"cpf"vjg"crrnkecvkqp"qh"vjg"equkpg"twngu"
vq"vjku"vtkcping."fgtkxkpi"gzrnkekv"gzrtguukqpu"hqt"vjg"
vtcpuhqtocvkqp"dgvyggp"vjg"vyq"eqqtfkpcvg"u{uvgou"
cu"ikxgp"d{"*6+"cpf"*7+0

Ngv"µ¶ \ µț"Œ";, and set J '¶ț" cu" vjg" Lceqdkcp"
matrix of map '¶ț."uq"yg"ecp"xgtkh{"vjcv

det J '¶κ =

1

∂x¶1 ∂x¶2 = 1
∂'¶κ

1∂'¶κ

2

∂x¶1 ∂x¶2
∂'¶κ

2∂'¶κ

Vjgp" fgv J '¶ț" @" 20" Jgpeg." kv" ku" uckf" vjcv" kh"
manifold S2 ku" qtkgpvgf" hqt" gxgt{" rckt"µ¶."µț of 
kpvgtugevkpi"nqecn"eqqtfkpcvg"pgkijdqwtjqqfu."fgv 
J '¶ț > 0.

Kpfggf"yg"ecp"tgictf"vjg"eqqtfkpcvg"cu"c"fgxkeg"
vq"fgekfg"yjkej"qh"ocp{"hwpevkqpu"Ã on S2 are to be 
fkhhgtgpvkcdng0"Ukpeg"µ¶"ku"lwuv"c"ugv."kv"ocmgu"pq"ugpug"
vq"cum"vjcv"Ã<"µ¶"s"R"dg"fkhhgtgpvkcdng"*Ocvuwujkoc."
3;94="Nqqoku"cpf"Uvgtdgti."3;;2+0"Jqygxgt."yg"ecp"
eqpukfgt"vjg"ocr"ょ¶ = Ã Î '¶

1: '¶ *µ¶) s"R0"Vjgp"

'¶
N' 'κ

R

Ψ

Гκ

Гι

μ'

λ'

̟̟

λ

Q

'ικ = 'κ ○ 'ι
–1

'κι = 'ι ○ 'κ
–1

μ

–̟ –̟

N

Ψκ = Ã ○ 'κ –1

Hki0"30"Vjg"ugv"}*µ¶, '¶+."*µț, 'ț)} forms an atlas for S2<"µ¶ µț = S2.
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Ã Î '¶
1"ku"c"hwpevkqp"fgÝpgf"qp"cp"qrgp"'¶ *µ¶)  

R2."cpf"yg"mpqy"yjcv"kv"ogcpu"hqt"uwej"c"hwpevkqp"
vq"dg"fkhhgtgpvkcdng"qt"uoqqvj"*ugg"Hki0"3+0"Eqpukfgt"
pqy"yjcv"jcrrgpu"yjgp"yg"ejcpig"eqqtfkpcvgu"vq"
uqog"qvjgt"ejctv."ngvu"uc{"*µț, 'ț) for convenience, 
cuuwokpi"vjcv"µ¶ = µț0"Vjgp"kv"ku"rquukdng"hqt"Ã Î '¶

1 
to be differentiable but Ã Î 'ț

1 is not. To compare 
dqvj."ngv"Ã Î '¶

1 = Ã Î 'ț
1 Î *'ț Î '¶

1+"yjgtg"vjg"ocr"
'ț Î 'Ț

1 : 'Ț"*µȚ+"s"'ț"*µț+"ku"c"dklgevkqp"dgvyggp"
open subsets of R20"Vjgp"c"uwhÝekgpv"eqpfkvkqp"hqt 
Ã Î '¶

1 to be differentiable if Ã Î 'ț
1" ku." ku" vjcv 

'ț Î '¶
1"ku"cnuq"fkhhgtgpvkcdng0"Yg"qhvgp"ytkvg"ょ for 

vjg"eqorqukvg"hwpevkqp"Ã Î '¶
1.

Ngvu"vcmg"c"ewtxg"¿"<"*Î3."3+"s"S2"ykvj"¿"*2+"?"p. 
Kp" c" nqecn" ejctv" ¿" ku" ikxgp" d{"x¶i = ¿i" *t+0"Qp" vjg"
manifold S2, one can define a vector U tangent 
vq" vjg" rctcogvtk¦gf" ewtxg"¿" cv" cp{"rqkpv"p" qp" vjg"
ewtxg0"Vjg" vcpigpv" xgevqt"U" ku" ikxgp" d{" c" eqn-
umn vector u" yjqug" eqorqpgpvu"u¶i are d¿i

dt
" *2+. 

*i"?"3."4+."ykvj"vjg"kpkvkcn"eqpfkvkqp"¿"*2+"?"p0"Kh"yg"
wug"cpqvjgt"eqqtfkpcvg"u{uvgo"eqttgurqpfkpi"vq"vjg"
ejctv"*µț, 'ț+"d{"}xț

i} vjgp"vjg"vcpigpv"xgevqt"U is 
ikxgp"d{"c"eqnwop"xgevqt"v"ykvj"eqorqpgpvu"vți. Ac-
eqtfkpi"vq"vjg"ejckp"twng."vjg"eqnwop"xgevqtu"u and 
v"ctg"tgncvgf"d{"vți = u¶

j ∂x
i
κ

∂x j
¶

0"Vjg"gzrtguukqp"u¶j ∂
∂x¶

j  
ku"vjg"rctvkcn"fkhhgtgpvkcn"qrgtcvqt"kp"vjg"fktgevkqp"qh"
vjg"vcpigpv"xgevqt0

Vjg"urceg"TpS
2"ku"ecnngf"vjg"tangent space of S2 

at p, and TpS
2"ku"c"vyq/fkogpukqpcn"xgevqt"urceg0"Hqt"

gcej"u  TpS
2"yg"ujcnn"ytkvg"u = u¶

i ∂
∂x¶

j  = u1 ∂
∂λ + 

u2 ∂
∂θ."yjgtg"u¶

i"ctg"vjg"eqpvtcxctkcpv"eqorqpgpvu"qh"
u0"Kv"ku"ygnn"mpqyp"vjcv"qp"vjg"ocpkhqnf"S2 an inner 
rtqfwev"ku"fgÝpgf"cv"gcej"vcpigpv"urceg"TpS

20"Pqy"
ngvu"rtgugpv"c"dcuku"kp"yjkej"yg"fgpqvg"vjg"eqqtfkpcvg"
u{uvgo"eqttgurqpfkpi"vq"vjg"ejctv"*µ¶, '¶+"d{"}x¶i} = 
*Ȝ, μ+."cpf"hqt"cp{"Ã: S2"s"R"fghkpg"vjg"xgevqtu"* ∂

∂x¶
j )p 

d{"* ∂
∂x¶

j )pÃ = ∂ÃÎ  '–1

( )∂x i
¶ ¶

¶ ."uq"vjcv"vjg{"ctg"kpfgrgp-

fgpv"ukpeg"* ∂
∂x¶

j )px ¶
j = ± i

j. Let n̂¶ = 1 − (x2
¶ )2 cos x1

¶√( , 

1 − ( )x2
¶ )2 sin x1

¶ , x2
¶√ "dg"vjg"qwvyctf"pqtocn"vq"S2 

in R3="ykvjqwv"cp{"nquu"qh"igpgtcnkv{"yg"oc{"cuuwog"
vjcv" vjg"xgevqtu" e ,λ = ∂ n̂¶

∂x1
¶

eμ = ∂ n̂ ¶
∂x 2

¶
 form a basis 

for TpS
2.

Yg"yknn"fgpqvg"vjg"xgevqt"urceg"qh"c"xgevqt"Ýgnf"
on S2"d{"d*S2+0"C"vcpigpv"xgevqt"Ýgnf"qp"S2"ku"c"uoqqvj"
map u: S2"s"T S2" uwej" vjcv." hqt"cp{"x  S2, u*x) 

 TxS
20"Cv"vjg"ejctv"*µ¶, '¶), for x "µ¶"vjg"xgevqt"

functions u  TxS
2 and v d*S2+"jcxg"eqorqpgpvu"

u = u1
p eȜ + u2

p eμ and v = v1
p eȜ + v2

p eμ."tgurgevkxgn{."

dgkpi"vjgug"ui
p = up*x¶i+"?"*uȜ, uμ+"vjg"eqorqpgpvu"qh"

up"cu"vjg"xgevqtu"qh"vjg"wpkvct{"dcug"kpfkecvgf"d{"eȜ, 
and eμ"kp"vjg"fktgevkqpu""Ȝ and μ."tgurgevkxgn{0

Ngv"wu"tgecnn"vjcv"cp"qtkgpvgf"Tkgocppkcp"ocpk-
hqnf"ku"c"rckt"*S2, g+"yjgtg"S2"ku"vjg"qtkgpvgf"eqorcev"
manifold and g a Riemannian metric on S2."yjkej"
cuukipu"c"ngpivj"｡v｡g*p)  R+0"Vjg"g on S2"ku"c"uoqqvj 
*4." 2+/vgpuqt"Ýgnf"qp"S2" uwej" vjcv" hqt" cp{"p  S2, 
gp: Tp*S2) × Tp*S2+"s"R" ku" c" uecnct"rtqfwev"qp" vjg"
tangent space Tp*S2+."cpf"kp"cp{"ejctv"*µ¶, '¶) of S2, 
its components

gij =
1 −μ 2 0

0 1( )
hqto"c"u{oogvtke"ocvtkz."ykvj"kvu"kpxgtug"fgpqvgf"d{"
*gij+"?"*gij)

–1, and g = det*gij) = 1 – μ20"Vjg"ngpivj"qh"c"
tangent vector v  TpS

2"ku"fgÝpgf"cu"wuwcn."｡v｡?"gp 
*v, v)½"?"*v . v)½0"Oqtgqxgt."vjg"kppgt"rtqfwev"qp"T 

S2"ku"ikxgp"d{"u . v = giju
iv j, for u, v  TS2.

Ngv"*S2, g+"dg"vjg"uoqqvj"Tkgocppkcp"ocpkhqnfu"
of S20" Ngv" wu" pqy" tgecnn" uqog" qrgtcvqtu" ctkukpi"
kp" rctvkcn" fkhhgtgpvkcn" gswcvkqpu" qp" vjg" urjgtg" cu"
ocpkhqnf0"Ikxgp"vjg"uecnct"hwpevkqp"Ã : S2"s"R."vjg"
gradient of Ã." ku"ikxgp"d{"vjg"xgevqt"Ýgnf"grad Ã: 
S2"s"TpS

2."hqt"yjkej

1
2

(gkl ) =
∂Ψ ∂Ψ
∂x l

∂
∂x l ∂λ1 – μ2grad Ã  = eλ

1 – μ2+
∂Ψ
∂μ

eμ

∑

yjgtg"  = 1
1 – μ2 eȜ and  = 1 – μ2 eμ�

If u "d*S2+."vjg"fkxgtigpeg"qh u"ku"vjg"hwpevkqp"
on S2"yjkej"qp"vjg"ejctv"*µ¶, '¶+"ku"ikxgp"d{

(u i )
∂

∂x i

∂uλ ∂uμ

∂λ ∂μ
div u   = = +∑ i

1
1 – μ2

1 – μ21
g

g

A linear connection ' on S2 is a map ': T*S2) ×  
d*S2+"s"T*S2+"ecnngf"vjg"covariant derivative"cpf"vjg"
usual notation for '*U, V) is 'UV0"Ngv"*µ¶, '¶) be a 
ejctv"cpf"cu"qpg"ecp"qdugtxg." vjg"xgevqtu" *eȜ = , 
eμ = +"ecp"dg"pqpeqpuvcpv0"Cp"gcu{"pqvcvkqp"ku"ugv" i 

= D "*g0i0"Jgdg{."4222+0"Vjgtg"ctg"uoqqvj"hwpevkqpu"
dk

ij: µ¶"s"R uwej"vjcv"hqt"cp{"i, j."cpf"cp{"p  µ¶,

( )∂
∂x i ∂x jD (p) = (p)Γ ij

k∂
( )∂xk p

∂
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yjgtg"dk
ij ctg"vjg"Ejtkuvqhhgn"u{odqnu."fgÝpgf"d{"dk

ij 

=  ¬2
l=1 g

kl*  +  – +0"Qp"vjg"ejctv"*µ¶, '¶+."yg"
jcxg"d1

11"?"2."d2
11 = –2μ ."d1

12 = FRW�ș = , 
d2

12"?"2."d1
22"?"2"cpf"d2

22 = 0
Vjg"hwpfcogpvcn"qrgtcvqt"yjkej"yg"uvwf{"ku"vjg"

Laplacian 4."vjgp"hqt"tgcn"qt"eqorngz"xcnwgf"hwpe-
tions, 4"ku"vjg"Ncrnceg/Dgnvtcok"qrgtcvqt"qp"S2 and 
kv"ku"ikxgp"d{

∆gÃ = − gij(
2Ã

@x @xi
¶

j
¶

− Γk
ij

@Ã

@xk¶
) =

1
(1 − μ2)

@

@

2Ψ
@λ2

+
∂

∂μ [ ](1 − μ2) ∂Ψ
∂μ

Vjku"qrgtcvqt"ucvkuÝgu"uqog"rtqrgtvkgu<"Äg, is sel-
hcflqkpv."u{oogvtke"cpf"pqp/pgicvkxg"*Cwdkp."3;;:+0"
Vjwu."vjg"qrgtcvqtu"div, grad"cpf"Äg"qp"vjg"ocpkhqnf"
S2"jcxg"vjg"eqpxgpvkqpcn"ogcpkpi0

Ngv" *S2, g) be a compact oriented Riemannian 
ocpkhqnf."ykvj"ogvtke"g0"Vjg"ogvtke"cpf"vjg"qtkgpvc-
tion are combined to give a volume element dvg on 
S2."yjkej"ecp"dg"wugf"vq"kpvgitcvg"hwpevkqpu"qp"*S2, g). 
Kp"qtfgt"vq"crrn{"vjg"kpvgitcn"ecnewnwu"qp"vjg"qtkgpvgf"
manifold S2."yg"fgÝpg"c"xqnwog"gngogpv"vq"dg"c"vyq/
form Ȧ = dv"yjkej"ku"fgÝpgf"qp"cnn"qh"S20"Hqt"gxgt{"
ejctv"*µ`, '`+"yjkej"ku"eqpukuvgpvn{"qtkgpvgf"ykvj"S2, 
vjg"eqqtfkpcvg"gzrtgukqp"hqt"Ȧ = dvl"ku"fldx

1
l 】dx2

l  
yjgtg"fl" ku"c"rctvkvkqp"qh"wpkv{"uwdqtfkpcvg" vq" vjg"
eqxgtkpi"}µl}, l = ¶, ț.

Qp"vjg"Tkgocppkcp"ocpkhqnf"*S2, g+."cv"vjg"ejctv"
*µl, 'l); a volume form Ș = dvg"fgÝpgu"c"Ngdguiwg"
measure on S2"d{"dvg = Ș = dx1

l "】dx2
l0"Vjgp

S2
Ã            dvg ∑=

l '
l
  (Ωl)

(Φl g  Ã) ◦'l
−1 dxl

yjgtg"dxl = dx1
l dx

2
l"fgÝpgu"c"Ngdguiwg"ogcuwtg"qp"R2.

Let Cı*S2+"fgpqvg"vjg"ugv"qh"kpÝpkvgn{"fkhhgtgpvkc-
ble functions of compact support Ã"*x). At μ = ± 1 
vjg"hwpevkqpu"ctg"uoqqvj."vqigvjgt"ykvj"vjg"rgtkqfke"
dqwpfct{"eqpfkvkqp"cv"Ȝ"ykvj"rgtkqf"4ヾ"0"Kh"yg"fgÝpg"
vjg"wuwcn"Jkndgtv"urceg"L2*S2+"vq"dg"vjg"eqorngvkqp"qh"
Cı*S2+"ykvj"tgurgev"vq"vjg"kppgt"rtqfwev

S2
< f, g   > f g   * dvg,=

and norm || f"̃̃"?"}検S2 | f |2 dvg}
½, g,"ku"vjg"eqorngz"

conjugate of function g0"Ngv"*S2, g+"dg"vjg"eqorcev"
Riemannian manifold and dvg" vjg" Tkgocppkcp"
xqnwog"gngogpv0"Vjgp"hwpevkqpcn"urcegu"*Uqdqngx"
cpf"vjg"Jqnfgt"urcegu+"ecp"dg"fgÝpgf"qp"S2"cu"ygnn"

*Umkdc."4234+0"Hqt"gcej"p  R"ykvj"3ø"p">"ı"yg"
cuuqekcvg"c"Dcpcej"urceg

S2

Lp(S2) = Ã : S2 → R; Ã   measurable and {
}| f |p < ∞ ,

ykvj"tgurgev"vq"vjg"pqto

S2|| f ||p = | f |p dvg p
1

and ess sup"̃"h"̃">"ı"kh"p"?"ı0"L2*TS2+"tgrtgugpv"vjg"
Jkndgtv"urceg"qh"vjg"xgevqt"Ýgnfu"U : S2"s"TS2 en-
fqygf"ykvj"vjg"kppgt"rtqfwev"kp"L2*S2+"kpfwegf"d{"
g in Tp*S2+"*ugg"F‡c¦"cpf"Vgnnq."3;;;="Jgdg{."4222+0

Yg"pqy"vwtp"vq"vjg"gkigpxcnwg"rtqdngou"hqt"〉g: 
Yg"wuwcnn{"uggm"vq"Ýpf"cnn"gkigpxcnwgu"°"hqt"yjkej"
vjgtg" ku" cp" gkigphwpevkqp"Y" uwej" vjcv"〉gY = –°Y. 
Vjgp."yjkej"kphqtocvkqp"cdqwv"igqogvt{"qh"*S2, g) 
ku" gpeqfgf" d{" vjg" gkigpxcnwguA0"Vjg" uvtwevwtg" qh"
eigenfunctions: Lp"pqtou"cpf"tgncvkqpu"vq"TJ"ycxgu"
or modons.

Inqdcn" jctoqpke" cpcn{uku" ku" vjg" uvwf{" qh" vjg"
urgevtcn" vjgqt{"qh" vjg"Ncrncekcp"〉g on a compact 
Tkgocppkcp"ocpkhqnf"*S2, g+."cpf"kvu"tgncvkqp"vq"vjg"
inqdcn"igqogvtke"uvtwevwtg0"Ukpeg"*S2, g) is compact, 
vjgtg" gzkuvu" cp"qtvjqpqtocn"dcuku" }Yj’"qh" uoqqvj"
gkigphwpevkqpu"cpf"vjg"urgevtwo"qh"〉g is a discrete 
set {°0 = 0 < °1"ø"°2"ø"°3"ø"000’0"Tgegpv"fgxgnqrogpvu"
ujqy" vjcv" vjg" pqp/¦gtq" gkigpxcnwgu" cnuq" eqpvckp"
uwduvcpvkcn"igqogvtke"cpf"cpcn{vke"kphqtocvkqp0"Vjg"
uqnwvkqp"oqfqp"eqpuvtwevgf"d{"Vtkddkc"*3;:6+."Xgtm-
ng{"*3;:6."3;:9."3;;2+"cpf"Pgxgp"*3;;5+"rtqrqugf"
vjg"wug"qh"gkigphwpevkqpu"}Yj} as basic geometric 
structures.

Vjg"urceg"qh"urjgtkecn"jctoqpkeu"qh"fgitgg"n on 
S2."yjkej"eqkpekfgu"ykvj"vjg"gkigpurceg"qh"qrgtcvqt"Î
〉g"eqttgurqpfkpi"vq"vjg"gkigpxcnwg"°n"?"ぬn = n*n+1), is 
fgpqvgf"d{"Hn0"Ugnh/cflqkpv"qrgtcvqtu"jcxg"vjg"rtqr-
gtv{"vjcv"kvu"gkigphwpevkqpu"ykvj"fkhhgtgpv"gkigpxcnwgu"
ctg"qtvjqiqpcn."yjkej"kornkgu"vjcv"vjg"gkigpurcegu"
Hn" ctg" qtvjqiqpcn" cpf" jcxg" 4n-3fkogpukqpu0"Qp"
vjg"urjgtg."vjg"jqoqigpgqwu"jctoqpke"rqn{pqokcnu"
urcp" vjg" ugv" qh" cnn" rqn{pqokcnu."yjkej" kp" vwtp" ctg"
dense in L20"Qwt"urjgtkecn"jctoqpkeu"vjgtghqtg"urcp"
L20" Kh"yg"vcmg"c"dcuku"ykvjkp"gcej"gkigpurceg"vjgp"
vjku"eqnngevkqp"yknn"ikxg"c"dcuku"hqt"L2"qh"vjg"urjgtg0"
Vjg" jctoqpkeu" urjgtkecn" vgto"ycu" kpvtqfwegf" d{"
Mgnxkp"qp"rqvgpvkcnu"uvwfkgu"*Jqduqp."3;53+"cpf"ku 
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wpfgtuvqqf"cu"vjg"fgxgnqrogpv"qh"c"hwpevkqp"kp"vgtou"
qh"vjku"ugtkgu"qh"urjgtkecn"jctoqpkeu0

Vjg" urcegu"Hn and Hk" *n Œ" k+" ctg"owvwcnn{"
qtvjqiqpcn" kp"L2*S2+0"Vjgp" vjgtg" ku" vjg" qtvjqiqpcn"
projection Yn : L

2*S2+"s"Hn"."cpf"uq"uoqqvj"hwpevkqpu"
ょ"  L2*S2+"qp"vjg"urjgtg"S2"jcxg"c"fgxgnqrogpv"kp"
urjgtkecn"jctoqpkeu.

Ψ(λ, μ) = λ, μ)
∞

∑
n =1

Yn (

yjgtg"Yn*そ."μ+"?"¬n
m= –n"ょm

n Y
m
n"*そ."μ+"ku"vjg"jqoqig-

pgqwu"urjgtkecn"rqn{pqokcn"qh"fgitgg"n from Hn, and 
ょm

n"?">"ょ."Ym
n"@"ku"vjg"Hqwtkgt"eqghÝekgpv"qh"ょ0"Vjg"

2n"-"3"urjgtkecn"jctoqpkeu

Ym
n"*そ."μ) = Cnm P

m
n"*μ)eLPȜ

of degree n"cpf"¦qpcn"pwodgt"m"*În"ø"m"ø"n) form 
cp" qtvjqpqtocn" dcuku" kp"Hn0" Jgtg" vjg" pwodgtu"
Cnm" ctg" vjg" pqtocnk¦gtu" kp"L2*S2+." ikxgp" d{"Cnm = 
2n +1

4π

(n − m )!
(n + m )!

2
1( ) , and Pm

n"ctg"vjg"cuuqekcvgf"Ngigpftg"

hwpevkqpu"ikxgp"d{

P m
n (μ) =

(1 − μ2)
m
2

2n n !
dn + m

dμn + m
(μ2 − 1)n

Eqpukfgtkpi"vjcv"cp"qtkgpvgf"eqorcev"Tkgocp-
pkcp"ocpkhqnf"ku"c"rckt"*S2, g+"yjgtg"S2"ku"vjg"qtkgpvgf"
compact manifold and g a Riemannian metric on 
S2."yg" ecp" fgÝpg" kp" kv" eqxctkcpv" fgtkxcvkxgu" cpf"
xctkqwu"pqvkqpu"qh"ewtxcvwtg0"Yjgp"c"ocpkhqnf"cnuq"
jcu" c" itqwr" uvtwevwtg" *uq" vjcv"ownvkrnkecvkqp" cpf"
kpxgtukqp"ctg"uoqqvj+."c"xgt{"kpvgtguvkpi"uvtwevwtg"
ecnngf"c"Nkg"itqwr"*Dkjnq."4229="Dkjnq"cpf"Rqrq{ej."
2012) arises. Even if a manifold S2 is not a Lie 
itqwr."vjgtg"oc{"dg"cp"cevkqp" "G × S2"s"S2 of a 
Lie group G on S2, and under certain conditions S2 
ecp"dg"xkgygf"cu"c"ÐswqvkgpvÑ"I1M."yjgtg"M"ku"c"
uwditqwr"qh"I"*Tkejvo{gt."3;:3+0"Yjgp"S2 "I1M"
as above, certain notions on G can be transported 
to S2."vjgp"yg"uc{"vjcv"S2"ku"c"jqoqigpgqwu"urceg0"
Cu"cp"gzcorng"qh"vjg"ncuv"rqkpv"yg"eqwnf"ogpvkqp"
vjg"vjgqt{"qh"urjgtkecn"jctoqpke"gzrcpukqp"qp"vjg"
S2."yjkej"ku"c"jqoqigpgqwu"urceg"hqt"vjg"tqvcvkqp"
itqwr"Q*p-3+0"Vjg"uwthceg"urjgtkecn"jctoqpkeu"ctg"
gkigphwpevkqpu"hqt" vjg"Ncrnceg/Dgnvtcok"qrgtcvqt."
yjkej" ku" c" tqvcvkqp" kpxctkcpv" *Jgnicuqp." 3;:6+0 

Jctoqpke"cpcn{uku"ku"eqpegtpgf"ykvj"vjg"tgrtgugp-
vcvkqp" qh" hwpevkqpu" cu" vjg" uwrgtrqukvkqp" qh" dcuke"
ycxgu."vjg"uvwf{"cpf"igpgtcnk¦cvkqp"qh"vjg"pqvkqpu"
qh"Hqwtkgt"ugtkgu"cu"ygnn"cu"vjg"Hqwtkgt"vtcpuhqtou0

Gngogpvu" qh" jctoqpke" cpcn{uku" qp" vjg" urjgtg"
ecp" dg" hqwpf" cv" Uvgkp" cpf"Ygkuu" *3;93+0"Chvgt"
kpvtqfwekpi" vjg"ocpkhqnf"S2" cpf" vjg"Tkgocppkcp"
ocpkhqnfu"*S2, g+."c"igpgtcn"v{rg"qh"urcegu"*Dguqx"
cpf"Vtkgdgn/Nk¦qtmkp" urcegu+" qp" vjg" urjgtg"oc{"
cnuq"dg"kpvtqfwegf"*Pcteqykej"HW�DO�, 2006). Using 
vjg"rqygt"qh"c"Ncrnceg"qrgtcvqt."vjg"Uqdqngx"urceg"
on Riemannian manifolds can also be incorporated 
cu"c"Ýgnf"ewttgpvn{"wpfgtiqkpi"itgcv"fgxgnqrogpv"
*Cwdkp."3;;:="Jgdg{."4222+0

3. Exact solutions to the barotropic vorticity equa-

tion on the manifold S2

Ngv"}*µl, 'l)}, ̀  = ¶, ț be an atlas of S2 and Ã : S2"s"R 
vjg"uvtgcohwpevkqp"qh"encuu"C r0"Yg"ecp"eqpukfgt"vjcv"
vjg"ocr"ょ"?"Ã Î '¶

1 : '¶"*µ¶+"s"R and Ã Î '¶
1"ku"vjg"

uvtgcohwpevkqp"fgÝpgf"qp"cp"qrgp"U¶ = '¶"*µ¶) Ú R2 

cpf"vjcv"kv"ku"qh"encuu"C r.
Vq"ukowncvg"vjg"vkog"gxqnwvkqp"qh"c"vyq/fkogp-

ukqpcn"pqpfkxgtigpv"cpf"kpxkuekf"Þqy"hqt"c"tqvcvkpi"
urjgtg."S2" ku" iqxgtpgf" d{" c" pqp/nkpgct" dctqvtqrke"
xqtvkekv{"gswcvkqp."yjkej"ecp"dg"ytkvvgp"kp"vjg"pqp/fk-
mensional form as

∂ ∆Ψ
∂t

+ J (Ψ, ∆Ψ + 2 μ) = 0" *8+

yjgtg"J (c, q) = ∂c
∂λ

∂q

∂μ
− ∂c

∂μ

∂q

∂λ
= (k ∆ ∆× c)· q

∆= u· q   is 

vjg"lceqdkcp."u = k× ∆

c = {uλ , uμ }= −{ 1 − μ2 ∂c
∂μ

, 

}1
1− μ2

∂c
∂λ

"ku"c"vcpigpv"xgnqekv{"xgevqt."grad c = c = 

}1
1− μ2

∂c
∂λ{ 1 − μ2 ∂c

∂μ
, , c"?"ょ."つ"?"〉ょ"?"div grad"ょ. 

ku"vjg"tgncvkxg"xqtvkekv{."q"?"〉ょ"-"4μ"ku"vjg"cduqnwvg"
xqtvkekv{"cpf"k"ku"c"wpkv"qwvyctf"pqtocn"xgevqt0"Vjg"
xgnqekv{"xgevqt"Ýgnf"u"jcxkpi"vjg"eqorqpgpvu"*uȜ, uμ) 

is solenoidal:  · u" ?" 20"Vjtqwijqwv" fgecfgu" vjg"
pqpnkpgct" dctqvtqrke" xqtvkekv{" gswcvkqp" jcu" dggp 

uweeguuhwnn{"wugf" vq"fguetkdg" nqy" htgswgpekgu" cpf"
nctig/uecng" dctqvtqrke" rtqeguugu" qh" cvoqurjgtke"
f{pcokeu0"Fgurkvg" vjg" ukornkekv{" vq" vjku" pqpnkpgct"
gswcvkqp." kv" eqpvckpu" vjg" rtkpekrcn" gngogpvu" vjcv"
fguetkdg" vjg" eqorngzkv{" qh" cvoqurjgtke" dgjcxkqt"
*Ukooqpu"HW�DO�."3;:5="Umkdc."3;;9+0"Vjg"hqwt"v{rgu"
qh"gzcev"uqnwvkqpu"vq"Gs0"*3+"mpqyp"wr"vq"pqy"ctg"
fguetkdgf"dgnqy<
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� Vjg" ¦qpcn" hnqyu" cpf"Tquud{/Jcwtykv¦" *TJ+"
ycxgu" *Jcwtykv¦." 3;6;+." ecnngf" encuukecn" uqnw-
vkqpu."fkhgtgpvkcvgf"htqo"vjg"igpgtcnk¦gf"uqnwvkqpu"
yjkej"ctg"pqv"uq"uoqqvj0

� Vjg"Ýtuv"igpgtcnk¦gf"uqnwvkqpu"qh"Gs0"*8+."mqyp"cu"
oqfqpu."ygtg"qtkikpcnn{"eqpuvtwevgf"d{"Vtkddkc"
*3;:6+"cpf"Xgtmng{"*3;:6."3;:9."3;;2+"d{"wukpi"
vyq"gkigphwpevkqpu" hqt" vjg"Ncrnceg"qrgtcvqt"qh"
different degrees.

� Ncvgt"qp."Pgxgp"*3;;4+"icxg"igpgtcnk¦gf"uqnwvkqpu"
kp"vjg"hqto"qh"c"swcftwrqng"oqfqp0

� Yw"cpf"Xgtmng{"*3;;5+"eqpuvtwevgf"igpgtcnk¦gf"
inqdcn" uqnwvkqpu" eqorqugf" qh" vyq"TJ"ycxgu"
*Rfitg¦/Icte‡c"cpf"Umkdc."3;;;+0
Kp"vjg"rtgugpv"yqtm."¦qpcn"Þqyu."jqoqigpgqwu"

urjgtkecn"rqn{pqokcnu"Þqyu."TJ"ycxgu."cpf"oqfqpu"
qp"vjg"ocpkhqnf"S2 are considered.

����&ODVVLFDO�VROXWLRQV
Ngv"wu"eqpukfgt"vjg"¦qpcn"Þqyu."jqoqigpgqwu"urjgt-
kecn"rqn{pqokcnu"Þqyu"cpf"Tquud{/Jcwtykv¦" *TJ+"
ycxgu0

Rtqrqukvkqp"*¦qpcn"Þqy+0"Ngv"}*µl, 'l)}, ` = ¶, ț  
be an atlas of S2"cpf"vjg"uvtgcohwpevkqp"Ã : S2"s"R 
of class C r0"Vjgp"vjg"¦qpcn"Þqy"ocr"ょ¶ = Ã Î '¶

1 : 
U¶ Ú R2

¶"s"R of C r"fgÝpgf"cu

Ψ¶(λ, μ ) =
N

∑
n = 0

bn P 0
n (μ)" *9+

ku"cp"gzcev"uqnwvkqp"qh"vjg"xqtvkekv{"Gs0"*8+"hqt"cp{"bn.
Proof."Vjg"fgoqpuvtcvkqp."qdvckpgf"htqo"Gs0"*8+."

is quite trivial.
Rtqrqukvkqp" *jqoqigpgqwu" rqn{pqokcnu+0 

Ngv" }*µ`, '`)}, ` = ¶, ț be an atlas of S2" cpf" vjg"
streamfunction Ã : S2"s"R of class C r0"Vjgp" vjg"
jqoqigpgqwu" urjgtkecn" rqn{pqokcn" ocr" ょ¶ =  
Ã Î '¶

1: U¶ Ú R2
¶"s"R"qh"fgitgg"p"œ"4"fgÝpgf"cu

Ψ¶(λ, μ, t)= (λ – ct, μ)
N

∑
m=–n

amY m
n Hn

" *:+

ku"cp"gzcev"uqnwvkqp"vq"vjg"xqtvkekv{"Gs0"*8+."yjgtg"am 
can be a complex factor and

c = − 2
χn

ku"vjg"cpiwnct"rjcug"urggf0

Proof."Ikxgp"ょ¶  Hn."yg"fgÝpg"ょ¶"*Ȝ, μ, t) = 
ょn*Ȝ – ct, μ+"?"¬n

m=–n amYm
n"*Ȝ-ct, μ+."vjgp"∂Ψn

∂t
"?"Î4"ょ
, 

and ∂Ψn

∂λ
"?"ょ
."yjgtg"ょ
"?"¬n

m=–n imamYm
n *Ȝ-ct, μ). If, 

kp"cffkvkqp."yg"jcxg"vjg"hqnnqykpi"gzrtguukqp 

∆Ψ¶ = −χn Ψn ; ∂∆Ψ¶

∂μ
= − χ n

∂Ψn

∂μ
; ∆Ψ¶ + 2μ =

− χ n Ψ + 2 ; = cχ n Ψ'∂∆Ψ¶

∂t
¶ μ

yg"jcxg

∆
∂Ψ¶

∂t

∂λ

= χn cΨ' = J (− χnΨn + 2μ, Ψn ) =

−2 = − 2Ψ
∂Ψn '

htqo"DXG"*Gs0"*8++0"Kv"hqnnqyu"vjcv"e"?"− 2
χn

.

Rtqrqukvkqp" *Tquud{/Jcwtykv¦"ycxgu+0 Let 
}*µl, 'l)}, ` = ¶, ț be an atlas of S2"cpf"vjg"uvtgco-
function Ã : S2"s"R of class Cı0"Vjgp."vjg"ocr"ょ¶ =  
Ã Î 'Ț

1 : U¶ Ú R2
¶"s"R of Cı."fgÝpgf"cu

Ψ¶(λ, μ, t ) = − ωμ +
n

∑
m = − n

am Y m
n

(λ − ct, μ ) H 0 H n

" *;+

ykvj"n"œ"3="ku"ecnngf"Tquud{/Jcwtykv¦"*TJ+"ycxgu0"
Kv"ku"cp"gzcev"uqnwvkqp"qh"vjg"xqtvkekv{"Gs0"*8+"kh"vjg"
cpiwnct"rjcug"urggf"qh"vjg"TJ"ycxg

c = ω −
2(ω + 1)

χn
0" *32+

Jgtg"Ȧ"ku"vjg"uwrgt/tqvcvkqp"xgnqekv{"cpf"gcej"Hn 
eqttgurqpfu"vq"vjg"gkigpxcnwg"ぬn = n*n + 1).

Proof."Jgtg"ょ¶"ku"gzrtguugf"d{

Ψ¶(λ, μ, t ) = − ωμ + Ψn (λ − ct, μ )

yjgtg"ょn*Ȝ – ct, μ)"?"¬n
m=–namY"*Ȝ – ct, μ). We can 

pqvkeg"vjcv

∆Ψ¶ = 2 ωμ − χ n Ψn = − χ n Ψ + (2 ω − χ n ω) μ¶

yjkej"kornkgu"vjcv

∆Ψ¶ + 2 μ = − χ n Ψ − χ n (ω −
2(ω + 1)

χn
)μ

= − χ n Ψ + [(2 − χ n ) ω + 2] μ.¶

¶
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Hwtvjgtoqtg<

∂
∂λ

∆Ψ¶ ¶= − χn
∂Ψ
∂λ

, ∆ ∂Ψ
∂t

= χn cΨ' , ∂
∂μ

∆Ψ

= (2−χn)ω− χn
∂Ψ
∂μ

¶ ¶

¶

yjgtg"ょ
"?"¬n
m=–n imamYn

m" *Ȝ – ct, μ+=" uq" vjcv" htqo"
DXG"*Gs0"*8++

∆
∂Ψ¶ ∂Ψ¶

∂Ψ¶

∂t
= − J (Ψ¶ ¶, ∆Ψ + 2 μ) =

∂∆Ψ
−

− 2 = − χ n −

(2 − χn ) ω − χ n − 2 .

∂μ

∂μ

∂λ

∂λ

¶

∂∆Ψ¶ ∂Ψ¶

∂λ

∂Ψ¶

∂μ

∂∆Ψ

∂λ

¶

∂Ψ¶

∂λ

∂Ψ¶

∂μ

∂Ψ¶

∂λ

(
(

)
)

Jgpeg

χn cΨ' = −
∂Ψ¶

∂λ
(2 − ) ω − 2 =

=
− [− ω + 2( ω + 1)]

χn
∂Ψ¶

∂λ

χn Ψ'

− [(2 − ) ω + 2]χn Ψ'

uq"vjcv

c = ω −
2(ω + 1)

χn

cpf"vjwu"vjg"rtqrqukvkqp"ku"rtqxgf0
Vjg" uvtgcohwpevkqp" qh" vjg" uvcvkqpct{"TJ*4.7+"

ycxg

ょ"*Ȝ, μ) = –Ȧμ + a Pn
m*μ+"equ*PȜ+" *33+

ykvj" vjg" rctcogvgtu" fghkpgf" d{" *m, n+" ?" *4." 7+. 
a = .007 and Ȧ = 2

√ 3( χ 3 − 2)
"ku"ikxgp"kp"Hkiwtg"40

Rfitg¦" cpf" Umkdc" *4223+" cpf" Umkdc" cpf" Rfitg¦"
*4228+"fgxgnqrgf"c"pwogtkecn" urgevtcn"ogvjqf"hqt"
vjg" pqtocn"oqfg" kpuvcdknkv{" uvwf{"qh" vjg" ctdkvtct{"
uvgcf{"Þqy"qh"cp"kfgcn"pqpfkxgtigpv"Þwkf"qp"c"tq-
vcvkpi"urjgtg."cpf"Umkdc"cpf"Rfitg¦"*4228+"vguvgf"vjku"
ogvjqf"hqt"vjg"TJ*4.7+"ycxg0"Rfitg¦/Icte‡c"*4236+"
eqpuvtwevgf"c"dcuke"Þqy"tgictfgf"cu"c"uwo"qh"c"¦qp-
cnn{"u{oogvtke"Þqy"*Gs0"9+"cpf"c"Tquud{/Jcwtykv¦"
ycxg"eqorqpgpv"*Gs0";+0"

����*HQHUDOL]HG�VROXWLRQV
Fgpqvg" vjg" urjgtkecn" fkuvcpeg"dgvyggp" vyq"rqkpvu"
of S2"d{"d*0.0+0"Ngv"1
"dg"vjg"pqtvj"rqng"qh"vjg"ejctv"
eqqtfkpcvg"*µ¶, 'ț+0"Vjgp"c"fkum"qt" kppgt"tgikqp"Si 

qp"vjg"urjgtg"ku"fgÝpgf"cu"Si  = '*1
 | a) = {s  S2׋ ,
d*1
, s) < ׋a’."uwej"vjcv"2">"׋a"ø" 0"Vjg"uqnwvkqp"oqfqp"
ku"eqpuvtwevgf"*Vtkddkc."3;:6="Xgtmng{."3;:6."3;:9."
3;;2="Pgxgp."3;;5+"vq"fkxkfg"vjg"urjgtg"S2"kpvq"vyq"
regions: an inner region Si"egpvgtgf"ctqwpf"vjg"rqng"
1
, and an outer region So"ugrctcvgf"htqo"vjg"kppgt"
tgikqp"d{"c"dqwpfct{"ekteng"©'*1
 | a) = {s  S2׋ ,
d*1
, s) = ׋a’."qp"yjkej"Ã, q and Ã
 are continuous.

Hqt"Si."c"uqnwvkqp"qh"vjg"Gs0"*4+"hqto"ku"ejqugp"
ykvj"cp"gkigphwpevkqp"Y"*Ȝ
, μ
+."yjkej"jcu"kvu"ukpiw-
nctkv{"kp"vjg"qwvgt"tgikqp0"Vjg"ucog"v{rg"qh"uqnwvkqp"
ku"ejqugp"hqt"vjg"qwvgt"tgikqp."dwv"uwej"vjcv"Y"*Ȝ
, 
μ
+"jcu"kvu"ukpiwnctkv{"kp"vjg"kppgt"tgikqp0"Vjgp"dqvj"
uqnwvkqpu" ctg" eqodkpgf" cu" uoqqvjn{" cu" rquukdng"
qp"vjg"dqwpfct{"ekteng"©'*1
"=a+"*Vtkddkc."3;:6׋ ,
Xgtmng{."3;:6."3;:9+0

Vq" eqpuvtwev" vjg"Xgtmng{" *3;:6+"oqfqp"qt" vjg"
Pgxgp" *3;;4+" ewcftwrqng"oqfqp"qp" vjg"ocpkhqnf"
S2, it is interpreted as:

Proposition."Ngv"}*µ`, '`)}, ` = ¶, ț, be an atlas 
of S2, and Ã = Ã1 + Ã2 : S

2"s"R"vjg"uvtgcohwpevkqp"
of C r0"Vjgp

Ψ¶(λ, μ ) = (Ã1 ◦ '− 1
κ )(λ' , μ') + (Ã2 ◦ '− 1)(λ, μ )¶ .

Proof. Let Ã1 and Ã2"dg"vyq"tgcn/xcnwg"hwpevkqpu"
of class C r"fgÝpgf"qp"vjg"fkhhgtgpvkcn"ocpkhqnfu"S2. 
Yg"fgÝpg"vjgkt"uwo"d{"ugvvkpi"ょ¶"?"*Ã1 + Ã2) Î 'Ț

1 
= Ã1 Î 'Ț

1 + Ã2 Î 'Ț
1"hqt"cp{"ejctv"*µ¶, '¶+0"Ukpeg"vjg"

uwo"qh"vyq"hwpevkqpu"qh"encuu"C r on S2 are functions 
of class C r."vjg"rtqqh"qh"vjku"hqtownc"ecp"dg"qdvckpgf"
d{"vjg"gzrtguukqp"

ょ¶"*Ȝ, μ+"?"*Ã Î 'Ț
1+*Ȝ, μ) = Ã1 Î 'Ț

1"*Ȝ, μ) + Ã2 Î 

'Ț
1"*Ȝ, μ)

Hki0"40"Kuqnkpgu"qh"vjg"uvtgcohwpevkqp"qh"Tquud{/Jcwtykv¦"
ycxgu"*4."7+0
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?"*Ã1 Î 'ț
1) Î"*'ț Î '¶

1+"*Ȝ, μ+"-"*Ã2 Î '¶
1+"*Ȝ, μ)

?"*Ã1 Î 'ț
1) Î '¶ț"*Ȝ, μ+"-"*Ã2 Î '¶

1+"*Ȝ, μ)

?"*Ã1 Î 'ț
1+"*Ȝ
, μ
+"-"*Ã2 Î '¶

1+"*Ȝ, μ)

yjgtg"'¶ț"*Ȝ, μ+"?"*'1
¶ț"*Ȝ, μ), '2

¶ț"*Ȝ, μ++"?"*Ȝ
�*Ȝ, μ), 
μ
�*Ȝ, μ)) 

Fgeqorqug"pqy"vjg"uvtgcohwpevkqpu"kpvq"cp"gk-
igphwpevkqp"rctv"*Ã1 Î 'ț

1+"*Ȝ
, μ
) = Yº"*Ȝ
, μ
) and 
c"¦qpcn"rctv"*Ã2 Î '¶

1+"*Ȝ, μ) = –Ȧμ�+ '."yjgtg"ÎȦμ 
ku"c"uqnkf/dqf{"tqvcvkqp"cpf"'"c"eqpuvcpv0" Kp"ejctv 
*µț, 'ț+"ykvj"eqqtfkpcvgu"*Ȝ
, μ
+."vjg"pqtvj"rqng"1
 
oqxgu"cnqpi"c"ekteng"qh"eqpuvcpv"ncvkvwfg"ykvj"eqp-
uvcpv"cpiwnct"xgnqekv{"cº0"Kp"vjg"rtkogf"eqqtfkpcvgu."
Xgtmng{"*3;:6."3;:9+"oqfqpu"jcxg"vjg"hqto

*Ã1 Î 'ț
1+"*Ȝ
, μ
) = X"*Ȝ
, μ
) = X d*μ
) cos Ȝ
 + X m*μ
) 

s"[º"*Ȝ
, μ
)

yjkej"eqpukuvu"qh"c"fkrqng"cpf"c"oqpqrqng"eqorq-
nent:

X d (μ' ') = (cº − ω) 1√ √−μ2
a 1 − μ2

0 f d(μ )

X m(μ' ') = (cº − ω) 1√ −μ2
aμ0 f m(μ )

yjgtg"μ0 = sen 0׋, μa = sen ׋a0"Vjg"hwpevkqpu"f d*μ) 
and f m*μ+"ctg"fgÝpgf"cu

f d(μ) ={ − bB (1, 1, μ) + (1 + b)( 1− μ 2

1− μ 2
a

)
1
2 , if μ≥ μa

P (1, 1, − μ), if μ < μa

and

f m(μ) ={ − bB (0, 1, μ) + (1 + b) μ−
1√ − μ 2

a

–P (0, 1, –μa)

–P (1, 1, − μ), if μ < μa

+bB (0, 1, μa) , if μ ≥ μa

μ a

yjgtg"b = 
(k 2 + 1

4 ) + 2
α (α +1) − 2 and

B (r, s, μ) =
P r

α (μ)
P s

α (μa)
; P (r, s, μ ) =

P r
− 0.5+ ik (μ)

P s
− 0.5+ ik (− μa )

Vjg"hcev"vjcv

ょ*Ȝ, μ, t) = Yº"*Ȝ
, μ
) – Ȧμ + '

ku"c"uqnwvkqp"vq"Gs0"*8+"ku"fwg"vq"vjg"yqtm"qh"Xgtmng{"
*3;:6+."yjkej"K"yknn"pqv"tgrtqfweg"kp"vjku"rcrgt0"Yº 
ku"cp"gkigphwpevkqp"qh"vjg"Ncrnceg/Dgnvtcok"qrgtcvqt"
and Ȥº = –º*º"-3+"ku"vjg"gkigpxcnwg"qh"Yº0"Vjg"Ngi-
endre functions H*μ) = Pº

m*μ) and H"*μ) = Qº
m*μ) are 

uqnwvkqpu" vq" vjg"Ngigpftg" fkhhgtgpvkcn" gswcvkqp" qh 
j{rgtigqogvtke"v{rg."yjgtg"Pºm*μ) is a Legendre func-
vkqp"qh"vjg"Ýtuv"mkpf"cpf"Qº

m*μ) is a Legendre function 
qh" vjg" ugeqpf"mkpf" hqt" qtfgt"m" uwej" vjcv"º" ku" vjg"
eqorngz"fgitgg0"Vjg"gzrnkekv"gzrtgukqp"hqt"Pºm*μ) and 
Qº

m*μ+"ykvj"Î3">"μ">"3"ecp"dg"hqwpf"kp"Cdtcoqykv¦"
cpf"Uvgiwp"*3;87+"qt"Xgtmng{"*3;:6+0

D{"wukpi"c"itkf"qh"7"'"7³"wrqp"vjg"nqecn"eqqtfkpcvg"
cuuqekcvgf"ykvj"vjg"ejctv"*µț, 'ț+."vjg"Xgtmng{"3;:6"
oqfqp"ycu"pwogtkecnn{"igpgtcvgf0"Wukpi"Gsu0"*6+"
cpf"*7+"c"yqtmcdng"Icwuukcp"oguj"qh"*34:."86+"rqkpvu"
wrqp" vjg" igqitcrjkecn" eqqtfkpcvg" itqwr" *µ¶, '¶) 
ycu" cnuq" igpgtcvgf0"Vjku"oguj"ycu"ocrrgf" qpvq"
vjg"nqecn"eqqtfkpcvgu"u{uvgo"cuuqekcvgf"vq"vjg"ejctv"
*µț, 'ț+0"Vjg"xcnwgu"qh"ょț"ygtg"kpvgtrqncvgf"qp"vjg"
Icwuukcpu"rqkpvu"*34:."86+"d{"korngogpvkpi"c"pkpg/
rqkpv"Ncitcpig"kpvgtrqncvkqp"uejgog0"Vjg"tguwnvkpi"
hwpevkqp." k0g0" vjg"Xgtmng{" 3;:6" gswcvqtkcn"oqfqp"
xkgygf"qp"vjg"igqitcrjkecn"eqqtfkpcvg"itqwr"*µ¶, '¶), 
ku"ujqyp"kp"Hkiwtg"5c0"Vjku"uocnn"oqfqp"ycu"fgÝpgf"
d{"vjg"hqnnqykpi"rctcogvgtu<

k = 10, Į = 10, μa"?"ukp"88036³."μ0 = 0, Ȝ0"?"492³"cpf"
'0 = 0.

C"pwogtkecn"urgevtcn"oqfgn"ycu"wugf"vq"ukowncvg"
vjku" uocnn/uk¦g"oqfqp" kp"Rfitg¦/Icte‡c" cpf"Umkdc"
*3;;;+."cpf"kp"Umkdc"cpf"Rfitg¦/Icte‡c"*422;+"c"pw-
ogtkecn"urgevtcn"ogvjqf"hqt"pqtocn"oqfg"uvcdknkv{"
uvwf{"qh"kfgcn"Þqyu"qp"c"tqvcvkpi"urjgtg"ycu"vguvgf"
hqt"vjku"kuqncvgf"uvgcf{"oqfqp"eqpuvtwevgf"d{"Xgtmng{"
*3;:6+0

Uvwfkgu" fqpg" d{" Knnctk" *3;:6+" cpf"Etwo" cpf"
Uvgxgpu" *3;::+"pqvgf" vjcv" vjg"xcnwgu"qh" kugpvtqrke"
rqvgpvkcn"xqtvkekv{"ctg"tgncvkxgn{"nqy"cpf"wpkhqto"kp"
vjg"dnqemkpi"tgikqp0"Kp"qwt"hqnnqykpi"ctiwogpv"yg"
eqpukfgt" vjcv"Xgtmng{Óu"oqfqp" *3;;2+" rtqxkfgu" c"
dgvvgt"cpf"oqtg"wpkhqto"fguetkrvkqp"qh"cvoqurjgtke"
dnqemkpi0"Qwt"kpvgtguv"nc{u"ykvjkp"vjg"Ýgnfu"vjcv"dwknf"
vjku"rjgpqogpqp0"Vjgug"uqnwvkqpu"ctg"ejctcevgtk¦gf"d{"
a region Si"kp"yjkej"q is constant, and an outer region 
So"ugrctcvgf"htqo"vjg"kppgt"tgikqp"d{"vjg"dqwpfct{"
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circle �'."qp"yjkej"ょ"cpf"q"ctg"dqvj"eqpuvcpv."k0g0.""
ょ"?"d and q = b.

Kp" vjg" rtkogf" eqqtfkpcvgu" vjg"Xgtmng{" *3;;2+"
oqfqp"jcu"vjg"hqto

Ψκ (λ ' , μ' ) =
Yo (λ , μ ) − ωoμ + Do at S o

Yi (λ , μ ) − ωi μ + D i at S i
{ ' '

' '

yjgtg"uqnkf/dqf{"tqvcvkqp"vgtou"μ can be expressed 
kp"rtkogf"eqqtfkpcvgu"wukpi"Gsu0"*6/7+."uwej"vjcv"kp"
ejctv"*µ¶, '¶+"vjg"gkigphwevkqpu"cv"vjg"qwvgt"tgikqp"cpf"
kppgt"tgikqp"ctg"Ä
<o ?"ÎぬoYo ="Ä
<i =ei."dgkpi"ぬo and ei 
eqpuvcpvu0"Egtvckp"tgswktgogpvu"qh"eqpvkpwkv{"owuv"
dg"ogv"vq"igpgtcvg"vjgug"hwpevkqpu"qxgt"vjg"ekteng"�'. 
Yg"tgswktg"eqpvkpwkv{"kp"׋
"cpf"vjg"Ýtuv"cpf"ugeqpf"
derivative in ׋
 at ׋a.

Vq"eqpuvtwev"vjg"Xgtmng{"3;;2"wpkhqto"oqfqp"qp"
vjg"ocpkhqnf"S2, it is interpreted as:

Proposition. Eqpukfgt"cp"cvncu"}*µ`, '`)}, ` = ¶, 
ț, of S2 and let Ã = Ã1 + Ã2 : S

2"s"T"dg"vjg"uvtgco-
function of C r0"Vjgp

ょț*Ȝ
, μ
)"?"*Ã1 Î 'ț
1) *Ȝ
, μ
) + *Ã2 Î 'ț

1) *Ȝ, μ)

Proof. Let Ã1 and Ã2"dg"vyq"tgcn/xcnwg"hwpevkqpu"
of class C r"fgÝpgf"qp"vjg"fkhhgtgpvkcn"ocpkhqnfu"S2. 
Yg"fgÝpg"vjgkt"uwo"d{"ugvvkpi"ょț"?"*Ã1 + Ã2) Î 'ț

1 = 
Ã1 Î 'ț

1 + Ã2 Î 'ț
1"hqt"cp{"ejctv"*µț, 'ț+0"Ukpeg"vjg"

uwo"qh"vyq"hwpevkqpu"qh"encuu"C r on S2 are functions 
of class C r."vjg"rtqqh"qh"vjg"rtqrqukvkqp"hqnnqyu"htqo<

ょț*Ȝ
, μ
) = Ã1 Î 'ț
1*Ȝ
, μ
) + Ã2 Î 'ț

1*Ȝ
, μ
)

?"*Ã1 Î 'ț
1) *Ȝ
, μ
) + *Ã2 Î '¶

1) Î *'¶ Î 'ț
1) *Ȝ
, μ
)

?"*Ã1 Î 'ț
1) *Ȝ
, μ
) + *Ã2 Î '¶

1) *Ȝ, μ)

because *Ȝ, μ) = 'ț¶ *Ȝ
, μ
) 
Ceeqtfkpi"vq"Xgtmng{"*3;;2+."vq"gzrtguu"vjg"oq-

fqp"kp"c"oqtg"gzrnkekv"ocppgt."vjg"hwpevkqpcn"hqtou"
Yo and Yi"qh"vjg"gkigphwpvkqpu"ctg<

Yo *Ȝ
, μ
) = A0S
1
j*ș
) cos Ȝ
 + B0S

0
j"*ș
)

Yi *Ȝ
, μ
) = AiT
1*ș
) cos Ȝ
 + BiT

0"*ș
)

yjgtg"As and Bs"ctg"eqpuvcpv0"Vjg"urgekcn"hwpevkqpu"
Sm
j*ș
) = Pm

j"*Îequ"ș
) and Tm*ș
+"ygtg"ikxgp"d{"Xgtm-
ng{"*3;;2+0

Yg"jcxg" cnuq" tgrtqfwegf"pwogtkecnn{" vjg" wpk-
hqto"oqfqp" eqpuvtwevgf"d{"Xgtmng{" *3;;2+" wukpi"
vjg"rctcogvgtu"׋a = , ı"?":028="Ȧo"?"2024:."cpf"
yjgp" vjg"oqfqp" egpvgt" ku" kp" vjg" rqkpv"Ȝo" ?" 3:2³. 
'o =  "*Hki"5d+0

4. Conclusions

Vjg"gzcev"uqnwvkqpu"qh"vjg"dctqvtqrke"xqtvkekv{"gswc-
vkqp"qp"vjg"tqvcvkpi"wpkv"urjgtg"cu"c"eqorcev"fkhhgt-
gpvkcdng"ocpkhqnf"ykvjqwv"dqwpfct{."yjkej"ctg"¦qpcn"
Þqyu." jqoqigpgqwu" urjgtkecn" rqn{pqokcn" Þqyu."
Tquud{/Jcwtykv¦"ycxgu"cpf"igpgtcnk¦gf" uqnwvkqpu"
pcogf"oqfqpu."ygtg" tgrtgugpvgf" kp" vjku" rcrgt0"C"
eqpetgvg"pqvkqp"qh"nqecn"ejctv."ejcpig"qh"ejctvu."cpf"
cvncu"hqt"vjg"ocpkhqnfu"S2"ycu"fgxgnqrgf0"Cp"cvncu 
}*µ¶, '¶+."*µț, 'ț+0’"ycu"eqpuvtwevgf"hqt"S2."yjgtg"
gxgt{"ejctv"eqttgurqpfu"vq"c"igqitcrjkecn"eqqtfkpcvg"

Hki0"50"Uvtgcohwpevkqp"kuqnkpgu"qh"gswcvqtkcn"Xgtmng{"oqfqp"*3;:6+"ykvj"*c+"k = 10�, Į�= 10�, ׋a = 66�36³."Ȝ0 = 
270�2³ and 0�³ = 0׋="vjg"wpkhqto"Xgtmng{"oqfqp"*3;;2+"cv"*d+"ı�?":�06 , ׋a = , Ȝ0"?"3:2�2³ and 45�2³0 = 0׋"Vjg"
ewtxg"rqkpvu"ctg"vjg"urjgtkecn"eqqtfkpcvgu"tgncvkxg"vq"c"tqvcvgf"rqng"N)*492�2³, 0�³+"cv"*c+"N)*3:2�2³, 45�³+"cv"*d+"ykvj"
tgurgev"vq"vjg"qtkikpcn"u{uvgo0

a b
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itqwr" vjcv" eqxgtu"oquv"qh"S20"Vjg" vtcpukvkqp"ocru 
'¶ț = 'ț Î '¶

1: '¶"*µ¶"y"µț+"s"'ț"*µ¶"y"µț) and 
'ț¶ = '¶ Î 'ț

1: 'ț"*µț"y"µ¶+"s"'¶"*µț"y"µ¶+"ygtg"cnuq"
eqpuvtwevgf."cpf"vjg"gzcev"uqnwvkqpu"qh"vjg"dctqvtqrke"
xqtvkekv{"gswcvkqp"kp"c"ocpkhqnf"eqpvgzv"ygtg"uvwfkgf0"
Vjku"yqtm" cnuq" hqtowncvgu" qp" vjg"ocpkhqnfu"S2 in 
vgtou"qh"vjg"uvtgco"hwpevkqp"Ã: S2"s"R."hqt"TJ"ycxgu"
yjkej"ctg"uwhÝekgpvn{"uoqqvj."cpf"hqt"Yw/Xgtmng{"
ycxgu"cpf"oqfqpu"yjkej"ctg"fkhhgtgpvkcdn{"ygcm0"
TJ"ycxgu" cu" uqnwvkqpu"Ã Î '¶

1" qh" vjg" dctqvtqrke"
xqtvkekv{"gswcvkqp"qp"vjg"ocpkhqnfu"S2 are present-
gf" cv" vjg" nqecn" eqqtfkpcvg" cuuqekcvgf"ykvj" c" ejctv 
*µ¶, '¶+0"Vjg"yc{" kp"yjkej" vjg"oqfqp" uqnwvkqp 
Ã Î 'ț

1" ecp" dg" eqpuvtwevgf" kp" vjg" ejctv" *µț, 'ț), 
yjgtg"Ã is C2."ku"kpxguvkicvgf"vqq0"Kp"vjg"ejctv"eq-
qtfkpcvg"*µț, 'ț+."vjg"Xgtmng{"*3;:6."3;:9+"oqfqpu"
jcxg"vjg"hqto

ょ¶ *Ȝ, μ+"?"*Ã1 Î 'ț
1) *Ȝ
, μ
+"-"*Ã2 Î '¶

1) *Ȝ, μ)

Vq"eqpuvtwev"vjg"Xgtmng{"*3;;2+"wpkhqto"oqfqp"
qp"vjg"ocpkhqnf"S2, it is interpreted as

ょț"*Ȝ
, μ
+"?"*Ã1 Î 'ț
1+"*Ȝ
, μ
+"-"*Ã2 Î '¶

1) *Ȝ, μ)

yjgp"vjg"oqfqp"egpvgt"ku"kp"vjg"rqkpv"Ȝo = 270; 'o = 0. 
Jqygxgt."vq"eqpvtwev"vjg"xgtmng{"*3;:6."3;:9."3;;2+"
ykvj"1
"c"rqkpv"ctdkvtct{"qp"vjg"urjgtg"S2 a collection 
qh"rcktu" *µ¶, '¶+" *k"@"4+" ku" pggfgf0"Qwt"xkgyrqkpv"
jgtg"ycu"vq"wpfgtuvcpf"vjg"uqnwvkqp"qh"vjg"dctqvtqrke"
xqtvkekv{"gswcvkqp"qp"vjg"ocpkhqnf"S2 and its use to 
fgtkxg"rtqrgtvkgu"qh"vjg"uqnwvkqpu"vq"vjg"Tkgocppkcp"
ocpkhqnf"*S2, g).
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