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RESUMEN

Se utiliza la ecuación de advección-difusión para describir la dispersión de contaminantes en un área limitada. 
Se sugieren métodos para prevenir niveles peligrosos de contaminantes en zonas de importancia ecológica. 
Los métodos se basan en el control de las tasas de emisión de las fuentes y utilizan estimaciones directas y 
adjuntas de la concentración media de la contaminación en las zonas. Mientras que las estimaciones directas 
utilizan las soluciones del problema de transporte de un contaminante y permiten llevar a cabo el estudio de 
la situación ecológica en todo el dominio, las estimaciones adjuntas permiten la obtención de información 
sólo en las zonas seleccionadas del dominio. Las estimaciones adjuntas se obtienen por medio de soluciones 
al problema adjunto y dependen explícitamente de las posiciones de las fuentes y sus tasas de emisión, así 
como de la distribución inicial del contaminante en la región. En cada estimación, la solución al problema 
cflwpvq"uktxg"eqoq"nc"hwpek„p"fg"kpÞwgpekc"swg"owguvtc"nc"eqpvtkdwek„p"ewcpvkvcvkxc"fg"ecfc"hwgpvg"c"nc"eqp-
taminación de la zona correspondiente. Por lo tanto, las estimaciones adjuntas constituyen una herramienta 
ow{"gÝec¦"gp"gn"guvwfkq"fg"nc"tgurwguvc"fgn"oqfgnq"c"nqu"ecodkqu"gp"ncu"vcucu"fg"gokuk„p"{"ncu"eqpfkekqpgu"
iniciales, así como en el desarrollo de estrategias de control. Se sugieren varias estrategias de control óp-
vkocu"{"uwÝekgpvgu"*pq"„rvkocu+0"Ecfc"guvtcvgikc"eqpukuvg"gp"tgfwekt"ncu"vcucu"fg"gokuk„p"fg"ncu"hwgpvgu."{"
fgÝpg"nc"kpvgpukfcf"oƒzkoc"cfokukdng"*gp"ecuq"fg"eqpvtqn"„rvkoq+"q"wpc"kpvgpukfcf"uwÝekgpvg"*gp"ecuq"fg"
eqpvtqn"uwÝekgpvg+"fg"ecfc"hwgpvg."rctc"gxkvct"xkqncekqpgu"fg"ncu"pqtocu"ucpkvctkcu0"Gp"gn"fkug‚q"fg"fkejqu"
etkvgtkqu"ug"jcp"vqocfq"gp"ewgpvc"ncu"eqpfkekqpgu"fkpƒokecu"fg"nc"cvo„uhgtc"q"gn"qeficpq"*oct+."gu"fgekt."nqu"
procesos de propagación, dispersión y transformación de contaminantes, así como el número de fuentes que 
se controlan, sus ubicaciones y las normas sanitarias. Los métodos de control desarrollados se ilustran con 
ejemplos sencillos, utilizando los modelos de dispersión bidimensionales. Sin embargo, dichos métodos 
también pueden aplicarse a los modelos tridimensionales. Como ejemplo, en la última parte del artículo, se 
considera un modelo tridimensional de la dispersión. Además, para ampliar el ámbito de aplicación de los 
métodos de control de la intensidad de las fuentes, las estrategias de control óptimo se aplican a una fuente 
swg"gokvg"wpc"uwuvcpekc"sw‡okec"rctc"nkorkct"ukuvgocu"cewƒvkequ"eqpvcokpcfqu"eqp"dkqrgn‡ewncu"*tgogfkcek„p+"
q"rgvt„ngq"*dkqttgogfkcek„p+0

ABSTRACT

The advection-diffusion equation is used for describing the dispersion of pollutants in a limited area. Methods 
for preventing dangerous levels of pollutants in ecologically important zones are suggested. The methods 
are based on the control of emission rates of sources and use the direct and adjoint estimates of the average 
pollution concentration in the zones. While the direct estimates use solutions of the pollution transport prob-
lem and permit to study the ecological situation in the whole domain, the adjoint estimates allow getting 
information only in the selected zones of the domain. The adjoint estimates are obtained with solutions to 
the adjoint problem and depend explicitly on the positions of the sources and their emission rates, and on 
the initial distribution of pollutants in the region. In each such estimate, the adjoint problem solution serves 
cu"vjg"kpÞwgpeg"hwpevkqp"vjcv"ujqyu"vjg"swcpvkvcvkxg"eqpvtkdwvkqp"qh"gxgt{"uqwteg"kpvq"vjg"rqnnwvkqp"qh"vjg"
eqttgurqpfkpi"¦qpg0"Vjku"ocmgu"vjg"cflqkpv"guvkocvgu"xgt{"ghÝekgpv"vqqnu"kp"vjg"uvwf{"qh"vjg"oqfgn"tgurqpug"
to changes in emission rates and initial conditions, as well as in the development of control strategies. Both 
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pqp/qrvkocn"*uwhÝekgpv+"cpf"qrvkocn"eqpvtqn"uvtcvgikgu"ctg"uwiiguvgf0"Gcej"uvtcvgi{"eqpukuvu"kp"tgfwekpi"vjg"
gokuukqp"tcvgu"qh"uqwtegu."cpf"fgÝpgu"oczkowo"cnnqycdng"kpvgpukv{"*kp"ecug"qh"qrvkocn"eqpvtqn+."qt"uwhÝekgpv"
kpvgpukv{"*kp"ecug"qh"uwhÝekgpv"eqpvtqn+"qh"gcej"uqwteg"vq"cxqkf"xkqncvkqpu"qh"j{ikgpg"uvcpfctfu0"Uwej"etkvgtkc"
ctg"fgukipgf"vcmkpi"kpvq"ceeqwpv"f{pcoke"eqpfkvkqpu"kp"vjg"cvoqurjgtg"qt"qegcp"*ugc+."vjcv"ku."vjg"rtqeguugu"
of propagation, dispersion and transformation of pollutants, as well as the number of sources to control, 
their locations and the sanitary norms. The control methods developed are illustrated with simple examples 
using two-dimensional dispersion models. However, these methods can also be applied to three-dimensional 
models. As an example, in the last part of the article, a three-dimensional model of dispersion is considered. 
In addition, to expand the scope of application of the methods of control of the intensity of sources, the 
optimal control strategies are applied to a source that emits a chemical substance to clean aquatic systems 
eqpvcokpcvgf"ykvj"dkqÝnou"*tgogfkcvkqp+"qt"qkn"*dkqtgogfkcvkqp+0

Keywords: Dispersion model, adjoint model, control of emission rates of sources.

1. Introduction

The main reasons for pollution in any environment 

are a huge global population and a modern lifestyle 

that demands and consumes large amounts of goods 

and services. For example, due to this demand, which 

has presented a steady increase in recent decades, 

large volumes of raw materials and fossil fuels are 

transformed to various pollutants released into the 

cvoqurjgtg"*Fqogpgej."3;;;="N„rg¦/Eqtqpcfq"cpf"
Iwgttgtq/Pw‚q."4226+0"Vjg"gpxktqpogpv"jcu"ogej-

anisms to dilute and assimilate these pollutants and 

tgvwtpkpi"vjgo"vq"pcvwtg"*Ugkphgnf."3;;4+="jqygxgt."
during the last century, anthropogenic activities emit 

into the atmosphere at short intervals, such large vol-

wogu"qh"uwduvcpegu"kp"eqpÝpgf"ctgcu"*ekvkgu."kpfwu-
vtkcn"rctmu."gve0+"vjcv"vjg"ogejcpkuou"qh"cuukokncvkqp"
do not have time to recycle the excess of chemicals 

and to clean the atmosphere. The result is the accu-

mulation of different primary pollutants, leading to 

vjg"igpgtcvkqp"qh"ugeqpfct{"urgekgu"*Ugkphgnf."3;;4="
Wark et al�." 3;;:="Octkpguew"et al�." 422:+."yjkej"
form a mixture that produces a variety of damages 

vq"jwocpu"cpf"gequ{uvgou"*Ecugnnk."3;;8+0
A pollutant, depending on its concentration and 

vqzkekv{."ecwugu"xctkqwu"jgcnvj"rtqdngou"*Mcycfc."
3;:6+."htqo"tgurktcvqt{"fkueqohqtv"kp"jgcnvj{"rgqrng"
to the increase in mortality among vulnerable popu-

ncvkqpu"*ectfkce"rcvkgpvu."ejknftgp."gnfgtn{"rgtuqpu."
gve0+0"Cp{yc{."rqnnwvkqp"ku"c"hcevqt"vjcv"fkokpkujgu"
the quality of life of human beings. Unfortunately, the 

impact of mixing of pollutants in ecosystems can 

be not only local, as in the case of photochemical 

uoqi"*Dtcxq"et al�."3;;3+."dwv"cnuq"tgikqpcn."cu"kp"
vjg" cekf" rtgekrkvcvkqp" *Dgknmg" cpf"Gnujqwv." 3;:5="
Rodhe et al�."3;:3+."qt"inqdcn."cu"vjg"rjgpqogpqp"
of destruction of the ozone layer and global climate 

ejcpig"*Tkxgtc."3;;;="Twdkpuvgkp."4223="Mctpqum{"
et al�,"4225+0

Consequently, it is important to design methods for 

controlling emissions and reducing the concentration 

of hazardous substances to acceptable health standards 

*Rtqitcooc"fk"Tkegtec."4226="Rfitg¦"Uguoc."4234+0"Vq"
this end, mathematical models of pollutant dispersion 

cu"ygnn"cu"vjgkt"cflqkpv"oqfgnu"ctg"wugf"*Octejwm"cpf"
Umkdc." 3;98="Octejwm." 3;:8="Rcpqu" cpf"Ugkphgnf."
3;:8="Umkdc."3;;9="Fcx{fqxc/Dgnkvumc{c"et al�."3;;;."
2001; Skiba and Parra-Guevara 2000; Parra-Guevara 

cpf"Umkdc"4225."4228."4233="Nkw"et al0."4226."4227."
4229="Mqycnqm."4226="Oqtgktc"et al0." 4227."4232="
Hinze et al0."422;="Ogpfq¦c"cpf"Icte‡c."422;+0"

The pollutant dispersion models permit us to car-

ry out the computer-simulation of concentrations of 

various primary and secondary pollutants in a region 

*Umkdc."3;;5."3;;9="Umkdc"cpf"Rcttc/Iwgxctc."4222."
4229." 4233="Jwuuckp." 4229="Fqtcfq" cpf"Oqtgktc."
422;="Hongfei, 2010; Hongfei and Hongxing, 2011; 

Parra-Guevara et al�, 2010; Fu and Rui, 2011, 2012; 

Li et al0." 4234c+." cpf" vjgtgd{" kfgpvkh{" vjg"fqockpu"
where the emissions have a greater impact. The method 

allows identifying the main sources of excessive pol-

nwvkqp"kp"c"ugngevgf"¦qpg"*tgukfgpvkcn"ctgc."rctm."hqtguv."
gve0+0"Kp"rctvkewnct."kv"ecp"dg"wugf"hqt"vjg"gxcnwcvkqp"qh"
rqnnwvkqp"ngxgnu"fwg"vq"qkn"urknnu"*Umkdc."3;;8."3;;;="
Umkdc"cpf"Rcttc/Iwgxctc."3;;;="Fcpi"et al0."4234+."qt"
vq"xgjkewnct"gokuukqpu"cnqpi"vjg"ockp"tqcfu"*Umkdc"cpf"
Davydova-Belitskaya, 2003; Chiou and Chen, 2010; Li 

et al�, 2012b; UjcÝs"cpf"Ksdcn."4234+="hqt"guvkocvkpi"
parameters which describe the source location and 

uvtgpivj"*Mgcvu"et al�."4229c."d+="hqt"vjg"fgvgevkqp"qh"
industrial plants which violate the emission rates, pre-

uetkdgf"d{"uqog"eqpvtqn"uvtcvgi{"*Umkdc."4225+="hqt"vjg"
reconstruction of an unknown number of contaminant 
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uqwtegu"*[gg."422:+="qt"hqt"vjg"qrvkocn"nqecvkqp"qh"c"
new industrial enterprise, so that its operation will not 

violate health standards in ecologically most important 

¦qpgu"*Octejwm."3;:4."3;:8="Umkdc"et al0."4227+0"Vjg"
method can also be used to install safety devices in 

high-risk areas to prevent accidents or unauthorized 

discharges of contaminants and design emission con-

vtqn"uvtcvgikgu"hqt"cntgcf{"gzkuvkpi"kpfwuvtkgu"*Rgpgpmq"
cpf"Tcrwvc."3;:5="Ljkj/Uj{cpi."3;;:="Rcttc/Iwgxctc"
cpf"Umkdc."4222c."d="¥wpfgn"cpf"Tgpv¦."3;;7="[cp"cpf"
¥jqw."422:."422;+0"

In the present work, an approach based on using 

dispersion models and corresponding adjoint models 

is suggested to estimate pollution levels and gener-

ate some strategies to control emission rates. These 

strategies include a restriction of emissions of pol-

lution sources in order to meet sanitary norms. Due 

to the fact that the sanitary standards represent time 

averages, the proposed control strategies are aimed 

at reducing the average concentration of pollutants 

in a given time interval and region, to an acceptable 

level. Some control strategies are considered in cases 

when the dispersion model predicts a violation of 

sanitary norms.

There are two approaches to monitor and control 

the emission of pollutants and protect the environ-

ogpv"kp"nctig"kpfwuvtkcn"tgikqpu0"Vjg"Ýtuv"crrtqcej."
called “technological path” uses “green” technologies 

in order to maintain the lowest level of emissions of 

dangerous pollutants. The second approach consists 

in establishing various criteria for controlling the 

emission rates of pollutant sources, and presents a 

ukipkÝecpv"ocvjgocvkecn"kpvgtguv0
To illustrate the main mathematical ideas of the 

control methods, we will often use a simple two-di-

ogpukqpcn" *xgtvkecnn{" kpvgitcvgf+" vtcpurqtv"oqfgn"
qh" rcuukxg" rqnnwvcpvu" *i�e�" vjg" uwduvcpegu+"yjqug"
chemical reactions are described by means of a linear 

law. Of course, all the suggested methods can also 

be applied to a three-dimensional pollution transport 

model. On the other hand, the experience gained in 

the development of such strategies for the atmosphere 

has allowed expanding the scope of their application 

*ènxctg¦/Xƒ¦swg¦ et al., 2008, 2010, 2011; Cheng 

et al0."4229="Icte‡c/Ejcp"et al0."422;+"hqt"engcpkpi"
*tgogfkcvkqp+" cswcvke" u{uvgou"rqnnwvgf"d{"dkqÝnou"
qt"rgvtqngwo"*Rcttc/Iwgxctc"cpf"Umkdc."4229="Umkdc"
and Parra-Guevara, 2011; Parra-Guevara et al0."4233+0

2. Pollution dispersion model in a limited area

To simplify the study, we will often consider a 

vyq/fkogpukqpcn" *xgtvkecnn{" cxgtcigf+" rtqdngo"qh"
pollutant dispersion. The three-dimensional problem 

is applied in this work only in the numerical exper-

iment related to the remediation of contaminated 

aquatic systems. In addition, we will always consider 

the process of dispersion of contaminants separately 

htqo"vjg"Þwkf"f{pcokeu"rtqdngo."uwrrqukpi"vjcv"vjg"
transport velocity and other dynamic parameters of 

the problem are known from observations or some 

dynamic model.

2�1 %oundar\ and initial conditions

Suppose that in a two-dimensional limited domain 

' with boundary S, there are N industrial factories 

located at points ri" ?" *xi, \i+." i = 1, 2, ..., N. Let 

"+r, t*׋ dg" c" eqpegpvtcvkqp"qh" c" rqnnwvcpv" kp" rqkpv" 
r"?"*x, \+"cpf"oqogpv"t > 0. To study the propaga-

vkqp"qh"vjg"eqpvcokpcpv"kp"vkog"kpvgtxcn"*2."T+."yg"
consider in the domain '"cpf"vkog"kpvgtxcn"*2."T+"
the advection-diffusion-reaction equation

( ) ( ) ( , )div div = f t
t

μ+ + rU " *3+

where U*r, t+"?"}u*r, t+."v*r, t+’"ku"vjg"ykpf"xgnqekv{"
vector, ı*r, t+ > 0 characterizes the speed of expo-

nential decay of ׋*r, t+"fwg"vq"xctkqwu"rj{ukecn"cpf"
chemical processes, μ*r, t+"@"2"ku"vjg"vwtdwngpv"fkh-
hwukqp"eqghÝekgpv."½ is the 2D gradient,

1

( , ) ( ) ( )
N

i i

i

f t Q t
=

r r r ." *4+

Qi*t+" ku" vjg" gokuukqp" tcvg" qh" vjg" ith industry, and 

į*r–ri+"ku"vjg"Fktce"hwpevkqp0"Pwogtkecn"gzrgtkogpvu"
show that parameterization ı׋ is quite good in the 

case of such contaminants as CO, SO2, Pb, C, etc. 

*Ujkt"cpf"Ujkej."3;96+0
It is assumed that velocity U*r, t+"ku"mpqyp"htqo"

qdugtxcvkqpu"qt"uqog"f{pcoke"oqfgn"cpf"ucvkuÝgu"
the continuity equation

div U ?"2" *5+

Gs0"*3+"ku"uqnxgf"ykvj"vjg"kpkvkcn"eqpfkvkqp

"r+""cv""t"?"2*"0׋?"+r."2*׋ *6+
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Normally the pollution flux through the open 

boundary S of limited area ' is unknown, and the 

gttqtu"ocfg" kp"fgvgtokpkpi" vjg"Þwz"oc{"rtqrcicvg"
inside the domain by advection and diffusion, perturb-

ing or destroying the solution. Also, errors in the initial 

eqpfkvkqp"*6+"cpf"gokuukqp"tcvgu"Qi*t+"ecp"oqfkh{"vjg"
solution. It is therefore important to put such boundary 

conditions, under which the problem will be posed 

correctly in a limited area, both physically and mathe-

ocvkecnn{"*Octejwm"cpf"Umkdc."3;98="Octejwm."3;:8+0
For this purpose, we introduce the projection 

Un = U · n of velocity U on the unit external normal n 

to the boundary S of domain ', and divide the whole 

dqwpfct{"kpvq"vjg"ÐkpÞqyÑ"rctv"S–"*yjgtg"Un < 0, and 

vjg"rqnnwvkqp"Þwz"ku"fktgevgf"kpukfg"'+"cpf"ÐqwvÞqyÑ"
part S+"*yjgtg"Un"œ"2."cpf"vjg"rqnnwvkqp"Þwz"ku"fktgev-
ed outside '+" *Hki03+0"Vjgp"yg" vcmg" vjg" hqnnqykpi"
boundary conditions: 

0 at 

0 atn

=     S
n

=     SU
n

μ

μ

+

" *7+

*Octejwm"cpf"Umkdc."3;98="Umkdc."3;;9+0 Skiba and 

Rcttc/Iwgxctc"*4222."4233+"ujqygf"vjcv"rtqdngo"*3+/
*7+"ku"ygnn"rqugf"ceeqtfkpi"vq"Jcfcoctf"*3;45+."vjcv"
is, it has a unique solution that continuously depends 

on the initial distribution 0׋*r+"cpf"qp"vjg"pwodgt"N, 

emission rates Qi*t+"cpf"rqukvkqpu"ri of the industries.

2�2 (Tuations for tKe total mass and norm of solution

Ngv"wu" kpvgitcvg"Gs0" *3+"qxgt"fqockp"' and apply 

eqpfkvkqpu"*5+"cpf"*7+0"Vjgp"yg"qdvckp"vjg"dcncpeg"
equation for the total mass of pollutant:

" *8+

One more integral equation is obtained if we 

ownvkrn{"Gs0"*3+"d{"׋*r, t+"cpf"kpvgitcvg"vjg"tguwnv"
over ':

2

1

2 ( ) ( , )
N

ii

iD

d Q t t
t

r r

=

=

2 222 ( ) n

SD

d U dSrμ+
" *9+

Gsu0"*8+"cpf"*9+"ogcp"vjcv"dqvj"vjg"vqvcn"eqpegp-

vtcvkqp"±' ׋ dr and the solution norm ||2׋ '±*"?"̃̃׋ dr+1/2 

kpetgcug"wpfgt" vjg" kpÞwgpeg"qh"pqp/¦gtq" gokuukqp"
rates Qi*t+."cpf"cv"vjg"ucog"vkog"fgetgcug"fwg"vq"fku-
ukrcvkqp"*ı > 0, μ"@"2+"cpf"cflgevkxg"rqnnwvkqp"Þwz"
through the boundary S of domain '. If f*r, t+"Ł 0 

*gokuukqp"tcvgu"ctg"cdugpv+."cpf"kp"cffkvkqp."vjgtg"ku"
pq"fkuukrcvkqp"*ı = 0, μ"?"2+"cpf"Un = 0 everywhere 

at boundary S, then both integrals are invariable:

( , )
D

t d const=r r ,   ( , )t const=r

Of course, these conservation laws are valid 

qpn{"wpfgt"ctvkÝekcn"eqpfkvkqpu0"Pgxgtvjgnguu"vjgug"
vyq"ncyu"cpf"vjg"dcncpeg"Gsu0"*8+"cpf"*9+"ctg"wughwn"
in testing numerical algorithms and computational 

rtqitcou"*Umkdc."3;;9+0

2�3 'escriStion of sources in tKe models

The forcing f *r, t+"qh"Gs0"*3+"fgrgpfu"qp"vjg"pcvwtg"
of pollution source. In case of N industrial plants 

located in '"*Hki0"4c+."f *r, t+"ku"fgÝpgf"d{"*4+0"Cpf"
if the sources are distributed continuously along the 

main city roads Ri then

( , ) , if     
( , ) ( 1,2,..., )

0 , otherwise

i iQ t R
f t i N= =

r r
r

where Qi*r, t+"ku"vjg"tcvg"qh"gokuukqp"qh"c"rqnnwvcpv"
along the road Ri, i = 1, 2,..., N"*Umkdc"cpf"Fcx{-

fqxc/Dgnkvumc{c."4225+0"Gxkfgpvn{."c"uwrgtÝekcnn{"
fkuvtkdwvgf"uqwteg"*e�J�"kp"ecug"qh"Ýtg+"ecp"dg"fg-
scribed in like manner. However, as it is mentioned 

kp"Umkdc"cpf"Fcx{fqxc/Dgnkvumc{c"*4225+"cpf"Rct-
tc/Iwgxctc"cpf"Umkdc"*4225+."vjg"gokuukqp"tcvgu"Qi 

*r, t+"eqpvkpwqwun{"fkuvtkdwvgf"cnqpi"uqog"nkpg"Ri"*qt"
uwrgtÝekcnn{"fkuvtkdwvgf"qxgt"uqog"ctgc+"ecp"cnuq"dg"
fguetkdgf"kp"vjg"fkuetgvg"hqto"*4+"d{"fkxkfkpi"vjg"
nkpg"*qt"ctgc+"kpvq"uocnn"rctvu"cpf"fkuetgvk¦kpi"vjg"
function Qi"*r, t+"*Hki0"4d+0"Vjku"ogvjqf"ycu"wugf"d{"

Region D A

U

U

n

n

B

S+

S–

Un < 0

Un ≥ 0

Fig. 1. Limited area ' with open boundary S = S+

y

S– of 

rtqdngo"*3+/*7+0
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Umkdc"cpf"Fcx{fqxc/Dgnkvumc{c"*4225+"vq"kpvtqfweg"
in the model the vehicular sources located along 

the main roads in Guadalajara City. Figure 3 shows 

the distribution of carbon monoxide concentrations 

ecnewncvgf"ykvj"oqfgn"*3+/*7+"d{"wukpi"vjg"enkocvke"
ykpfu"qh"ft{"ugcuqp"*c+"cpf"tckp{"ugcuqp"*d+0"Qpg"
can see the importance of wind direction in the 

distribution of a pollutant.

3. Dual estimates 

Hkiwtg"5"ujqyu"vjcv"d{"uqnxkpi"vjg"rtqdngo"*3+/*7+"yg"
can study the behavior of pollutant concentration in 

any point of domain ' × *2, T+0"Jqygxgt."vjku"ku"pqv"
cp"ghÝekgpv"yc{"vq"cpuygt"vjg"korqtvcpv"swguvkqp<"Vq"
what extent this or that source is responsible for the 

contamination of a particular zone? It is much easier 

to answer the question with the adjoint approach, 
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Fig. 3. Isolines of CO concentration calculated at t"?"3:2"okp"ykvj"oqfgn"*3+/*7+"wukpi"enkocvke"ykpfu"qh"ft{"ugcuqp"
*c+"cpf"tckp{"ugcuqp"*d+0
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widely used in the model sensitivity study and con-

vtqn" vjgqt{" *Octejwm" cpf"Qtnqx." 3;83+0"Vjg"ockp"
advantage of this approach is the use of solutions of 

adjoint problems as valuable information functions 

*Ngykpu."3;87+0"

3�1 AdMoint disSersion model

The adjoint dispersion model in domain '"*Hki0"3+"cpf"
vkog"kpvgtxcn"*2."T+"ku"eqpuvtwevgf"ykvj"vjg"jgnr"qh"cp"
qrgtcvqt"vjcv"ku"cflqkpv"vq"vjg"qrgtcvqt"qh"oqfgn"*3+/*7+0"
Vjg"cflqkpv"qrgtcvqt"ku"fgÝpgf"d{"ogcpu"qh"Ncitcpig"
kfgpvkv{"*Octejwm"cpf"Umkdc."3;98="Octejwm."3;:8+."
and the adjoint model accepts the form

( ) ( ) ( , )   
g

div g g div g p t
t

μ+ = rU

(0, )D Tin

"*:+

g*r, T+"?"2""kp""'" *;+

0 at  

0 at  

n

g
U g S

n

g
S

n

μ

μ

++ =

=

" *32+

Kp"Gs0" *:+" vjg"ykpf"xgnqekv{"U*r, t+" cpf"eqghÝ-

cients μ*r, t+"cpf"ı*r, t+"ctg"vjg"ucog"cu"kp"Gs0"*3+0"
Ngv"wu"eqorctg"vjg"fkurgtukqp"rtqdngo"*3+/*7+"ykvj"
cflqkpv"fkurgtukqp"rtqdngo"*:+/*32+"kp"vjg"ecug"yjgp 

f*r, t+"z"2"cpf"S*t."v+"z"20"Qpg"ecp"ugg"vjcv"chvgt"wukpi"
the substitution t´= T – t"kp"Gs0"*32+."kv"fkhhgtu"htqo"Gs0"
*3+"qpn{"kp"vjg"ukip"qh"xgnqekv{"U0"Cu"c"tguwnv."vjg"kpÞqy"
part S–"cpf"qwvÞqy"rctv"S+"qh"rtqdngou"*3+/*7+"cpf"*:+/
*32+"ctg"uycrrgf0"Vjku"hcev"gzrnckpu"yj{"vjg"dqwpfct{"
eqpfkvkqpu"*7+"ctg"tgrncegf"d{"vjg"eqpfkvkqpu"*32+0"Kv"
also shows that the adjoint problem is well posed only 

if it is solved in the opposite time direction: from t = T 

to t"?"2"*Umkdc"cpf"Rcttc/Iwgxctc."4222+0"Vjcv"ku"yj{"
yg"vcmg"ÐkpkvkcnÑ"eqpfkvkqp"*;+"cv"vjg"oqogpv"t = T.

3�2 'ualit\ SrinciSle

We now show how to define the forcing S*r, t+ 
of the adjoint problem and explain the importance of 

the adjoint solution g*r, t+0"Uwrrqug"kv"ku"tgswktgf"vq"
determine the mean concentration of pollutant ׋*r, t+"
kp"uqog"geqnqikecnn{"ugpukdng"¦qpg"っ" y ' and time 

kpvgtxcn"*T – Ĳ, T+0"Ngv"Ȧ*r, t+"dg"c"rqukvkxg"hwpevkqp"
kp"fqockp"っ"'"*T – Ĳ, T+"uwej"vjcv

( , ) 1

T

T

t d dt =r r ,

and hence, the integral

( ) ( , ) ( , )
T

T

J t t d dt= r r r " *33+

represents an average concentration of pollutant ׋"*r, t+"
kp"urceg/vkog"fqockp"っ"'"*T – Ĳ, T+0

Yg"pqy" uwdvtcev" vjg"Gs0" *:+" rtg/ownvkrnkgf"d{"
"r, t+"htqo"vjg"Gs0"*3+"rtg/ownvkrnkgf"d{"g*r, t+."cpf*׋
integrate the result over domain '"'"*2."T+0"Vjg"kpkvkcn"
cpf"dqwpfct{"eqpfkvkqpu"*6+/*7+"cpf"*;+/*32+"ngcf"vjgp"
vq" vjg"fwcnkv{"rtkpekrng" *Octejwm"cpf"Umkdc."3;98="
Umkdc"cpf"Rcttc/Iwgxctc."4233+<

0( ,0) ( )
D

g d+ r r r

1 00

( , ) ( , ) ( , ) ( )

TT N

i i

iD

p t t drdt g t Q t dt
=

=r r r

If forcing S*r, t+"kp"*:+"ku"fgÝpgf"cu

( , )p t =r " *34+

vjgp" vjg" ncuv"gswcvkqp" ngcfu" vq"qpg"oqtg" *gswkx-

cngpv+" guvkocvg"qh" cxgtcig"eqpegpvtcvkqp"qh" eqp-

taminant ׋"*r, t+"kp"¦qpg"っ"cpf"kpvgtxcn"*T – Ĳ, T+<

" *35+

In the particular case that Ȧ*r, t+"?"31*Ĳ" ̃っ̃+"kp"
vjg"fqockp"っ"'" *T – Ĳ, T+."yjgtg" ̃っ̃" ku" vjg" ctgc"
qh"っ." guvkocvg" *33+" ngcfu" vq" vjg"ogcp" eqpegpvtc-
tion of pollutant ׋*r, t+" kp" vjg"urceg/vkog"fqockp 

っ"'"*T – Ĳ, T+<

1
( ) ( , )

T

T

J t d dtr r " *36+
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*vjg"uq/ecnngf"direct estimate+0"Cv"vjg"ucog"vkog."Gs0"
*35+"rtqxkfgu"vjg"gswkxcngpv"*fwcn+"adMoint estimate:

0

1 0

( ) ( , ) ( ) ( ,0) ( )

TN

i i

i D

J g t Q t dt g d
=

= +r r r r" *37+

*Octejwm"cpf"Umkdc."3;98+0" Kv"ogcpu" vjcv" hqtekpi"
S*r, t+"qh"cflqkpv"rtqdngo"*:+/*32+"ejctcevgtk¦gu"vjg"
average concentration J*׋+" qh" rqnnwvcpv"׋*r, t+" kp" 
っ"'"*T – Ĳ, T+0"Ceeqtfkpi"vq"cflqkpv"guvkocvg"*37+."
the concentration J*׋+"kp"¦qpg"っ"gzrnkekvn{"fgrgpfu"
on the emission rates Qi" *t+"cpf"kpkvkcn"fkuvtkdwvkqp"
"r+"kp"', and adjoint solution g*r, t+"ugtxgu"cu"vjg*0׋
weight function that determines the contribution of 

each source Qi"*t+"cpf"kpkvkcn"rqnnwvkqp"ngxgn"0׋*r+"kpvq"
the average concentration J*׋+"kp"っ0"

Note that the role of initial distribution of con-

taminant 0׋*r+"fgetgcugu"yjgp"vjg"kpvgtxcn"*2."T – Ĳ+"
kpetgcugu"*Umkdc."3;;5+0"Tgcnn{."d{"*34+."S*r, t+"Ł 0 

kp" *2."T – Ĳ+."cpf."fwg" vq" vjg"fkuukrcvkqp"rtqeguu"
*μ > 0, ı"@"2+."vjg"ygkijv"hwpevkqp"g*r."2+"kp"*3;+"
decreases as T – Ĳ increases. If g*r."2+"ku"tgncvkxgn{"
uocnn"vjgp"*37+"ku"tgfwegf"vq

1 0

( ) ( , ) ( )

TN

i i

i

J g t Q t dtr

=

= " *38+

3�3 3articular Tualities of dual estimates

Vjg"fktgev"guvkocvg"*36+"cpf"cflqkpv"guvkocvg"*37+"
are equivalent and complement each other rather 

well in monitoring the current ecological state. 

Depending on the situation, one of these formulas 

oc{"dg" rtghgtcdng0"Vjg" fktgev" guvkocvg" *36+" wugu"
the solution ׋*r, t+."cpf"jgpeg."vjg"rtqdngo"*3+/*7+"
must be solved again whenever the number N of 

sources, their positions ri or emission rates Qi *t+"
vary. Of course, the direct evaluation should be used 

if the pollution concentration is estimated in each 

point, or in many zones of domain '. However, 

such comprehensive information is rather costly 

cpf"qhvgp"wppgeguuct{0"Kp"ocp{"ecugu"kv"ku"uwhÝekgpv"
vq"mpqy"xcnwg"*36+"qpn{"kp"c"hgy"geqnqikecnn{"oquv"
important zones of region '0"Vjgp"kv"ku"dgvvgt"vq"Ýpf"
the solutions gi *r, t+"qh"vjg"cflqkpv"oqfgn"*:+/*32+"
hqt"gxgt{"¦qpg"cpf"wug"vjg"cflqkpv"guvkocvgu"*37+0"
Kp"uqog"ecugu"vjg"guvkocvgu"*37+"ikxg"cp"koogfkcvg"
uqnwvkqp"vq"pqp/vtkxkcn"rtqdngou"*Umkdc"et al0."4227="
Dang et al0."4234+0"Cnuq."vjg"cflqkpv"guvkocvgu"ctg"

important to control the emission rates of pollution 

uqwtegu0"Kp"eqpvtcuv"vq"rtqdngo"*3+/*7+."vjg"cflqkpv"
rtqdngo"*:+/*32+"ku"kpfgrgpfgpv"qh"vjg"pwodgt"qh"
sources N, their positions ri and emission rates Qi *t+."
and therefore its solution can be found for each 

zone P" kpfgrgpfgpvn{" qh" urgekÝe" xcnwgu" hqt" cnn"
these parameters. 

The adjoint method is especially useful when the 

dispertion problem is considered with time-indepen-

fgpv"*hqt"gzcorng."enkocvke+"rctcogvgtu"U*r+."μ*r+"cpf"
j*r+" *Umkdc"cpf"Fcx{fqxc/Dgnkvumc{c."4224+0"Vjgp"
any solution to adjoint problem g*r, t+."qpeg"ecnewncv-
gf"hqt"c"urgekÝe"¦qpg"P, can be reused for different 

parameters N, ri and Qi"*t+"*Hkiu0"6/8+0"Oqtgqxgt."vjg"
guvkocvg"*38+"wugu"qpn{"vjg"xcnwgu"g*ri, t+"kp"vjg"rquk-
tions ri of sources, and therefore, there is no need to 

keep in a computer the values of adjoint solutions in 

all grid points. 

3�4 Sensitivit\ of estimates

Suppose that the number K qh"¦qpgu"っk y '" *k = 

1,...,K+" ku"owej" nguu" vjcp" pwodgt"N of pollution 

uqwtegu0"Vjgp" vjg" cflqkpv" guvkocvgu" *37+" ctg" xgt{"
helpful and effective in studying the sensitivity of 

concentrations Jk *׋+"vq"xctkcvkqpu"kp"gokuukqp"tcvgu"
Qi"*t+."rqukvkqpu"ri and number N of sources, as well 

Hki0"60"Kuqnkpgu"qh"uqnwvkqp"g*r, t+"ecnewncvgf"hqt"vjg"Jkuvqt-
ical Center of Guadalajara City with climatic rainy season 

wind at t = T"Î"82"okp"*fqvvgf"nkpgu+"cpf"t = T"Î";2"okp"
*eqpvkpwqwu"nkpgu+="T"?"582"okp0
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as to variations in the initial distribution of contam-

inant 0׋"*r+0
Let us derive a few sensitivity formulas. Due to 

vjg"nkpgctkv{"qh"rtqdngo"*3+/*7+."kv"ku"gcu{"vq"qdvckp

0

1 0

( ) ( ) ( ) ( ,0) ( )

TN

i i

i D

J = g ,t Q t dt g d
=

+r r r r" *39+

where įJ*׋+"ku"c"xctkcvkqp"kp"vjg"ogcp"eqpegpvtcvkqp"
*37+"kp"¦qpg"っ"fwg"vq"xctkcvkqpu"kp"0׋"*r+."Qi"*t+"cpf1
or N. 

If ri and riガ"ctg"vyq"fkhhgtgpv"rqukvkqpu"qh"uqwtegu"
in domain ' then the ri-dependence of average con-

centration J*׋+"ku"ikxgp"d{

" *3:+

Cnn"xctkcvkqpu"kp"*39+"cpf"*3:+"ctg"ctdkvtct{0"Yg"
now obtain a general formula for analyzing the 

sensitivity of J*׋+"ykvj"tgurgev"vq"uocnn"xctkcvkqpu"qh"
model parameters. In addition to solution ׋ to prob-

ngo"*3+/*7+."yg"cnuq"eqpukfgt"vjg"uqnwvkqp"   

to perturbed problem

at

where

(a)

(b)

Hki0"80"Vgorqtcn"dgjcxkqt"qh"vjg"hwpevkqpu"g*ri, t+"ecnew-

lated for the Historical Center of Guadalajara City, with 

enkocvke"tckp{"ugcuqp"ykpf"*c+"cpf"ft{"ugcuqp"ykpf"*d+"cv"
points ri"qh"ockp"tqcfu"*Ĳ ?"82"okp."T ?"3:2"okp+0

Hki0"70"Kuqnkpgu"qh"uqnwvkqp"g*r, t+"ecnewncvgf"hqt"vjg"Jkuvqt-
ical Center of Guadalajara City with climatic dry season 

wind at t = T"Î"82"okp"*fqvvgf"nkpgu+"cpf"t = T"Î";2"okp"
*eqpvkpwqwu"nkpgu+="T"?"582"okp0
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To simplify the study, we assume here that U´ 

and μ´ are reduced to zero at the boundary S and all 

the perturbations U´, ׋�, μ´, ı´, į0׋ and įri are rather 

small. Then we can apply the adjoint method to the 

linearized equation

for perturbations ׋� and get

"*3;+

Vjg"ncuv"vyq"vgtou"qh"vjg"tkijv/jcpf"ukfg"qh"*3;+"
demonstrate the contribution of small perturbations 

U´, μ´, ı´, įri to variation įJ*׋+"qh"ogcp"eqpegpvtcvkqp"
J*׋+"kp"¦qpg"っ0"Kv"ujqwnf"dg"pqvgf"vjcv"kp"eqpvtcuv"vq"
guvkocvgu"*39+"cpf"*3:+."vjg"ncuv"vgto"kp"*3;+"cntgcf{"
contains the solution ׋*r, t+"qh"pqp/rgtvwtdgf"rtqd-

ngo"*3+/*7+0"Vjwu."uqnwvkqp"׋*r, t+"ku"pqv"wugf"qpn{"kh 
UŁ"?"jŁ"?"-Ł"?"2"gxgt{yjgtg"kp"'. Then only the adjoint 

rtqdngo"*:+/*32+"owuv"dg"uqnxgf0

4. Three simple strategies for pollution control

Let us formulate the problem of control of emission 

rates. Suppose that we have a model M that predicts 

the dispersion of a pollutant ׋ in a limited area ' y Rm 

*m"?"4."5+"cpf"vkog"kpvgtxcn"*2."T+<

where Qi"*t+"œ"2"ku"vjg"tcvg"qh"gokuukqp"qh"eqpvco-

inant ׋ of the ith source located at ri  '" *i = 1, 

2,..., N+0"Kp"rctvkewnct."*3+/*7+"ecp"dg"vcmgp"cu"uwej"c"
oqfgn0"Ngv"vjg"hwpevkqpcn"*36+"dg"wugf"cu"vjg"ogcp"
concentration J*׋+"qh"rqnnwvcpv"׋"kp"c"¦qpg"っ" y ' 

and time interval [T – Ĳ, T], and let J0 be a sanitary 

norm admissible for the pollutant ׋. If the model M 

gives an unfavorable forecast of air quality, that is, 

the mean concentration exceeds the sanitary norm: 

J*׋+"@"J0, then the emission rates  were excessive, 

cpf"owuv"dg"tgfwegf"kp"kpvgtxcn"*2."T+0"Vjg"kfgc"ku"vq"

determine such reduced values *( ) ( )Q t Q t  in order 

to prevent high levels of pollutant ׋ in time-space 

fqockp"っ"'"]T – Ĳ, T]. It means that the re-forecast 

with the reduced emission rates *  will give the 

satisfactory result: J*׋+"ø"J0.

This inverse problem may have many solutions 

or none, depending on the initial distribution of 

pollutant 0׋*r+" kp" fqockp"'" *Rcttc/Iwgxctc" cpf"
Umkdc."4225."4228+0"Uq"kv"ku"cp"knn/rqugf"rtqdngo0"
In order to get a well-posed problem, one should 

apply a regularization method that in a sense rep-

resents a control strategy. Let us consider three 

simple examples.

4�1 Strateg\ 1� Control of total mass of emitted 

Sollutant

Vjku"eqpvtqn"uvtcvgi{"ecp"dg"fgÝpgf"cu"vjg"hqnnqykpi"
optimization problem:

F
N

Q Q J J
i

" *42+

where dtT
Q

i
Q

i
. Thus, QF  represents the 

total mass of pollutant ׋ emitted within interval [0, T] 

by N sources located at points ri with emission rates 

Qi*t+0"Vjg"uqnwvkqp"qh"rtqdngo"*42+"ku

." *43+

*Rcttc/Iwgxctc" cpf"Umkdc." 4222c="Rcttc/Iwgxctc."
4223+"yjgtg"Ȗ1 + Ȗ2 + ··· + ȖN = 1,  

is the quota of the total mass of pollutant, emitted 

by the ivj"uqwteg"yjgp"kv"yqtmu"cv"hwnn"ecrcekv{"*i = 

1,..., N+."cpf

0" *44+

4�2 Strateg\ 2� Control of temSoral EeKavior of 

emission rates

Kv"ujqwnf"dg"pqvgf"vjcv"vjg"eqpvtqn"uvtcvgi{"*43+"jcu"vjg"
disadvantage that it may require stopping the sources 

for some time for the reason that the emission rates 

are proportional to the adjoint function g*ri, t+."yjkej"
can be equal to zero. Let us consider a new strategy 

of control that limits the behavior of emission rates 

kp"*2."T+."dwv"fqgu"pqv"tgswktg"uvqrrkpi"vjg"cevkxkv{"
of sources when the adjoint solution g*ri, t+"tgfwegu"
to zero.
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Cickp."yg"ujqwnf"Ýpf"uwej"Qi
*  L2*2."T+" vjcv" 

J*׋+"ø"J0. The idea is that intensity Qi
**t+"qh"vjg"ith 

source may be high while g*ri, t+"ku"uocnn."cpf"Qi
**t+"

must be low while g*ri, t+"ku"nctig0"Vjg"cfxcpvcig"qh"
vjku"crrtqcej" ku" vjcv." kp"uqog"rgtkqfu"qh" vkog"*hqt"
example, when g*ri, t+"?"2+."vjg"eqttgurqpfkpi"uqwteg"
yknn"dg"cnnqygf"vq"qrgtcvg"cv"hwnn"ecrcekv{"*Rcttc/Iwg-
xctc"cpf"Umkdc."4222c."4225="Rcttc/Iwgxctc."4223+0 
Ngv"wu"fgÝpg"cwzknkct{"hwpevkqpu

where  and i
I  denotes its 

longitude, įi is the maximum emission rate cor-

responding to the i th source, and [0, T]\ Ii is the 

complement of set Ii to set [0, T]. Then the solution is

" *45+

4�3 Strateg\ 3� 2Stimal time-indeSendent emission 

rates

Suppose that Qi is the maximum possible emission 

rate of ith source located at ri and

Assume that all sources operate at full capacity 

power that results in the violation of the sanitary 

norm: J*׋+" @" J0" *cpf"*37+"cpf"*44+." vjku"ogcpu" vjcv 
"+0"Vq"rtgxgpv"vjg"gzeguukxg"rqnnwvkqp"qh"vjg"

¦qpg."uqog"gokuukqp"tcvgu"owuv"dg"tgfwegf0"Yg"pqy"Ýpf"
the maximum possible time-invariant emission rates 

Qi
*"ø"Qi which minimize the values Qi – Qi

*, do not 

lead to violation of the sanitary norm, giving the 

optimal result: J*׋+"?"J0, that is,

Let us reformulate this strategy as the optimization 

problem

F Q Q Q

Q

N

i

N

a

i

i i

ii

With Lagrange multipliers we obtain

" *46+

*Rcttc/Iwgxctc" cpf"Umkdc." 4222c="Rcttc/Iwgxctc."
4223+0"Qdxkqwun{."Qi

*"ø"Qi for all i, since Ȝ < 0, be-

sides Qi
*"Ã"Qi for small Ȗi. Thus, this control results 

in limiting the emissions from the sources for which 

the corresponding values ai are large.

5. General strategy of optimal control 

Let

F q Q q Q q

qQ

N

i

i i
dt

TL

dg"c"hwpevkqpcn"fgÝpgf"kp"vjg"fqockp

N J J

q q tTLt

i

i i

q

" *47+

Vjwu"e"ku"vjg"ugv"qh"uwej"gokuukqp"tcvgu"q t  that 

guarantee the compliance with the sanitary standard 

kp"c"¦qpg"っ<"J*׋+"ø"J0. The optimal control consists 

kp"Ýpfkpi"uwej"tcvgu"Q t  that minimize the 

functional F q "kp"e<

F Q F q
q

0" *48+

*Rcttc/Iwgxctc"cpf"Umkdc."4222c="Rcttc/Iwgxctc."
4223="Umkdc"cpf"Rcttc/Iwgxctc."4233+0"Engctn{."vjg"
control depends on the norm  used, and Q t  

is the optimal solution that represents the least re-

striction on the sources. This variational problem 

is generally solved with an iterative optimization 

method using successive evaluation of the dynamic 

model M"*Gndgtp"cpf"Uejokfv."3;;;="Tqdgtvuqp"
cpf"Ncpigt."3;;:+0"Cu"c"igpgtcn"twng."vjku"rtqeguu"
is not very efficient because it requires many 

calculations due to the complexity of model M. 

Therefore we will now describe another method 

based on using the adjoint operator and adjoint 

model, which allows us to solve the problem of 

optimal control without consistent estimation of 

model M. 
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Pqvg"vjcv"vjg"uqnwvkqp"qh"rtqdngo"*48+"fgrgpfu"etkv-
ically on the parameter Į"fgÝpgf"d{"*44+0"Kpfggf."hqt 
Į >"2"vjgtg"ku"pq"uqnwvkqp"vq"*48+"dgecwug"vjg"uvcpfctf"qh"
health does not hold even if all emissions are reduced 

vq"¦gtq"*vjcv"ku."cp{"rtqfwevkqp"cevkxkv{"ku"uvqrrgf+0"Vjg"
following three results in this section were proved in 

Rcttc/Iwgxctc"cpf"Umkdc"*4228."4229+0

TKeorem 1

Let Į = 0� TKen tKe oStimal control SroElem (26) Kas 

onl\ one solution�

Q t
Q t t

t

T I

I
i

i i

i
I

T g r t
i

TKeorem 2

If Į ! 0 tKen tKe oStimal control SroElem (26) Kas 

tKe uniTue solution Q  sucK tKat Qi
**t+"ø"Qi*t+ 

*2"ø"t"ø"T."3"ø"i ø"N+ and J*׋+"?"J0�
If there is only one source, the statement of The-

qtgo"4"ecp"dg"tgÝpgf:

TKeorem 3

SuSSose tKat tKere is onl\ one source ZitK emission 

rate Q*t+"located at tKe Soint r0� If Į > 0 and J*׋+ ! J0 

tKen

 *49+

is tKe onl\ solution for tKe SroElem of oStimal control 

(26), on condition tKat it is a nonnegative function 

in [0, T].

In connection with Theorem 2, the set of potential 

uqnwvkqpu"*47+"ku"tgfwegf"vq

" *4:+

Cp"crrtqzkocvg"*pwogtkecn+"uqnwvkqp"vq"vjg"rtqd-

lem of optimal control can be obtained with highly 

effective numerical algorithm of sequential orthog-

qpcn"rtqlgevkqpu"*Rcttc/Iwgxctc"cpf"Umkdc."4228+0"

Htqo"vjg"eqorwvcvkqpcn"xkgyrqkpv."vjg"pgy"ugv"*4:+"
ku"owej"uocnngt"vjcp"*47+."cpf"vjgtghqtg"rtghgtcdng"
in calculations.

��1 Strategies of control Eased on convex linear 

comEinations

A new strategy to control emissions can always be 

developed with a convex linear combination of the 

existing strategies. Let K be a number of previously 

fgÝpgf"eqpvtqn"uvtcvgikgu."dgukfgu."gcej"uvtcvgi{"gp-

sures compliance with the health standard in a zone 

っ: J*׋+"ø"J0. Let ȟ1, ȟ2,..., ȟK be positive constants such 

that ȟ1 + ȟ2 + ... + ȟK = 1 , and let Q*
i, k"dg"c"uwhÝekgpv"

*qt"qrvkocn+"gokuukqp"tcvg"hqwpf"d{"ogcpu"qh"vjg"kth 

control strategy for the ivj"uqwteg"*i = 1,..., N, k = 1,...,K+0"
Then the emission rates

tgrtgugpv"c"pgy"uwhÝekgpv"*pqp/qrvkocn+"uvtcvgi{"vjcv"
also guarantees compliance with the health standard 

kp"vjg"¦qpg"っ<"J*׋+"ø"J0.

6. Control of the source that emits lead particles 

To illustrate the developed methods we now consider 

two examples in which the source emits the lead 

particles.

(xamSle 1� Let '"?"*2."4"mo+'*2."4"mo+"dg"c"uswctg"
domain, while the single point source, located at  

r0"?"*30:."204+."gokvu"ngcf"rctvkengu"ykvj"gokuukqp"tcvg"
Q = 3.8 kg/h. For simplicity, we neglect the initial 

distribution of lead: 0׋*r+"?"2 in '0"Vjg"eqghÝekgpvu"
of deposition and diffusion are ı = 0.001 h–1 and  

μ" ?" 2026" mo2h–1, respectively. The non-divergent 

wind velocity U" ?" *u, v+" ku" fgÝpgf"d{" vjg" uvtgco"
function ؂ = x\:

Vjg"fkurgtukqp"oqfgn" *3+/*7+" cpf"cflqkpv"oqfgn"
*:+/*32+"ctg"eqpukfgtgf"kp"vjg"hqwt/jqwt"kpvgtxcn"*2."T+0"
We will monitor the mean lead concentration J*׋+"
kp"vjg"¦qpg"っ"?"]2."207_']207."302_"fwtkpi"vjg"yjqng"
kpvgtxcn"*2."T+."vjcv"ku"*Ĳ"?"6"j+0"Vjg"ucpkvct{"pqto"ku"
J0"?"307"-i"o–3"*Ugkphgnf."3;;4+0

Isolines of the concentration of lead at intervals 

qh"qpg"jqwt"ctg"rtgugpvgf"kp"Hkiwtg"9."yjkng"kuqnkpgu"
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of the solution g*r, t+"qh"cflqkpv"oqfgn"*:+/*32+"ctg"
ikxgp"kp"Hkiwtg":0"Hkiwtg"9"ujqyu"c"engct"kpetgcug"
in the concentration of lead when the direction of 

the wind is changed from southeast to northwest. 

Figure 8 demonstrates that during the four-hour inter-

xcn"*htqo"t"?"6"vq"t"?"2"+."vjg"uvgr"hwpevkqp"S*r, t+"ujkhvu"
in the direction of vector –U"*vjcv"ku."htqo"pqtvj/yguv"
vq"uqwvj/gcuv+."cu"kv"ujqwnf0"Vjg"ogcp"eqpegpvtcvkqp"
of lead J*׋+" ecnewncvgf" kp" ¦qpg"っ"ykvj" gokuukqp"
rate Q is 2.11 mg m–3. The result is unsatisfactory 

*J*׋+"@"J0+."cpf"yg"yknn"crrn{"cpf"eqorctg"Ýxg"fkh-
hgtgpv"eqpvtqn"uvtcvgikgu<"vjg"eqpvtqn"uvtcvgikgu"*43+."
*45+"cpf" *46+"ykvj"gokuukqp" tcvgu"Qi

*" *i"?"3."4."5+"
cpf"vyq"eqpvtqn"uvtcvgikgu"fgÝpgf"ykvj"vjg"eqpxgz 

linear combinations Q4
* = 0.3 · Qi

*"-"209":"Q3
* and 

Q�
*"?"207":"Q2

*"-"207":"Q3
*.

Vjg"ogcp"ngcf"eqpegpvtcvkqpu"qdvckpgf"kp"¦qpg"っ"
yjgp"vjg"oqfgn"*3+/*7+"ku"uqnxgf"ykvj"gokuukqp"tcvgu"
Q1

**t+."rtguetkdgf"d{"vjg"Ýxg"eqpvtqn"uvtcvgikgu"*i = 

3.000."7+."ctg"ujqyp"kp"Vcdng"K."yjkng"Hkiwtg";"ujqyu"
the temporal behavior of Q1

**t+0"
Cnn"Ýxg"eqpvtqn"uvtcvgikgu"eqttgurqpf"vq"vjg"ngxgn"

of health, and provide an alternative to the original 

source intensity Q. However, the emission rate Q3
* 

*qrvkocn"eqpvtqn+."cu"ygnn"cu"vjg"tcvgu"Q4
* and Q�

* 

*eqpxgz" eqpvtqn+" ctg" vjg"oquv" rtghgttgf" cu" vjg{"
require less drastic changes in the intensity of the 

original source. Although the emission rate Q2
* is 

qpn{"62'"qh"vjg"qtkikpcn"tcvg"Q"kp"vjg"Ýtuv"jcnh"qh"
the time, it coincides with the original rate Q during 

the second half of the time, and this fact can also 

be attractive. 

Note that, like the original rate Q, the optimal 

emission rate Q3"ku"uvcvkqpct{"*kv"ku"93'"qh"Q+0"Vjku"
makes Q3 a simple alternative to the original indus-

trial source activity. The results show that among the 

Ýxg"uvtcvgikgu."vjg"Ýtuv"uvtcvgi{"ykvj"gokuukqp"tcvg"Q1 

has the most serious consequences for the industrial 

plant activity, because it requires the work stoppage 

fwtkpi"47'"qh"vjg"vqvcn"vkog0

(xamSle 2� In this example domain ' and wind 

velocity U are the same as in Example 1. Moreover, 

the source also emits lead particles and is located 

at the same place. However, we now consider the 

four different original emission rates of the source:

Hki0"90 Isolines of the concentration of lead ׋*r, t+"ecnewncvgf"hqt"t = 1 h, 

t = 2 h, t = 3h and t ?"6"j0
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Thus, rate Q1 is constant, rate Q2 is invariable 

fwtkpi" vjg" Ýtuv" jqwt" cpf" vjgp" nkpgctn{" fgetgcugu."
rate Q3 is a periodic function with a two-hour period, 

and rate Q6"ku"kpxctkcdng"fwtkpi"vjg"Ýtuv"jqwt"cpf"vjgp"
linearly increases. The mean lead concentrations Ji*׋+"
ecnewncvgf"kp"¦qpg"っ"ykvj"gcej"gokuukqp"tcvg"Qi"*i = 

3.000."6+"ctg"4033"-i"o–3."4024"-i"o–3."30;9 -i"o–3 

cpf"30:3"-i"o–3, respectively. In other words, all the 

tguwnvu"ctg"wpucvkuhcevqt{"*Ji*׋+"@"J0 for any i, where 

J0"?"307"-i"o–3"+0"Kp"qtfgt"vq"rtgxgpv"vjg"xkqncvkqp"qh"
sanitary standards, we apply in all four cases the op-

vkocn"eqpvtqn"ogvjqf"*49+0"Hkiwtg"32"ujqyu"dqvj"vjg"
original emission rates Q1*t+"cpf"vjg"qrvkocn"gokuukqp"
rates Topti*t+"ikxgp"d{"vjg"eqpvtqn0"Cu"kv"ujqwnf"dg."hqt"
each i, the mean lead concentration Ji*׋+"qdvckpgf"
with the optimal emission rate Topti*t+"eqkpekfgu"ykvj"
norm J0"?"307"-i"o–3.

In complete agreement with the theory, Topti*t+"ø"
Qi*t+"hqt"cnn"t "*206+"cpf"3"ø"i"ø"60"Oqtgqxgt."Hkiwtg"
10 shows that for each i, Topti*t+"?"Qi*t+"fwtkpi"vjg"ncuv"
jqwt"*5"ø"t"ø"6+0"Kv"ogcpu"vjcv"vjg"qrvkocn"cpf"qtkikpcn"
emission rates coincide to each other during the time 

interval when the value g*r1, t+"qh"vjg"cflqkpv"oqfgn"
uqnwvkqp"ku"gswcn"vq"¦gtq."cpf"fwg"vq"*37+."vjg"uqwteg"
emissions do not contribute to the pollution of zone 

っ0"Cv"ncuv."kv"ku"kpvgtguvkpi"vq"pqvg"vjcv"kp"vjg"kpvgtxcn"
2"ø"v">"5."kp"yjkej"vjgug"xcnwgu"fq"pqv"ocvej."vjg"
temporal behavior of the optimal emission rate Topti*t+"
is similar to the time behavior of the corresponding 

original rate Qi*t+"*i"?"3.000."6+0"Vjku"tguwnv"ku"wughwn"
dgecwug"kv"ogcpu"vjcv"vjg"qrvkocn"uvtcvgi{"*49+"fqgu"
not require radical changes in the operation of an 

industrial enterprise.

7. Cleaning of polluted aquatic zones

The above-mentioned control methods have been 

illustrated with simple examples using two-dimen-

sional dispersion models. However, these methods 

can also be applied to three-dimensional dispersion 

models. We will consider now a three-dimensional 

dispersion model for expanding the application scope 

of pollution control methods to the cleaning of some 

cswcvke" ¦qpgu" eqpvcokpcvgf"ykvj" dkqÝno" *tgogfk-
cvkqp+" qt" qkn" *dkqtgogfkcvkqp+0" Kp" vjgug" rtqdngou."

Fig. 8. Isolines of the solution of adjoint model g*r, t+"hqt"t = 3 h, t = 2 h,  

t = 1 h and t = 0.

Table I. Mean lead concentrations J*׋+"kp"っ0

Emission rate J*׋+"*-i1o3+

Q 2.11
Q*

1 3072
Q*

2 1.18
Q*

3 3072
Q*

6 = 0.3 · Q*
1"-"209":"Q*

3 3072
Q*

7"?"207":"Q*
2"-"207":"Q*

3 3056
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Hki0";0 Emission rates qdvckpgf"ykvj"Ýxg"eqpvtqn"uvtcvgikgu"*vjg"cuvgtkumu"kp"Qi
**t+"ctg"

qokvvgf+0

Fig. 10. Temporal behavior of original emission rates Qi*t+" cpf"
optimal emission rates Topti*t+"kp"hqwt"gzrgtkogpvu0
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the discharge rate of a source that emits a chemical 

substance to clean water is controlled.

7�1 'isSersion model

Vjg"eqpegpvtcvkqp"qh"c"ejgokecn"uwduvcpeg"*jgtgkpchvgt"
vjg"engcpgt+"׋*r, t+"Ł ׋*x, \, z, t+"kp"c"fqockp"  

*Hki0"33+"cpf"vkog"kpvgtxcn"*2."T+"ku"guvkocvgf"ykvj"c"
3D dispersion model (Skiba and Parra-Guevara, 4233+<

Q t

t
U

" *4;+

" *52+

" *53+

" *54+

" *55+

" *56+

" *57+

" *58+

Here U U t "ku"vjg"ewttgpv"xgnqekv{"vjcv"ucvkuÝgu"
vjg"eqpvkpwkv{"gswcvkqp"*58+."cpf"μ*r, t+"ku"vjg"vwtdwngpv"
fkhhwukqp"eqghÝekgpv0"Kp"*4;+."vjg"vgto"ı׋ parameterizes 

the decay of a cleaner in the water due to various phys-

ical and chemical processes, term  describes the 

process of sedimentation of the cleaner with constant 

velocity vs > 0, and į*r– r0+"ku"vjg"Fktce"fgnvc"egpvgtgf"

in the point of discharge of cleaner r00"Gs0"*53+"ku"vjg"
boundary condition at free surface ST."yjgtg"eqghÝ-

cient ȟ*r, t+"ejctcevgtk¦gu"vjg"rtqeguu"qh"gxcrqtcvkqp"qh"
engcpgt."cpf"*56+"tgrtgugpvu"vjg"dqwpfct{"eqpfkvkqp"cv"
bottom S% of domain '0"Vjg"dqwpfct{"eqpfkvkqpu"*54+"
cpf"*55+"cv"vjg"ncvgtcn"uwthceg"ctg"kfgpvkecn"vq"eqpfkvkqpu"
*7+."cpf"*57+"tgrtgugpvu"vjg"kpkvkcn"fkuvtkdwvkqp"qh"vjg"
cleaner at t = 0. Note that  is the unit outer normal to 

the boundary �' = ST  S+  S–  S% of domain ', and 

 is the unit vector directed upwards in the 

Cartesian coordinate system, besides,

k n S S

U n S S
" *59+

Cnuq"pqvg"vjcv"eqpfkvkqpu"*53+/*56+"vcmg"kpvq"ceeqwpv"
the topography and free surface of arbitrary form.

Kv" ku" ujqyp" kp"Umkdc"cpf"Rcttc/Iwgxctc" *4233+"
vjcv"vjg"vjtgg/fkogpukqpcn"rtqdngo"*4;+/*58+"ku"ygnn"
posed, that is, its solution exists, is unique and stable 

to perturbations in forcing and initial condition

" *5:+

cpf"ucvkuÝgu"vjg"ocuu"dcncpeg"gswcvkqp

d Q t d U dS

ndSk k ndS

D D S
t

S

n

" *5;+

Since k n S k n S  , the total 

mass of the cleaner increases due to the discharge 

rate Q*t+"cpf"fgetgcugu"fwg" vq" vjg"ejgokecn" vtcpu-
hqtocvkqp." cfxgevkxg"Þqy" vjtqwij"S+, evaporation 

and sedimentation. 

7�2 2Stimal control of discKarge rates

Assume now that there are N" rqnnwvgf" ¦qpgu"っi 

*i = 1,..., N+"kp"cp"cswcvke"u{uvgo"*fqockp"'+."cpf"yg"
should purify them with the help of a chemical agent 

*Rcttc/Iwgxctc"cpf"Umkdc."4229+0"Dgkpi"tgngcugf"cv"c"
point "*Hki034+."vjg"ejgokecn"uwduvcpeg"urtgcfu"
due to advection and diffusion, and while reaching 

vjg"¦qpgu"っi"."rwtkÝgu"rqnnwvgf"ycvgt0"Vjg"iqcn"ku"vq"
Ýpf"cp"qrvkocn"rqukvkqp"qh"vjg"uqwteg"r0, in sense that 

the emission of the cleaning agent in such a point 

yknn"okpkok¦g"kvu"eqpuworvkqp"*vjcv"ku."yknn"igpgtcvg"

x

nS+

S+

S+

S+ : Un = 0

r0

Ω1

Ω2

S– : Un < 0

S+ : Un ≥ 0

S –

y

n

n

U

U

U

Fig. 11. View of the domain ' from above.
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kp"vjg"¦qpgu"っi the minimum concentrations of the 

engcpkpi"cigpv"pgeguuct{"hqt"ycvgt"rwtkÝecvkqp+0"Kp"c"
ecug"yjgtg"vjg"eqpvcokpcpv"ku"hcktn{"uvcdng"*dkqÝno+."
the critical concentration  of an antimicrobial agent 

*ejnqtkpg."kqfkpg."gve0+"owuv"dg"ockpvckpgf"kp"gcej"
¦qpg"っi"hqt"c"nqpi"vkog"kpvgtxcn"*T – Ĳ, T+0

In other words, we have to determine the dis-

charge point r0 and the emission rate Q , which meet 

the following constraints:

J J i N

where ׋*r, t+"ku"vjg"eqpegpvtcvkqp"qh"c"ejgokecn"cigpv"
fgvgtokpgf"d{"vjg"oqfgn"*4;+/*58+"ykvj" vjg"kpkvkcn"
condition 0׋*r+"z"2."cpf"Ji*׋+"ku"kvu"ogcp"eqpegpvtcvkqp"
*36+"kp"っi. Furthermore, not to damage the ecology 

of the environment, one should minimize the total 

mass )*Q+"qh"vjg"ejgokecn"cigpv"fkuejctigf"kpvq"vjg"
water. In this connection, the optimal control problem 

is posed as follows:

The analytical and numerical solutions of this 

problem were obtained in Parra-Guevara and Skiba 

*4233+<

" *62+

where  is the Gram matrix of order N whose 

entries

are the inner products of adjoint functions, and matrix 

ょi" ku"qdvckpgf" htqo"ょ"d{" tgrncekpi" kvu" ith column 

with the corresponding components of the vector 

of critical concentrations J J J . Then the 

optimal discharge point r0 is found while minimizing 

the functional.

(xamSle 3� With the aim to demonstrate the skill of 

the method, we now consider a simple example of 

remediation in a three-dimensional channel 120 m 

nqpi"]2."342_."32"o"ykfg"]2."32_."cpf"6"o"fggr"]2."6_."
H"?"60"Vjg"hqnnqykpi"vjtgg"¦qpgu"っi contaminated 

d{"dkqÝnou"*N ?"5+"ctg"eqpukfgtgf<

The critical concentrations of the cleaning agent 

ci"*gm–3+"kp"vjg"¦qpgu"xct{"htqo"qpg"gzrgtkogpv"vq"
cpqvjgt" *Vcdng" KK+" cpf" igpgtcvg" fkhhgtgpv" qrvkocn"
discharge rates Qk

*"*Hki0"35+0"Vjg"rctcogvgtu"qh"vjg"
three-dimensional adjoint model are taken as follows: 

the velocity vector  is horizontally directed along 

the channel and is equal to , ,  

μ"?"8"o2h–1, ı = 1 h–1 and the processes of evaporation 

cpf"ugfkogpvcvkqp"ctg"pgingevgf0"Vjg"engcpgt"*ejnq-

tkpg+"ku"fkuejctigf"cv"vjg"rqkpv"r0"?"*5."404."4+"fwtkpi"

Fig. 12. Transversal section of domain '.

Vcdng" KK0"Etkvkecn" ejnqtkpg" eqpegpvtcvkqpu" kp" ¦qpgu"っi 

*i"?"3."4."5+0

k c1 c2 c3

1 0.8 0.8 0.8
2 1.0 0.8 207
3 207 1.0 307
6 1.2 207 1.2
7 208 1.2 208
8 208 208 307
9 307 208 208
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vjg"vqvcn"vkog"kpvgtxcn"qh"6"j<"*2."T+"z"*2."6+."cpf"vjg"
mean concentration is controlled within the last one-

jqwt"kpvgtxcn"*5."6+."i�e0."k"?"3"j0"
The adjoint functions gi*r0, t+"hqt"vjg"vjtgg"¦qpgu"

*i"?"3."4."5+"ctg"ikxgp"kp"Hkiwtg"360"Hqt"vjg"9vj"gz-

periment, the evolution of mean chlorine concentra-

vkqp"kp"¦qpgu"っi"*i"?"3."4."5+"ku"ujqyp"kp"Hkiwtg"37."
while isolines of the mean chlorine concentration in 

domain '"cv"vjg"Ýpcn"oqogpv"T"?"6"j"ctg"rtgugpvgf"
kp"Hkiwtg"380"Vjg"qrvkocn"fkuejctig"tcvg"crrnkgf"ku"

Fig. 13. Optimal discharge rates Tk*t+"?"Qk*t+"1"J."""k"?"3."4.000.90

Hki0"360"Cflqkpv"hwpevkqpu"gi*r0, t+."i = 1, 2, 3.
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Q9*t+0"Kp"cnn"gzrgtkogpvu."vjg"qrvkocn"fkuejctig"tcvg"
ycu"uweeguuhwnn{"hqwpf"ykvj"*62+0

8. Conclusions

Kp" vjku"yqtm." vjg"Þwkf"f{pcokeu" ku" cuuwogf" vq"dg"
known, and the problem of dispersion of contami-

nants, governed by the advection-diffusion equation, 

ku"eqpukfgtgf"ugrctcvgn{"htqo"vjg"Þwkf"f{pcokeu0"C"
few methods are suggested for estimating the mean 

concentration of pollutants in ecologically sensitive 

zones and preventing their dangerous levels through 

a control of emission rates of sources. The methods 

use the adjoint approach and equivalent direct and 

adjoint estimates of pollution concentration in spe-

ekÝe"¦qpgu0"Yg"wug"vjg"hcev"vjcv"vjg"cflqkpv"guvkocvgu"

depend explicitly on the number, positions and emis-

sion rates of the sources and the initial distribution of 

pollutants in the region, and the solutions of adjoint 

problems serve in such estimates as weight function 

providing valuable information on the contribution 

of each source and initial data into the pollution of 

the zone. These properties make the adjoint estimates 

ghÝekgpv"hqt"uvwf{kpi"vjg"oqfgn"tgurqpug"vq"xctkcvkqpu"
in the emission rates and initial conditions, and for 

developing control strategies. 

Dqvj"pqp/qrvkocn"*uwhÝekgpv+"cpf"qrvkocn"eqpvtqn"
strategies have been developed. The objective of each 

control strategy consists in preventing the violation 

of existing sanitary standards by means of reducing 

the emission rates of sources. Each control strategy 

Hki0"370"Gxqnwvkqp"qh"ogcp"eqpegpvtcvkqp"qh"engcpgt"kp"¦qpgu"っi, i = 1, 2, 3. The optimal 

discharge rate applied is Q9*t+0

Hki0"380"Kuqnkpgu"qh"ogcp"eqpegpvtcvkqp"qh"pwvtkgpv"kp"tgikqp"'"cv"Ýpcn"oqogpv"T"?"6j0"Vjg"qrvkocn"
discharge rate applied is Q9*t+0
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is designed by using the pollution dispersion model, 

its adjoint model, and taking into account the number 

of sources to control, their locations, initial distribu-

tion of pollutant in the domain, and corresponding 

sanitary standards. The methods are illustrated by 

simple examples. The methods developed for the 

air-quality control are also applied for cleaning a few 

cswcvke"¦qpgu"rqnnwvgf"ykvj"dkqÝno"*tgogfkcvkqp+"qt"
qkn"*dkqtgogfkcvkqp+0"
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